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Preface

Mathematics evolves through cycles of expansion, fueled by the analysis of new
ideas, and contraction, eventuated by the synthesis of seemingly diverse ideas.

The classical fractals known as Cantor’s set, Sierpinski’s carpet, and
Menger’s sponge may be counted among the first examples of universal spaces
in dimension theory. Originally, circa 1900, these fractals were constructed
by starting with a base-space I, the unit interval, and then recursively cutting
holes in the finite-product spaces I*.

The unit interval as a base space dominated universal space theorems in
dimension theory up through 1931 when a subspace of I?"*!1 was shown to
be universal for the class of n-dimensional separable-metric spaces.

For n-dimensional general (not necessarily separable) metric spaces, the
unit interval continued to be central through the 1960s. It was used to
construct the star space S(A) (hedgehog with |A| prickles — each prickle
being a copy of the unit interval); and a subspace of the infinite-product
S(A)>° was shown to be universal for the class of n-dimensional weight |A| >
Ny metric spaces.

In the general case, however, the search for a universal space was not over
because the exponent of the base-space S(A) is infinite while in the separable
case the exponent (2n + 1) is finite.

After nearly half a century (1931-1975) of using the unit interval to con-
struct universal spaces in dimension theory, a new one-dimensional weight
|A| base-space J4 (a topological quotient of Baire’s space N(A)) was intro-
duced, and, a subspace of the finite-product JXH was shown to be the desired
universal space.

By 2007 it had been shown that J4 is a generalized fractal — an attractor
of an infinite iterated function system. So in the beginning classical fractals
served as examples of universal spaces, and a century later (1900-2007), we
find universal spaces that involve a base space that is one of the first examples
of a generalized fractal — to the best of this author’s knowledge, the first
examples of attractors of infinite iterated function systems were derived from
Ja-related research.

The construction of J4 is simply a generalization of the identify adjacent
endpoints in Cantor’s set construction of the unit interval. Indeed, the idea of
endpoints and adjacent endpoints in Baire spaces led naturally to the identify
adjacent endpoints in the Baire space N(A) construction of J4. As a bonus,
the classical ideas of rationals and irrationals in the unit interval extend to
their counterparts in Jy4.

To go beyond a superficial understanding of such universal spaces and
generalized fractals, one must merge certain aspects of both dimension theory
and fractal geometry. This book provides such a development.

xi



xii PREFACE

For separable metric spaces, the universal spaces and classical fractals are
well documented in well-known texts. For general (not necessarily separable)
metric spaces, however, most of the research has only appeared in disparate
articles. This book unifies the general theory as it currently exists.

Mastery of the mathematics in this book prepares the reader for original
research in either dimension theory or fractal geometry. This book contains
the motivation and background of several currently open research problems.

In closing this preface, there are those who deserve special thanks. In
1968, when I was employed by the U.S. Navy, I received approval for two years
(1968-1970) of Navy-funded Advanced Study at the University of Virginia.
For his support, I thank Ray Hughey.

During 1968-1969, Gordon Whyburn was my advisor. In the spring of
1969, based on my idea of “closing the closure,” Professor Whyburn said that
I would finish my Ph.D. the following year. Sadly, however, in the summer of
1969, Professor Whyburn passed on. For imparting the self-confidence that
is required to create original mathematics, I will always remember and value
my relationship with Professor Whyburn.

During 1969-1970 Charles Alexander was my advisor. For continuing to
impart self-confidence while opening my eyes to dimension theory, and then
later approving my dissertation Imbedding One-Dimensional Metric Spaces,
I greatly appreciate and thank Professor Alexander.

This book would not exist had it not been for the rich history of insights
of many mathematicians. Among the many, however, I especially thank a
few: Jun-iti Nagata, James Perry, Ivan Ivansi¢, and Uro§ Milutinovic.

Over the last decade, relevant graphics, videos, and models were created.
For developing those concrete representations, I give special thanks to two of
my former students, Chris Dupilka and Gene Miller.

The theorems and propositions presented in this book rest upon substan-
tive research that spans more than a century. Thus the task of obtaining,
evaluating, and organizing these diverse publications into a bibliography was
substantial. For her unfailing assistance over two years, I thank in particular
one of the librarians at the University of Mary Washington, Carla Bailey.

And to my wife Patty, I give thanks for keeping me healthy and happy.

June 2008 S.L.L.
Spotsylvania, Virginia



Introduction

The writings of Euclid and Aristotle clearly show that the intuitive idea of
“dimension” has been around for at least several millennia (Crilly [1999]).
By 1810, Bolzano saw the need for a definition, stating, “At the present time
there is still lacking a precise definition of the most important concepts: line,
surface, solid” (Johnson [1977, page 271]). And circa 1877, Cantor believed
that the “coordinate concept of dimension” was basically flawed.

During the early 1900s there was an emergence of a topological dimension
theory that evolved into an elegant body of mathematics within the context
of separable (weight < Ng) metric spaces (Hurewicz and Wallman [1948]).
Almost parallel to the emergence of dimension theory, however, were cer-
tain constructions of spaces, now called classical fractals, that mostly served
as examples of pathological topological spaces or generalizations of well-
known constructions. Among those constructions were Sierpiriski’s carpet
and Menger’s sponge (Figure 49.2). The Carpet and Sponge are, respec-
tively, planar and 3-space generalizations of Cantor’s set. In modern terms,
each is simultaneously a fractal and a universal space, the Carpet for planar
compact one-dimensional metric spaces, and the Sponge for compact one-
dimensional metric spaces.

By the 1940s, an extension of the classical (separable metric) dimension
theory to more general spaces seemed improbable. Nevertheless, by the mid-
1960s a surprisingly new and natural theory for general (weight > R¢) metric
spaces was rapidly maturing. The extension of the classical theory was ini-
tiated by Stone [1948], who recognized a symbiosis between open coverings
and metric spaces. This symbiosis was further developed (in the context of
general topology) by Bing [1951], Nagata [1950], and Smirnov [1951] in their
metrization theorems. And on that foundation, Katétov [1952] and Morita
[1954] created a significant and elegant dimension theory for general (weight
> Nj) metric spaces.

One of the remaining problems, however, was the absence of an analo-
gous universal space for weight > Ny n-dimensional metric spaces (see the
quotation from Nagata [1967] on page 9 of this text).

In the classical theory the (2n + 1)-dimensional Euclidean cube I2"+!
contains the n-dimensional universal space (Nobeling [1931]). For weight
|A] > Ro metric spaces, the analogous result appeared in Lipscomb [1975]: A
one-dimensional space J4 was obtained by generalizing the identify adjacent
endpoints in Cantor’s-set construction of the unit interval. Indeed, the idea
of endpoints and adjacent endpoints in Baire spaces led naturally to the
identify adjacent-endpoints in the Baire space N(A) construction of J4.

The generalization also extends the classical ideas of rational and irra-
tional to their counterparts in J4 (Definition 3.1). It turned out that the

xiii



xiv INTRODUCTION

(n+1)-dimensional J; ™' contains the desired n-dimensional weight |A| > R
universal space.

The method of proof (Lipscomb [1975], and Chapters 7 and 8 in this text)
of the J4 Imbedding Theorem was new. And prior to this text, the proof
had only appeared in the research literature.

The space J4 was introduced circa 1970 in the context of point-set topol-
ogy (Chapter 1). For example, the Baire space N ({0, 1}) is a copy of Cantor’s
set, and Jo = Jyg 1} is a topological copy of the unit interval. And as the
self-similarity of Cantor’s set induces self-similarity of (the unit interval) Jo,
the “self-similarity” of N(A) induces “self-similarity” in Ja (§5).

Indeed, J3 and Jy, respectively, are copies of fractals known as Sierpiriski’s
triangle and cheese. In fact, J, 41 for finite n > 2 is a topological copy of the
n-web fractal w™ that is the attractor of a finite iterated function system F,
whose n + 1 members are contractions by one-half toward the n + 1 vertices
of an n-simplex (Chapter 2, §8).

In particular, Js5 lives in 4-space, and had never been viewed in 3-space
until Perry and Lipscomb [2003] constructed an isotopy that moves J5 from 4-
space into 3-space with its fractal dimension preserved (Chapter 2 §8,§9,§10;
Chapter 12). The existence or non-existence of such isotopies for Jg in 5-
space, J; in 6-space, and Jg in 7-space are open problems.

The term fractal was coined by Mandelbrot [1975] the same year that
the J4 Imbedding Theorem was introduced. The idea of viewing fractals as
attractors of finite iterated function systems (IFSs) was introduced in 1981
(Hutchinson [1981]), and then popularized in the late 1980s and early 1990s
following the publication of Barnsley’s [1988] text.

Also in the early 1990s, Lipscomb and Perry [1992], and independently
Milutinovié [1992], produced imbeddings of J4 into Hilbert’s (2(A) space.
Each imbedding involved an infinite IFS. In 1992, however, the IFS theory
was limited to IFSs that were finite. In 1996, by modifying the topology of
Ja, Perry [1996] constructed a subspace w’' of the Tychonoff cube I that
is an attractor of an infinite IFS. Perry also called attention to the open
problem of showing that w? C 12(A), a copy of Ja, is the attractor of an
infinite IFS (of affine transformations of 12(A)) (§31).

The open problem posed by Perry was solved by Miculescu and Mihail
[2008]. Miculescu and Mihail provided the mathematical context with an
appropriate Hutchinson operator that had w? as its fixed point, i.e., w? is
indeed the attractor of an infinite IFS (Chapter 5).

Since the introduction of J4 and the J4 Imbedding Theorem in the 1970s,
the Ja-related research literature has been growing. In particular, Miluti-
novi¢’s, and, Ivansi¢ and Milutinovié¢’s joint research has been substantial,
spanning more than two decades. For example, by modifying the decomposi-
tion approach used to prove the JX“ Imbedding Theorem, they proved that
(J3)" ! (recall that J; is a copy of Sierpiniski’s triangle) contains a universal
space for n-dimensional separable metric spaces (Chapter 11 and the graphic
in Figure 55.1).
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In addition, analogous to Urysohn’s [1925a] Metrization Theorem, which
states that a topological space of weight |A| < Rq is metrizable if and only if
it is homeomorphic to a subspace of I°°, the corresponding J3° is universal
for metrizable spaces of weight |A| > Xy (Chapter 10).

Finally, consider the problem that is inverse to constructing fractals from
manifolds: The emergence of the classical fractals was viewed as one of cut-
ting holes in manifolds. The inverse problem is that of constructing manifolds
from fractals. In the context of .J,, 11, the problem is that of extending the n-
web w™ IFS to an n-simplex IFS. For n = 2, Chapter 13 contains the solution;
and for n = 3, the solution is detailed in Chapter 14. Applications of these
two solutions yield new representations of 2-space, 3-space, the 1-sphere, and
the 2-sphere.

The inverse problem is open for n > 4. This author believes that the
approach used to solve the w? case is general enough to serve as a model
for solutions for any n, and the most difficult part of a solution is that of
understanding the hole A™ \ Uyer, w(A™) in A™ (§97).

Format, Conventions, and Outline

The style of the text is informal, some definitions are neither numbered nor
offset. A term defined within a paragraph, however, always appears in italics.
In contrast, lemmas, propositions, and theorems always appear in boldface,
are always numbered, and always offset.

The sections are numbered sequentially throughout the text, from §1 in
Chapter 1 to §97 (the last section) in Chapter 14. Then the sections in
the Appendices are also sequential, from §A1 in Appendix 1 to §A14 in
Appendix 3. Each table, lemma, proposition, and theorem is numbered —
in §87 we begin with 87.1 Theorem and then Fig. 87.2, which is followed
by Table 87.3. The only figures that are not numbered are those of “local
interest.” The first numbered equation in each chapter has label “(1)” and
the following such equations in each chapter are then sequentially numbered.

For specific contents of the chapters, let us consider them individually.

Chapter 1. Construction of J4 = J,: Baire’s zero-dimensional spaces are
illustrated and their relevant properties discussed. The adjacent-endpoint
relation is defined and then used to construct J4. Proofs of Lemmas 3.2 and
3.3 are new and substantially more concise than their original counterparts.
The comment section contains an extensive prehistory and history of the
mathematics that led to the construction of J4.

Chapter 2. Self-similarity and J,1 for Finite n: The fractal nature of
J4 is deduced from that of N(A). Graphic figures of J,,41 are provided for
small n < 4. The fractal nature of J,,;1 is exposed by showing that J,1
is homeomorphic to the attractor w™ of a finite IFS. The open problems
associated with viewing J,41 in 3-space for n =5, 6, and 7 are detailed.

Chapter 3. No-Carry Property of wA': For some fixed z € A (z indicates
zero), A’ = A\ {2z}, and a mapping J4 — w?’ from J4 into Hilbert space is
introduced. (The mapping is shown to be an imbedding in Chapter 4.) The
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use of star spaces (hedgehogs with |A| prickles) yield the no-carry character-
ization of w?". Several examples serve to motivate the constructions.

Chapter 4. Imbedding Ja in Hilbert Space: The mapping J4 — wd' c
I12(A") introduced in Chapter 3 is shown to be a homeomorphism. That is,
Ja is imbedded into Hilbert’s 12(A’) C I2(A) space as w?', which satisfies
the no-carry property. We also review Sierpinski’s original formulation of his
triangle, which is the basis for Milutinovié’s [1992] construction: Milutinovié’s
space M4 is a topological copy of J4 that resides in the standard simplex
A4 of I?(A). (For A” see Appendix 2.)

Chapter 5. Infinite IFS with Attractor w: Neighborhoods of subsets of
metric spaces are discussed and illustrated for motivation of the definition of
the Hausdorff metric h on the set Bx of all non-empty, bounded, and closed
subsets of X. The when and why (Bx,h) is complete, and, the properties
of the related pseudo-metric h* are detailed. The definitions of a “bounded
(not necessarily finite) IFS” and the Hutchinson operator for such IFSs are
discussed. We introduce the J4 IFS and then show that its attractor is w? .

Chapter 6. Dimension Zero: Each of the subspaces of rationals and
irrationals of J4 are shown to be zero-dimensional and dense. The n = 0
case of the J*! Imbedding Theorem is established. We also show that the
subspace J4(n) of -tuples in J4 with at most n rational coordinates is n-
dimensional. Each of these “general” Jy4 results is applied for |A| = 2, which
yields corresponding statements about the unit interval.

Chapter 7. Decompositions: We present a careful development of the
decompositions that are key to the proof of the JZH Imbedding Theorem.
Given an arbitrary n-dimensional metric space X, we systematically decom-
pose X so that the decompositions have enough properties to distinguish
individual points and allow an imbedding of X into J43"'(n). Extensive
graphics, none of which have previously appeared in the literature, serve to
motivate (a) the idea of the dimension function “diml”; (b) “nodes” of a cover
and the “nodal properties”; and (¢) the constructions used in the proofs of
the lemmas of the Decomposition Theorem 39.1. New and additional proofs
of the lemmas and theorems are provided. For example, the proof of the
Decomposition Lemma 38.9, which has been extensively applied by Ivansié¢
and Milutinovié¢ in their J4-related research, contains new details. The un-
proven but implied claims in Lipscomb [1975] whose proofs have not previ-
ously appeared in the literature are provided in this chapter. The proof of
the Decomposition Theorem 39.1 is illustrated by a new sequence of graphics
that decompose the unit interval step-by-step according to the constructions
used in the proof.

Chapter 8. The JZH Imbedding Theorem: We prove the JXH Imbedding
Theorem. The presentation is a greatly extended version of the one that
appears in Lipscomb [1975]. Nagata’s [1960] and [1963] General Imbedding
Theorems are discussed in the comment section (§46).

Chapter 9. Minimal-FExponent Question: The question of whether the ex-
ponent “n+1” used in the JXH Imbedding Theorem is minimal is discussed.
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A very brief review of Vietoris homology and a short recap of the homology
sequence of n-spheres S™ is presented. We then follow Borsuk and prove
his theorem the 2-sphere S? is not topologically contained in the Cartesian
product of two one-dimensional spaces. Details underlying Borsuk’s proof
are added, and the obvious application is that the index “n 4+ 1” in the JZ“
Imbedding Theorem cannot be reduced.

Chapter 10. The J3° Imbedding Theorem: The proof of the J> Imbed-
ding Theorem is the focus. However, in §51 we compare the JZH and J§°
imbedding theorems with two pairs of their predecessors — the classical (sep-
arable metric) pair of Urysohn [1925a] and Nébeling [1931], and, the general
(not necessarily separable) metric pair of Kowalsky [1957] and Nagata [1963].

Chapter 11. 1992-2007 J4-Related Research: The chronological and his-
torical context appears in the graphic labeled Figure 55.1. The graphic spans
1875 to 2007 and provides the backdrop for the literature that relates (some
more than others) in some form to J4. The narrative part of the chapter
provides a unifying survey of the J4-related research that has heretofore only
appeared in research articles. Milutinovié¢’s work, and, Ivansi¢ and Miluti-
novié¢’s joint work are featured. An example of a KlavZar-Milutinovié graph
(i.e., a graph whose structure is based on the adjacent-endpoint relation ap-
plied to finite product sets) is illustrated in §61.

Chapter 12. Isotopy Moves J5 into 3-Space: We discuss the problem of
deciding which J,,+1 can be viewed in 3-space as attractors of finite IFSs.
The J;5 case is detailed, and the only remaining open cases (i.e., the Jg, Jr,
and Jg cases) are identified.

Chapter 13. From 2-Web IFS to 2-Simplex IFS, 2-Space and the 1-Sphere:
The inverse problem of constructing manifolds from fractals in the case of w?
is solved. That is, the w? IFS is minimally extended to a 3-simplex IFS. The
fibers of the corresponding address map for the 3-simplex are characterized,
and the desired representations are obtained.

Chapter 14. From 3-Web IFS to 3-Simplex IF'S, 3-Space and the 2-Sphere:
The inverse problem of extending the w? IFS to one whose attractor is a
3-simplex is solved. The fibers of the corresponding address map for the
3-simplex are characterized, and an application yields the desired represen-
tations. In §97, the open problem of extending the 4-web IFS to one whose
attractor is a 4-simplex is discussed.

Finally, the book contains three appendices: Appendix 1. Background
Basics; Appendix 2. The Standard Simplex A in 1?(A); and Appendix 3.
Measures and Fractal Dimension.



CHAPTER 1

Construction of J4 = J,

Following its emergence during the early 1900s, topological dimension theory
evolved into an elegant body of mathematics within the context of separable
(weight < RNg) metric spaces. By the 1940s, when this now classical theory
was well established, an extension to more general spaces seemed improbable.
Nevertheless, by the mid-1960s a surprisingly new and natural theory for
general (weight > Xg) metric spaces was rapidly maturing.

One of the remaining problems, however, concerned the absence of a the-
ory of universal spaces (for n-dimensional weight o > Ry metric spaces) that
was analogous to the classical (weight o < Rg) theory.?

In the classical theory it is the product space I2"*! of 2n + 1 copies of
the unit interval I that contains the universal space. And as it turned out,
an analogous result surfaced in 1975: The product space J**! of n+1 copies
of the one-dimensional J, contains the universal (weight o > Rg) space.

Originally, circa 1970, J, was introduced in the context of point-set topol-
ogy. By the early 1990s, an infinite iterated function system operating on
Hilbert’s ¢2(A) space (cardinality |A| = «) provided a homeomorphic copy
w? of J4; and by 2007, w? was shown to be the attractor of such a system.
In this chapter, we focus on the 1970s’ original development of J4 = J,.

81 Baire’s Zero-Dimensional Spaces

Any countable product x;A; of discrete spaces A; = A is a Baire (zero-
dimensional) space N(A) = x;A;. So the elements of N(A) are simply
sequences a = ajag--- in A; and when a € N(A) has a constant tail, i.e.,
Gt41 = Qgp2 = -+ - for some index t, we may write @ = aj - - - @ty y1.

For a doubleton or tripleton set A, Figure 1.1 provides “geometrical ap-
proximations”: Baire’s space N ({0, 2}) is viewed as a Cantor set, and “Cantor
subspaces” induce a “triangularly organized approximation” to N({0,1,2}).

IThe extension of the classical theory was initiated by Stone [1948], who recognized a
symbiosis between open coverings and metric spaces. This symbiosis was further developed
(in the context of general topology) by Bing [1951], Nagata [1950], and Smirnov [1951] in
their metrization theorems. And on that foundation, Katétov [1952] and Morita [1954]
created a significant and elegant dimension theory for general metric spaces.

2For a given class C of topological spaces, U € C is universal for C if each member of
C is homeomorphic to a subspace of U. The classical theorem (concerning the universal
space for n-dimensional separable metric spaces and corresponding imbeddings) is due to
Nobeling [1931]. For timely details and background on the problem of extending Nobeling’s
work to general metric spaces see Nagata [1965] [1967] and Lipscomb [1973].

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 1, (© Springer Science+Business Media, LLC 2009 1
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11—

00 02 22 00 120

Fig. 1.1 Organized approximations to N({0,2}) and N({0,1,2}).

By extending the (self-similar) pattern of two groupings (|4| = 2) of
“segments” and three groupings (|A| = 3) of “triangles,” we may approximate
N(A) for |A| = 4 using four groupings of “tetrahedra” (Figure 1.2).

.

oo\ . A ) /22
Fig. 1.2 Points on four “tetrahedra” approximate N ({0, 1,2, 3}).

These groupings also expose key features of a basis of N(A) — the subba-
sis of sets Ay x Ay x - X A;—1 X {a;} X Ajp1 X -+ yields covers By =
{{a1,az2,...,a;) = {a1} x -+ x {ag} X Apy1 X Agga x ---} of N(A) (of
pairwise-disjoint sets) which in turn yield a basis B = U,Bj, (Figure 1.3).

&)
),

(0,0) (2,0) (0.0
OO OO

Fig. 1.3 Illustration of By relative to N({0,2}) and N({0,1,2}).

)
—

Obvious aspects of B coupled with the following theorem expose the basic
properties of the Baire space N(A).
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1.4 Theorem (Morita [1954])(Ind X < n and o-locally finite bases) Let
X be a metric space. Then for n > 0, we have Ind X < n if and only if X
has a o-locally finite basis B such that G € B implies Ind B(G) < (n —1).

1.5 Theorem (basic properties of N(A)) Let |A|=a > 1. Then N(A) and
its basis B have the following properties:
(i)  Fach By C B is an open-set partition of N(A).
(i)  Fach member of B is both open and closed, and thus has
empty boundary.
(ili)  Fach By is locally finite, and B is o-locally finite.
(iv)  When |A| = « is infinite, then N(A) has weight o.
(v)  The space N(A) is metrizable and has dimension zero, i.e.,
dim N(A) = Ind N(A) = 0.
(vi)  The space N(A) is topologically complete.

PrOOF. (i) Each By, is a pairwise-disjoint open covering of N(A). (ii) From
(i), we have G' € By, implies G = N(A) \ (Upep;, B) where B; = By \ {G}.
(ili) Use (i) and B = UpBg. (iv) The weight of N(A) < |B| = «, and the
weight of N(A) > « because By has size o and satisfies (i). (v) Since N(A)
is regular with a o-locally finite basis B, the Nagata-Smirnov Metrization
Theorem applies. The zero-dimensional part follows from Theorem 1.4 with
n = 0. (vi) Statement (vi) holds because x;A; is topologically complete if
and only if each A; is complete.

The usual metric p for the Baire space N(A) is given by

~J 1/n whena#band n= min{k: ar # by};
p(a,b)—{ 0 when a = b.

Thus, for a = ajag - -+ in N(A), the set (a1, ...,ax) is the closed ball Bs(a) =
{y € N(A) : p(a,y) < §} centered at a with radius 6 = 1/(k + 1).

1.6 Theorem (Morita [1955])(dim X < n and Baire spaces) Let X be a
metric space. Then dim X < n if and only if there exists a subspace S of
N(A) for suitable A and a closed continuous surjection f : S — X such that
each fiber f~1(z) contains at most n + 1 points.

Applying Theorem 1.6, we may bound the covering dimension of the unit
interval I = [0,1], i.e., dimJ < 1. In detail, let A = {0,2}; view S = N(A)
as Cantor’s space C and f : C — C/~ (= I) as identification of adjacent
endpoints; and note that each fiber of f contains at most two points.
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82 Adjacent-Endpoint Relation

In this section we extend the “adjacent-endpoint relation ~” from Cantor’s
space C' =; N({0,2}) to N(A) where A is an arbitrary non-empty set.

First, recall that the homeomorphism ¢ — N({0,2}) is exposed by triad-
ically expanding (z +— ajag ---) each number z in C| i.e.,

z € C <= r=%2a;/3" for a unique ajaz--- € N({0,2}).

This bijection induces a bijection of the respective topologies, matching each
member of the o-locally finite basis B = U Bj, to a closed and open member
of such a basis for C. For example, (0) < C'N[0,1/3], (2) « CN[2/3,1],
(0,0) <+ CNJ0,1/9], (0,2) < CN[2/9,1/3], (2,0) « CN[2/3,7/9], etc.
Second, recall that “endpoints in C” correspond to eventually constant
strings, e.g., 0 <> 00---, 1/3 < 022---,2/3 < 200---, 1 < 22---, etc., and
that “adjacent endpoints in C” encode as “switching tails”, e.g., 1/3 and 2/3
correspond, respectively, to 022--- and 200--- (See Figure 2.1).

Al A2 A3 A4 Atfl
o
o
/\ x x x x
o, o O—>>0—>>0—> -~
/\o o o o,
as \
© o O—>0—>=0—> - -
Yy Yy Yy

Fig. 2.1 Abstract picture of adjacent endpoints.

2.2 Definitions (Lipscomb [1973])(adjacent endpoints and the relation)
Let N(A) be a Baire space. A point a = ajas--- in N(A) is an endpoint

of N(A) if there exists an index k such that ar = agy; = ---. Distinct
endpoints a # b are adjacent endpoints when there exists x # y in A such
that a = a1as -+ ar_1zyyy--- and b = ayas -+ -az_1yxxx---. If a and b are

adjacent endpoints, the unique index ¢t > 1 is called the tail index of a and
b. The relation ~ C N(A) x N(A) given by “a ~ b” when either a = b or a
and b are adjacent endpoints is called the adjacent-endpoint relation.

2.3 Theorem Let N(A) be a Baire space. Then the adjacent-endpoint rela-
tion ~ is an equivalence relation on N(A) with the property that each equiv-
alence class contains at most two members.

PROOF. The relation ~ is clearly reflexive and symmetric. For transitivity,
let a ~b~c If a=>5borb=c then clearly a ~ c¢. Otherwise a # b and
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b # ¢, and both pairs have the same tail index t. So a; = by = ¢y, ...,
at—1 = by—1 = ¢;—1, and, for index ¢, a; = byy1 = ¢, and, for indices k > ¢,
ar = by = ¢x. Thus a = ¢, making a ~ c¢. This transitivity argument also
yields (a # b and a ~ b) implies (b =c or a = ¢).

83 J4 and the Natural Map p

We begin with the key definitions.

3.1 Definitions (Lipscomb [1973])(Ja and its rationals and irrationals)
Let |[A] = a > 1, let N(A) be a Baire space, and let “~” denote the adjacent-
endpoint equivalence relation on N(A). Then J4 = J, is the quotient space
N(A)/ ~ and p : N(A) — Jy is the natural mapping given by p(a) = [a]
where “[a]” denotes the equivalence class that contains a € N(A). Moreover,
x € J, is a rational point (or a rational) when p~!(z) is a doubleton set, and
x is an irrational point (or an irrational) when p~!(z) is a singleton set.

So the mapping p : N(A) — J4 is surjective and G C Jy is open in Jy
if and only if p~1(G) is open in N(A), i.e., J4 has the largest topology that
makes p continuous. And since each fiber p~1(z) of p is either a singleton or
doubleton set, we see a fortiori that each fiber of p is compact. To prove that
p is also a closed mapping, we shall use the following three lemmas.

3.2 Lemma (closed mappings) A quotient mapping f(Y) = Z is closed if
and only if for each fiber f~1(z) and each open set G O f~'(z) there is an
open f-inverse set V.CY such that f~1(z) CV C G.

PROOF. Suppose f : Y — Z is closed and that G D f~!(z) is open in Y. Let
F =Y \ G. Then F is closed in Y, making f(F) closed in Z, and, in turn,
H = Z\ f(F) open in Z. It follows that V = f~1(H) is the desired open
f-inverse set. Conversely, suppose f is quotient and z € Z implies any open
G D f~Y(z) yields the specified V. Let F be any closed subset of Y such that
f(F) # Z. We show that f(F) is closed in Z: Consider any z € Z \ f(F').
Then f~1(z)NF = 0. So G =Y \ F D f~!(z) being open ensures that
an open f-inverse set V = f~!(H) exists such that f~'(2) C V C G. But
because f is a quotient map, H is open in Z. Thus, z € H and HN f(F) = 0,
S0 z is not in the closure of f(F), i.e., f(F) is closed.

3.3 Lemma (p~!(z) is a singleton set) Let p: N(A) — Ja be the natural
map, and let p~1(2) = {c} C G = (c1,...,ck) € By, where ¢ = cica---. Then

V:{ (c1,-- e \{ar ek x££ cepx € AY ifcr=co=--;

(1, epy\{er - cpr rx € A} if ¢ is not an endpoint

is an open p-inverse set such that p~'(z) CV C G.
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PROOF. Clearly, p~1(z) C V C G; and V is open because {c; - cxz : x € A}
is closed — each member of the locally finite open partition By contains at
most one of the closed singleton sets {¢; - - - cpz}. Moreover, V is a p-inverse
set: Suppose a € V, a ~ b, and a # b. Then the definition of V' ensures that
the tail index ¢ of @ and b must satisfy t > k+ 1. Sob e V.

3.4 Lemma (p '(2) is a doubleton set) Let p: N(A) — J4 be the natural
map, and let p~1(z) = {c,d} C G = {c1,...,cx) U {dy,...,ds) where k is
greater than the tail index t of c = cico--+ and d =dids---. Then

V=Acr,...,ex) U{dy,...,dg) \ (U wyea {c1--cpz,di---dry})

xFcp,y#dy

is an open p-inverse set such that p~1(z) CV C G.

ProoF. Clearly p~!(z) C V C G; and as in the previous proof, V is open.
So suppose that a € V and a ~ b with tail index ¢/. Then ¢’ > t: If ¢/ = ¢,
then since a € V and k > t, a = c or a = d, and we are finished. If ¢/ > ¢,
then ¢/ > k+ 1 (if ¢ = k, then we would contradict a € V). Thus, b € V.

Recall the theorem “p : X — Y perfect and X metrizable implies Y is
metrizable.” (For more information on perfect mappings see Appendix 1.)

3.5 Theorem (p is perfect) The natural mappingp : N(A) — Ja is a perfect
mapping.

PROOF. Since p is a surjective quotient mapping, an application of the
previous three lemmas shows that p is also closed. Since p is a closed surjective
mapping with compact fibers, p is a perfect mapping.

3.6 Theorem (J4 is metrizable and one-dimensional) Let p: N(A) — Jyu
be the natural mapping. Then J4 is a one-dimensional metrizable space.

PROOF. Since p is perfect and N(A) is metrizable, J4 is metrizable. And
since p : N(A) — Jy is at most two-to-one, Theorem 1.6 shows that dim J4 <
1. But since |A| = a > 2, Cantor’s space is a topological subspace of N(A).
Thus the unit interval I = [0, 1] is a topological subspace of J,. So by the
subspace theorem, dim J4 > 1.

84 Comments

4.1 BAIRE’S SPACES N(A). These spaces are fundamental in modern di-
mension theory (Engelking [1978] and Nagata [1965] [1983]). For example,
Theorem 1.6 (Morita [1955]) was the key to showing that dim J4 = 1; N(A)
is universal for the class of all zero-dimensional weight |A| > Ry metric spaces
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(Engelking [1978, Theorem 4.1.24]); and for |A| = 2, Baire’s space N(A4) is a
topological copy of the Cantor set.3

The Cantor set C is a paradigm of a fractal that is a universal space
in dimension theory: On the one hand, C is universal for the class of zero-
dimensional separable metrizable spaces (Kuratowski [1966, page 285] and
Urysohn [1925b, page 77]). On the other hand, it is a classical fractal.

By the 1980s, N(A) for finite A became popularized as code space in the
context of finite iterated function systems and fractal geometry.

4.2 CLASSICAL ADJACENT-ENDPOINT IDENTIFICATION. It is most likely
that it was Cantor who introduced classical adjacent-endpoint identification.

Consider the English translation of Cantor [1884] that appears in Edgar
[1993]. On pages 15 and 16 of the translation, Cantor constructs the “Devil’s
Staircase.” (The removal of the open horizontal line segments from the graph
of the Devil’s Staircase exposes the graph of C — I = [0,1].)

To set the stage for the Devil’s Staircase, Cantor constructs his set C as the
residual set of points obtained by removing a countable number of (pairwise
disjoint) open intervals “(a,, ..., b,).” Then beginning at the bottom of page
15, Cantor states:

A special case of this type of function was already included in an
example that I mentioned in Acta Mathematica 2, page 407.

The ‘Acta Mathematica 2’ reference is Cantor [1883b]. Then Cantor contin-
ues as follows:

By putting

—Cl CQ .-.Cp DY
Z—3+32+ 3P+ ’ (6)

where the coefficients ¢, can take any of the values 0 or 2 and
where the series can have a finite or infinite number of terms ...

Cantor then represents the right-endpoints b, of the general open intervals
by stating:

... all the b, are included in the formula

G C2 Cu—1 2
b=yttt T (@

3Tnitially, the Cantor set was evidently introduced by H. J. S. Smith [1875]. Hannabuss
[1996] states, “... this set appeared originally in an 1875 paper by ... Henry Smith ...,
some eight years before Cantor mentioned it (without giving its recursive geometrical con-
struction) in 1883 (Cantor [1883a])....” We also have Edgar’s [1993, page 11] comments,
“... But Smith’s sets seem to be only countable sets of endpoints, not the actual perfect
sets. Of course, before ‘countable’ and ‘uncountable’ were clarified by Cantor, this dis-
tinction would not have seemed important.” Today, Cantor’s set is often viewed as the
attractor of the iterated function system {wg, w1} where each w; is a contraction of the
unit interval by 1/3 with wg contracting toward “0” and w; contracting toward “1.” In
this case, N ({0, 1}) is the code space.
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The points a, arise ... from the same formula by taking c, start-
ing with a certain p always equal to 2 so that, by the equation

1=+ 242
3032 3 ’
one has, by taking ¢, =0, ¢y41 = Cpyo = -+ = 2,
_a e G ]
ay = 3 +32+ +3ﬂ_1+3ﬂ. (8)

Cantor then specifies the classical adjacent-endpoint identification:

We now relate the variable z to another variable y defined by the
formula

1 /¢ Co Cp )
= 9
y 2(2+22+ T (9)

in which we agree that the coeflicients ¢, have the same value as
in (6).

It follows that Cantor’s mapping z — y is what we now call classical adjacent-
endpoint identification. Technical details of properties (continuous closed
surjection) of z — y may be found in Pears [1975, page 162], who concludes
his discussion with the statement:

Thus the space obtained from the Cantor set by identifying pair-
wise the end points of the deleted intervals is the unit interval.

Also see Pervin [1964, §8.3, Problem 3].

4.3 PREHISTORY OF ADJACENT-ENDPOINT IDENTIFICATION N(A) — Jy.
To understand the motivation for extending the notion of z +— y from
N({0,2}) — I to N(A) — Ja for arbitrary A, one needs some historical
context of universal spaces in dimension theory prior to the 1970s.

We begin by going back to the early 1900s, when, based on extensions of
the recursive scheme of cutting holes in the unit interval to create the Cantor
set, other “fractals” and “universal spaces in dimension theory” emerged:
Sierpinski [1916] and Menger [1926a] used recursive schemes of cutting holes
in, respectively, the square I? and the cube I® to create universal spaces that
are now known as classical fractals. Sierpinski’s carpet is universal for planar
compact one-dimensional metric spaces; and Menger’s sponge (Figure 49.2)
is universal for compact one-dimensional metric spaces. (For an intuitive
understanding of the universality of Sierpinski’s carpet see Peitgen, Jiirgens,
and Saupe [1992, §2.7], and for an English translation of Menger’s 1926 Gen-
eral Spaces and Cartesian Spaces in the Communications to the Amsterdam
Academy of Sciences see Edgar [1993].)
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Menger [1926b] also stated that a compact metric space of dimension less
than or equal to n could be imbedded in the Euclidean cube I?"+1.

By 1931 Nobeling [1931] had removed the compactness restriction and
proved the Classical Imbedding Theorem for separable metric spaces, i.e.,
he specified a subspace of the Euclidean cube I?"*! that is universal for
n-dimensional separable metric spaces.*

Three decades later, following the substantial development of a dimension
theory for general (not necessarily separable) metric spaces, Nagata [1960]
used an infinite-dimensional space — Dowker’s [1947] generalized Hilbert
space — to construct a subspace F,, that is universal for n-dimensional
weight-a > Ny metric spaces. Three years later, however, Nagata [1963] made
a more transparent construction by introducing another universal space K.
But again, K, emerged as a subspace of an infinite-dimensional space P(A)
— P(A) is the countable product of star spaces (star spaces are known in
the literature as hedgehogs with |A| = a prickles).

By 1966, Nagata [1967], contrasting his universal spaces (subspaces of
infinite-dimensional spaces) with the classical universal spaces (subspaces of
finite-dimensional Euclidean cubes), stated:

Comparing the general imbedding theorem with the classical one
for separable metric spaces we notice that P(A) has infinite di-
mension while every n-dimensional separable metric space is imbed-
ded in the (2n+ 1)-dimensional Euclidean cube I?"*1. This leads
us to the following problem, ‘Improve the general imbedding the-
orem finding another universal n-dimensional space instead of
P(A)”

Nagata’s statement calls attention to the fact that Nobeling’s [1931] Clas-
sical Imbedding Theorem rests on the one-dimensional unit interval I as the
base space in “I*" 17 Tt therefore seemed (to this author) that any general
imbedding theorem (analogous to Nobeling’s) would require (and be built
upon) a one-dimensional weight o > Ry metric space that would serve as an
analogue of the unit interval.

So prior to the 1970s, it was Nagata’s research and quotation above that
served as motivation for seeking analogues of the unit interval.

Also prior to the 1970s, there were three well-known results that indicated
how to construct such an analogue: First, the unit interval I may be obtained
by Cantor’s identification of adjacent endpoints z — y; second, Cantor’s set C
is a topological copy of Baire’s space N({0,2}); and third, Morita’s Theorem
(Theorem 1.6), which implies that an at most 2-to-1 closed and continuous
image X of any subspace of N(A) has dim X < 1.

4For more detail on the Classical Imbedding Theorem see, e.g., the “Historical and
bibliographic notes” section on page 128 of Engelking [1978], and the “3. Imbedding of a
compact n-dimensional space in I2,41” and “4. Imbedding of an n-dimensional space in
Ian4+17 sections on pages 56—63 in Hurewicz and Wallman [1948].
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From those three results, it seemed natural to try to obtain J4 by eztend-
ing to N(A) the idea of adjacent endpoints in N({0,2}).?

4.4 J4 IN THE CONTEXT OF FRACTALS. The graphics presented in the
following chapter will elucidate how the adjacent-endpoint relation induces
fractal structures. It should be noted that .J4, created within the context of
dimension theory prior to 1973, emerged into a “fractal void” that existed
prior to Mandelbrot’s [1975] introduction of fractal.

It was during the 1980s that fractals (Mandelbrot [1983]), finite iterated
function systems (Hutchinson [1981]), fractal geometry (Falconer [1985]),
code space and address maps (Barnsley [1988]) were popularized.

4.5 CLOSING COMMENTS. As stated before, the material presented in this
chapter follows Lipscomb [1973]. However, the constructions in Lemmas 3.2
and 3.3 of the desired open p-inverse sets V' are new and substantially more
concise than their original counterparts. The new approach specifies the V'
externally, i.e., as the result of removing a closed set of points from a basic
open set. The original proofs in Lipscomb [1973] concerned a V' defined
internally, i.e., as a union of an infinite number of open sets.

To close these comments, it is instructive to look back and sample the
historical view during the decades of the 1930s through the 1950s expressed
in the introduction of G. T. Whyburn’s [1958] article Topological Character-
ization of the Sierpiriski Curve:S

The universal plane curve described by Sierpiniski [1916] has proven
highly useful in the development of various phases of topology and
analysis which have gone ahead at such a rapid pace in the inter-
vening period of over forty years. Interest in this curve and its
analogue in 3-space is currently much alive and its role in math-
ematics is surely by no means finished. The curve is obtained
very simply as the residual set remaining when one begins with
a square and applies the operation of dividing it into nine equal
squares and omitting the interior of the center one, then repeats
this operation on each of the surviving 8 squares, ... and so on
indefinitely. Sierpinski showed that this set contains a topological
image of every plane continuum having no interior point and thus
it has come to be known as the Sierpiriski plane universal curve.

5Because J4 was conceived as a generalization of the unit interval I, it seemed natural
to select a notation that serves as a mnemonic of the extension — select the letter that
follows the letter I, namely the letter J.

6Whyburn’s 1958 article was based on a lecture that he first presented at the Warsaw
Mathematical Colloquium in the spring of 1930, where he was introduced by Sierpinski.



CHAPTER 2

Self-Similarity and J,,.; for Finite n

The unit interval [0, 1] =; Jz is two copies [0,1/2] and [1/2, 1] of itself, each
just touching the other. In this chapter we show that J4 is |A| copies of
itself, each “just touching” the others. This feature appears in the graph-
ics where side-by-side approximations of N(A) and J4 elucidate adjacent-
endpoint pastings. Six figures serve to illustrate J5. For finite n, an iterated
function system F,, is constructed whose attractor w™ C R™ is homeomor-
phic to J,4+1. The homeomorphism exposes the F,-induced address map
¢: N({0,...,n}) — w™ as adjacent-endpoint identification.

85 Self-Similarity of J4

For any Baire space N(A), the partition By = {(a) : a € A} contains |A|
pairwise-disjoint homeomorphic copies

(a) ={a} x AxAx--- (a € A)

of N(A). These copies map to |A| homeomorphic copies p({a)), a € A, of J4.
Furthermore, it is clear that when a # b the rational {ab, ba} is a member of
both p({a)) and p({b)). We can say more.

5.1 Lemma (just-touching property) Let a,b € A be distinct, and let p be
the natural mapping N(A) — Ja. Then |p({a)) Np({b))| = 1 and the unique
point in the intersection is the rational r = {ab, ba}.

PROOF. Let z € p({a)) Np({b)). Then {(a) N (b) = 0 implies that there exist
¢ € (a) and d € (b) such that p({¢,d}) = z. Since p is at most 2-to-1,
p~1(z) ={c,d}. Soc~d, c; = a, and d; = b yield z = {c,d} = r.

So each of the |A| copies of J4 just touches the others. We shall refer to this
combinatorial property as the just-touching property.

The “self-similarity” of J4 continues at each level. The partition By =
{{a,b) : a,b € A} contains |A|* pairwise-disjoint copies

(a,by ={a} x {b} x Ax Ax--- (a,be A)

of N(A), and again these copies map to |A|? homeomorphic copies p((a, b))
of J4. For a fixed a € A, the set {p((a,z)) : © € A} of |A| copies of J4 sat-
isfies the just-touching property. That is, if b # ¢, then p({a, b)) just touches

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 2, (© Springer Science+Business Media, LLC 2009 11
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p({a,c)) in a unique rational {abc, acb}. The process continues — the level-

k copies of J 4 consist of all sets p({a1, as, . ..,ax)) for ai,as, -+ ,ar € A. And
for a fixed (k—1) string ajas - - - ax—1, the two level-k copies p({a1, as, . .., ax_1,b))
and p({ay,as,...,ar—1,c)) meet only at r = {ajas - - - ax_1bc,aras - - - ag_1cb}.

86 Approximations for n+1=2,3,4

We begin with Figure 6.1 where A = {0,2}. In this case N(A) is homeomor-
phic to Cantor’s set. Note that

1/3=0/3'+%2,2/30 25 1/2=10/22 + £2,2/21+!
2/3=12/3" 4 %22,0/30 25 1/2=2/22 4 %2,0/21t1,

It is generally true that the “holes” bounded by adjacent endpoints corre-
spond to the dyadic rationals contained in the interior of the unit interval.

002 020 2202 2220

Fig. 6.1 For |A| = 2, the space J> is homeomorphic to the unit interval.

Next, we let A = {a, b, ¢} be of size three (Figure 6.2). In this case we see
that Js is a copy of the classical fractal known as Sierpinski’s triangle.

x p(x)

Fig. 6.2 The space J3 is homeomorphic to Sierpinski’s triangle.

In Figure 6.2 note that the “edge” N({a,b}) = [z = a,y = b], a Cantor
subspace of N(A), maps onto the edge [p(z),p(y)], a unit interval subspace
of J5. We also see another Cantor subspace [2/ = ca,y’ = ¢b] = {c} x {a, b} x
{a,b} x --- of N(A) mapping onto another copy [p(z’),p(y')] of the unit
interval.
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In Figure 6.3 below an approximation to the Baire space N({0,1,2,3}) is
presented on the left side (recall Figure 1.2); and on the right side we have
an approximation to Jy, the p-image of N({0,1,2,3}).

Fig. 6.3 The space Jy is homeomorphic to the Sierpinski cheese.

So for |A| = n+ 1 = 4, Figure 6.3 illustrates a level-1 approximation
to Jy, i.e., an approximation to the classical fractal known as the Sierpinski
cheese.

87 Approximations for n+1=5

In this section we consider a relatively recent construction that allows us to
view J5 in 3-space. We begin with a sequence of figures (Figs. 7.1 to 7.6)
that illustrate the desired combinatorial structure — five congruent figures,
each just touching the other four:

Fig. 7.1 One hexahedron, then two, each just touching the other.
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Fig. 7.2 Three, then four hexahedra, each just touching the others.

Fig. 7.3 Five hexahedra, each just touching the others.
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Fig. 7.4 Fitting the fifth hexahedron.

Fig. 7.5 Approximations to Js at levels 2 and 3.
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Fig. 7.6 Level-4 approximation to Js.

88 J,11 as an Attractor w" of an IFS

For n > 1, let A,, denote the n-simplex in n-space R™ whose n + 1 vertices
consist of the origin up = (0,...,0) and the terminal points of the n standard
orthonormal basis vectors u; = (1,0,...,0), us = (0,1,0,...,0), ..., u, =
(0,0,...,0,1) € R™ Then A, is the convex hull of its vertices and

where the \; are called the barycentric coordinates of v.
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Using A,, C R", we may generate n + 1 scalings of A,, that satisfy the
just-touching property.

To be sure, consider the finite iterated function system (IFS) F, =
{wo, w1, ..., w,} where

wi(x) =u; + (1/2)(x —w;) = (1/2)(x + w;) (x€Ay)
is a scaling by 1/2 toward u;. Then by characterizing each w;(A,,) as
wi(Ay) ={v=X7\u; : XgA; = 1;0 <each \; <1; and \; > 1/2},

we may show that these n + 1 scalings of A,, are just touching: For distinct
i,j € A={0,1,...,n}, we have |w;(A,) Nw;(Ay)] =1 with (1/2)(u; + u;)
being the point of intersection.

In passing, note that one may easily verify that the inverse w, Lof w; is
given by the formula w; ' (x) = 2x — u; for x € w;(A,).

In general, let A ={0,1,...,n}, and recall that the attractor of F,, is the
unique compact set K characterized by the equation K = U;c qw;(K). From
this equation it follows that K O w;(K) D w; o w;(K) for every i and every
j. Each 0 = 6162+ in code space N(A) thereby determines a nested list
K D ws, (K) D ws, ows, (K) D -+ of compact sets whose diameters go to
zero. The intersection of the sets in this nested list contains exactly one point
ps € K. This correspondence § — ps is the address map ¢ : N(A) — K.

It turns out that the address map ¢ is identification of adjacent endpoints.
To motivate the theory, we demonstrate the connection with an example.

8.1 EXAMPLE. Let ¢ be the address map induced by F; = {wg,w;}. Then
Ay = [0,1] is the 1-simplex, which is the unit interval, and the code space
is N({0,1}). So ¢ : N({0,1}) — K where K is the attractor of F;. In this
example, we see that

[0, 1] =A; = U}Q(Al) @] wl(Al) = [0, 1/2] @] [1/2, 1],
which shows that K = [0,1] is the unit interval. So the attractor K is

homeomorphic to J>. Now considering the sequence § = 01 € N({0,1}) and

the k-fold composition w{“ =wj o--- 0w, we have

wo(wy ([0,1])) = wo([1 - (1/2%),1]) = [(1/2) — (1/2571),1/2].

Thus as k — oo, we find that ¢(01) = ¢(§) = ps = 1/2. Similarly, for the
adjacent endpoint ¢ = 10 and wf = wg o - - - 0 wp, we have

wi(wg ([0,1])) = wi([0,1/2"]) = [1/2,1/2+ 1/2"]

which shows that ¢(10) = ¢(¢) = p. = 1/2. Note, for this ¢ and this e, that
0 ~ ¢ implies ¢(0) = ¢(€). So could it be that the fibers of the natural map
p: N({0,1}) — Jo are the fibers of ¢ : N({0,1}) — K = [0,1]?
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8.2 Lemma (the address map ¢) Let ¢ : N(A) — K be the address
map induced by F,, let wy € Fy,, and let § = 6162--- € N(A). Then (a)
wqe(¢(8)) = ¢p(qd162--+); (b) wy, ((6102--+)) = ¢(8283-++); () B(8) = ug if

and only if 6 = q; and (d) ¢ is a continuous closed surjection.

PRrROOF. First, consider (d): We begin by showing that ¢ is surjective. Since
x € K =wy(K)U---Uw,(K), then x € ws, (K) for some §; € A. Inductively,
61 yields 99, i.e.,

z < w‘sl(K) = Ws, OwO(K)U"'Uw61 Own(K)

implies z € ws, (K) D ws, ows, (K) for some d; € A. An induction argument
shows that § € N(A) exists such that ¢(6) = z. Next, we show that ¢ is
continuous. Let d§,, — 6 in N(A). Then for each k > 1, we may choose Ny
such that n > Ny yields 6,1 = 01, ...,0nk = 0. These equalities imply that
both ¢(d,), ¢(6) € Wi = ws, o --- o ws, (K) where the diameters of the Wy
go to zero as k — oo. It follows that ¢(d,) — ¢(J). Finally, note that ¢ is
closed because N(A) is compact and ¢ is continuous.

Second, consider (a): By definition, ¢(d) is the lone element in N5, W;
where W; = ws, o --- ows, (K). So ¢(0) € W; for each j, showing that
wqe(9(6)) € wy(W;) = wg o ws, o---o0ws, (K) for each j. It follows that
wq(4(6)) is the lone element in N2 w, (W;), i.e., wy(4(5)) = d(qdida - --).

Third, counsider (b): From (a) we have ws, (¢(d203--+)) = ¢(0). Apply
wgll to both sides.

Fourth, consider (c¢): Recall that a contraction has only one fixed point,
and each wy is a contraction such that wq(uy) = ug. In short, wy(x) = x if
and only if x = uy. So now suppose § = q. Then wq(¢(0)) = ¢(gd102---) =
#(0), showing that ¢(d) = u,. Conversely, suppose ¢(4) = u,. Then the only
index ¢ such that u, € w;(Ay,)isi=¢. Sod1 =¢q. lf 61 =+ =1 = ¢,
then wgkl_l o0--+0 wgll(uq) = uy. So (b) shows that

ug =wy ' o--cowy (¢(8)) = G(k0ks1 ) € wy, (A).
Thus, d; = ¢, and by induction § = q.

8.3 Definition (n-web) Forn > 1, the n-web w™ is the attractor K,, 1 of F,
whose code space is N({0,1,...,n}). We may also consider w™ C A" C R**!
where A™ is the standard simplex (see Appendix 2) and F,, the obvious family
of contractions.

8.4 Theorem (fibers of ¢ are the fibers of p) Let A = {0,1,...,n}, let
¢ : N(A) — " be the address map induced by F,,, and let ~ be the adjacent-
endpoint relation in N(A). Then ¢(5) = ¢(g) if and only if § ~ €.

PrOOF. First, suppose 6 ~ €. The case § = ¢ is trivial. If § # ¢, then let ¢
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be the tail index. With ¢ — 1 applications of Lemma 8.2 (a) we have

5, 0 ows,_, (P(dier))

(1) ¢(€) = wg croWs, ((;5(615515)) .

Then Lemma 8.2 (¢) yields ¢(e¢) = u,, and Lemma 8.2 (a) shows that
¢(6t‘€t) = w5t(u€t) = (1/2)(u€t + ulst)' Simila'rIY7 ¢(Et(5t) = wa‘t(utst) =
(1/2)(us, + ug,). It follows from (1) and the fact that ws, o--- o ws,_, is
one-to-one, that ¢(J) = ¢(e).

Conversely, suppose ¢(5) = ¢(¢).

SUBCASE 1. §; # €1: Then ¢(d) = ¢(e) € ws, (Ap) Nwe, (A,,) implies

(2) ¢(0) = ¢(e) = (1/2)(us, +ue,) = (1/2)(¢(d1) + d(e1)).-

Lemma 8.2 (b), the definition of wgll, and (2) provide

$(d205 - +) = w5 ($(8)) = 20(8) —ug, = 26(8) — (1)
=2[(1/2)(6(01) + d(e1))] — &(61)

= (;5(81) = Ug, .

So Lemma 8.2 (¢) implies §2d5 - - - = €1, i.e., §; = €1 for each ¢ > 2. Similarly,
we may also deduce that e; = d; for each ¢ > 2, i.e., § ~ €.

SUBCASE 2. 61 = ¢1: Then let ¢t € {2,3,...} be the smallest index such
that §; # €;. In this case, Lemma 8.2 (a) yields

$(0) = ws, 0---ows,_, (P(0:0¢41--+))
(25(8) = Ws, O"'Ow5t71(¢(5t€t+1"')).

Since ws, o - -ows,_, is one-to-one, and ¢(d) = ¢(e), we have @(d10p41 -+ ) =
¢(etee41 - -+ ) where 0; # £;. An argument similar to the proof of SUBCASE 1
shows that 0; = ¢; and e; = 6; for each i >t + 1. So § ~ e.

8.5 Theorem (J,+1 is homeomorphic to w™) Let A=1{0,1,...,n}, let w™
be the attractor of F, let ¢ : N(A) — w™ be the induced address map, and
let p: N(A) — Jyny1 be the natural mapping. Then f=¢op~t: Jyp1 — W™
18 a homeomorphism.

PRrOOF. By Lemma 8.4, the fibers of p are identical to the fibers of ¢. So the
mapping f = ¢ op~ ' is well defined and injective. Moreover, f is surjective
since ¢ is surjective; f is continuous since ¢ is continuous and p is closed;
and f is closed since p is continuous and ¢ is closed.



20 SELF-SIMILARITY AND J,4+; FOR FINITE n CHAPTER 2

89 Can We “View” J,.; in 3-Space?

For n > 1, J,+1 is homeomorphic to the attractor K, = w™ of F,,. How-
ever, since w” lives in n-space, when n > 4 we cannot picture w”, at least not
directly. This quandary leads naturally to the question, “How do we picture
Tnia??

From the Classical Universal Imbedding Theorem, since each J, 1 is a
separable metric space of (topological) dimension one, it may be topologically
imbedded in the Euclidean cube I®. Such an imbedding, however, may make
it humanly impossible to “see” the self-similarity.

Nevertheless, on the positive side, as illustrated in §7, the self-similarity
of J5 is clearly exposed in 3-space, making the approximations as clear as
those of Sierpinski’s triangle Js.

In general, when considering J,, 41 the subscript n + 1 is fundamental. It
tells us that J, 1 contains n + 1 copies of itself that satisfy the just touch-
ing property, and it serves to specify the numerator when calculating the
fractal dimension D(w™) = In(n + 1)/In(2). What we desire, then, is an
imbedding into 3-space that preserves the fractal dimension and exposes the
self-similarity of Jy,41.

If preservation of fractal dimension is important, then it is instructive to
calculate the fractal dimension of the first few w™:

Dw')=1 < Dw?)~158 < D(w?) =2 < D(w*) ~232 <
< D(Ww’)~258 < Dwb)~281 < DW')=3 <
To wview (imbed with fractal dimension preserved) w™ in m-space, we
see from Barnsley [1988, Theorem 2, page 202] that it is necessary that
D(w™) < dim (R™) = m.

As an application, D(w?) > dim (R') = 1 implies that w? cannot be
viewed on the real line R!. For n = 3, however, D(w?) = 2 = dim (R?), and
so the “necessary condition D(w?) < dim (R?) = 2” sheds no light on the fact
that w?, the Sierpiniski cheese, cannot be viewed in the plane. Nevertheless,
with the aid of Figure 9.1 we see that a homeomorph of one of the two
Kuratowski forbidden graphs (namely, the complete bipartite graph K3 3) is
a subspace of w?, and thus w® cannot be imbedded in the plane. (Each vertex
in {a,b,c} is “adjacent” to each vertex in {A, B,C} via “edges” alA, a2B,
a3C, bA, bB, b4C, ¢bA, ¢B, and ¢C'.)

The next application of “the necessary condition D(w™) < dim (R™) =
m” occurs at the value n = 8: Since

D(w®) =~ 3.1699 > dim (R®) = 3
we know that the 8-web w® cannot be “viewed” in 3-space R3. So we are left
with n = 4,5,6,7. The n = 4 case was illustrated in §7, but it is an open
question as to whether any n-web w” for n = 5,6,7 can be “viewed” in R3.
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Fig. 9.1 The 3-web w? cannot be imbedded in the plane.

8§10 Comments

The graphics in §7 were created by Chris Dupilka, and similar graphics with
relevant narratives appear in Perry and Lipscomb [2003]. As for the term
n-web, it was introduced in Lipscomb and Perry [1992, page 1159], but it
was motivated by the title A Fractal Skewed Web of plate 143 in Mandel-
brot [1983].

As Lemma 5.1 tells us, if we “see” a copy of the 4-web w* in 3-space, then
we should “see” its five level-1 copies “just touching.” Reasoning in reverse,
Perry and Lipscomb [2003] used the self-similarity (Figure 7.3) to construct
an isotopy H : w*x I — R* rel w? (homotopy with each H; a homeomorphism
that is the identity on w® C w?) where each H; is a linear transformation
that preserves fractal dimension and where H; : w?* — R3 ¢ R%. In other
words, w* may be moved into 3-space with its fractal dimension preserved
(Chapter 12).

This “motion” may be intuitively explained with the aid of Figure 10.1,
where cylinders represent line segments. Indeed, suppose we are observers
in 3-space and “t” is a time parameter that moves from time 0 to time 1.
Then at time ¢, we could see the part of Hy(w?) C R* that meets 3-space. In
particular, when ¢ ~ 0, we would see “buds” located at the points where the
light-gray semitransparent cylinders meet the dark-gray opaque cylinders. As
t increases, these buds begin to grow “up” (in the direction of the light-gray
cylinders) toward the other ends of these cylinders. And when t = 1, we
see the structure in Figure 10.1 that contains the light-gray semitransparent
cylinders that were originally (at time ¢ = 0) outside of 3-space (in R* \ R?).

The approximation to w* in Figure 10.1 should be compared with the one
in Figure 7.3, and the substructure in Figure 10.1 consisting of the dark-gray
cylinders should be compared with the right-side illustration in Figure 6.3.

Parts (a) and (c¢) of Lemma 8.2 appear in Lipscomb [2007, Lemma 9.

Finally, the phrase “just-touching” as typically used in the context of
iterated function systems refers to the IFS itself, and not the attractor of
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the IFS (Barnsley [1988, pages 121 and 129]). In this chapter, however, we
considered only one type of IFS, namely the F,,, and we used the “just-
touching” phrase to describe the attractors. It so happens that each F,, is
also “just-touching” in the sense of Barnsley [1988, page 129].

Fig. 10.1 An isotopy moves the 4-web w?* from 4-space into 3-space.



CHAPTER 3

No-Carry Property of w?

By the mid 1970s it was known that J "' for |A| > Xy contains models of
all n-dimensional weight |A| metric spaces. For infinite A, however, J4 did
not receive a metric until 1992, when it was imbedded in Hilbert space.

In this chapter we introduce a surjection J4 — w?" into Hilbert space.
(In Chapter 4 we shall show that this surjection J4 — w "is an imbedding.)

The J4-image w? is then characterized in terms of the no-carry property,
i.e., the “no-carry characterization of Sierpinski’s triangle” extends to w?'

To construct the mapping, we use “star spaces,” one in J4 and one in
Hilbert space. To motivate the construction, we begin with three examples re-
lated to the Sierpiriski triangle. Otherwise, the presentation follows Lipscomb
and Perry [1992], but most of the results were also obtained independently
by Milutinovié¢ [1992] (see §18).

A

811 Three Examples

Imbedding J4 into Hilbert space turns out to be an extension of the “no-
carry characterization of Sierpinski’s triangle 7" =; J3.” So we begin with
Figure 11.1, which illustrates and specifies the no-carry property.

(0’1)

T = {(x,y) : there are binary expansions
r=.r1%2--- and y = .y1y2 - - - such that
zj=1=y;=0,and, y;, =1=z; =0}

(0,0) C.C (1,0)

Fig. 11.1 The no-carry constraint specifies a Sierpiniski triangle.

Together, the two implications “r; =1 = y; = 0" and “y; = 1 = z; = 0"
are called the no-carry conditions — for each j = 1,2, ... the binary addition
“x; +y;” is a “no-carry addition.”

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 3, (© Springer Science+Business Media, LLC 2009 23
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11.2 ExaMPLE. Consider the Sierpiriski triangle 7" with vertices (0, 0), (1,0),
and (0,1). Then the x = 1/2 and y = 1/2 coordinates of (1/2,1/2) € T have
binary expansions ¢ = .x1x2--- = .100--- and y = .y1y2--- = .011--- that
satisfy both “z; = 1 implies y; = 0” and “y; = 1 implies z; = 0.”

For motivation of the concept “star space,” let A = {(0,0), (1,0),(0,1)}
and consider A’ = A\ {(0,0)}. For this particular A’, we define

SA)={(z,y) eR?*: (0<z<landy=0)or (0<y<1andz=0)}
as a star space with |A’| =2 arms.

11.3 ExaMPLE. Using Figure 11.4, we let A = {z,a, b} be of size three, and
view the endpoints z, a, and b in N(A) as vertices of “the N(A) triangle.”

§ € N({z,a,b}) implies there are projections

§% = 640§ --- € N({z,a}) and 6* = 685 --- € N({z,b})

such that 6 = a = 6} = 2z, and, 6Y = b= 6% = z

Fig. 11.4 The “no-carry property” encoded in N({z,a,b}).

Let § = ba € N(A). Then viewing “z” as “zero” and “zeroing out all
letters not equal to a” we project

d=ba — 0*=zae€ N{z,a})

where N({z,a}) is a copy of Cantor’s set with endpoints z and a. Similarly,
by “zeroing out all letters not equal to b” we project

§=ba — & =bze N({zb}).

It follows that 07 = a = 65 = z and 6% = b = 6% = 2, i.e., these “projections”
encode a “no-carry property in N(A).”

11.5 ExaAMPLE. We illustrate how the no-carry property in N({z,a,b}) en-
codes the no-carry property of the Sierpinski triangle 7: First, identify the
letter “a” with “1” and the letter “2” with “0”, inducing a homeomorphism
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N({z,a}) < N({0,1}). That is, points in N({z,a}) C N(A) are identified
with strings 122 - -- of binary digits. Second, identify these binary strings
z1T2 -+ with points ¥°(2x;)/37 in Cantor’s set C(0, 1), obtaining a home-
omorphism N({0,1}) < C(0,1). And third, use classical identification of
adjacent endpoints X5°(2z;)/37 — £$°2;/27 to map C(0,1) — I = [0, 1].

In general, §* +— Y. 57 € Tand 6" — 37, %) € I where (6 = a & x; = 1)
and (6% =b < y; = 1):

5% = 6968 - o mze--- € N({0,1}) o ngazlggefz[o,u
J= J=

=0 o g EN{OIY o L - X5 el=D01)
J= J=

And in particular, for 6 = ba we have

0* =zaa--- « 011---€ N({0,1}) < J;;:éej;;jzéef
1 1

6 =bzz--- < 100---€ N({0,1}) « Y 2 =23 ) =1¢€l,
j=1 Jj=1

ie., d — 0% and § — 6° yield (6%, 8%) which decodes as (L, 1) e T.

812 Star Spaces

To illustrate the concept of “star space,” let |A| = 73, z € A be fixed, and
A" = A\ {z}. Then the “Cantor star” S¢(A’), pictured on the left side of
Figure 12.1, consists of the 72 Cantor spaces N({z,a}), a € A’, that meet
only at the point z.

Sc(AI) Siiriviii S(A/)

Fig. 12.1 Picturing S¢(A’) and the corresponding S(A’) for |A| = 73.

Then p: N(A) — J4 maps this “Cantor star” Sc(A’) onto a “J4 star” S(A’)
consisting of |A’| = 72 unit-interval subspaces of J4 that meet only at p(z).



26 NO-CARRY PROPERTY OF w4’ CHAPTER 3

12.2 Definition (J4 star spaces) For any set A of size at least two, let z € A,
define A’ = A\ {z}, and consider the union Upec 4-C(z,b) of Cantor subspaces
C(z,b) = N({z,b}) of N(A). This subspace Upca:C(z,b) of N(A) is called a
Cantor star space Sc(A’) each of whose |A’| arms is a copy of Cantor’s set.
Moreover, the p-image S(A) = p(Sc(A’)) C Ja is called a Ja star space with
|A'| arms Ig (6 = p(b),b € A’) where each arm Ig = I(¢,3) = p(C(z,b))
(¢ = p(2)) is homeomorphic to the unit interval.

When A is infinite, a J4 star space S(A) may be viewed as the standard
star space, which is often called a hedgehog with |A| = |A’| prickles.

§13 The Star Space in [*(A)

Hilbert’s [?(A) space contains a star space (centered at its zero) whose ath
arm (a € A) is the line segment {tu, : 0 < ¢t < 1} = [0,ua] where u, is a
unit vector in the standard orthonormal basis of [2(A).

A few comments are in order. Let R be the Cartesian product of |A|
copies of the real line R!. Then Hilbert’s space 12(A) may be viewed as a
metric space that has (1) elements: every ©z = (z,) = (xa)aeA € R4 such
that z, = 0 for all but at most countably many a € A and ¥,22 converges;
and (2) topology: that induced by the metric d(z,y) \/E (T — Ya)?

The arms of our star subspace of [2(A) are determined by the orthonormal
basis vectors u, = (u2),ca where ul = 0 when a # b and uf = 1. Each u,
provides a copy I® = {tuy, : 0 <t < 1} of the unit interval — the subspace I°
of I2(A) with the induced metric makes the mapping t +— tu, from the unit
interval I with usual metric an isometry: For each b € A,

|t1 — t2| = \/(tl — tg \/E tlub — tgub) d(tlub, tgub)

These isometric copies 1% C [2(A) of the unit interval are the “arms” of
UaI® C 12(A). And U,I® is homeomorphic to S(A) = (Uyls,ds) — the
obvious mapping U,I, — U,I* C [*(A) (the isometry I, — I% on each
arm I, of S(A) with “zero” mapping to “zero”) is clearly bijective. And
the e-ball centered at the zero in S(A) = (Uy1,,ds) maps onto the e-ball in
UaI® C I2(A) centered at the corresponding zero.

IStar spaces S(A) predate the introduction of J4. Indeed, a star space S(A) is defined
as a metric space S(A) = (Uala,ds) where the set UgI, is the star-shaped set obtained by
identifying the zeros of a disjoint union of |A| > Wg unit intervals I, (the ath arm), and
the metric dg is given by

de(x,y) = |x —y| if z and y belong to the same arm
s\&Y) = |z +y| if z and y belong to distinct arms.

A detailed proof that a star space S(A) is homeomorphic to the J4 star space for infinite
|A| appears in Chapter 10. Historically, star spaces appeared as the base space in product
spaces S(A)>° that were used by Kowalsky [1957] and Nagata [1963] to construct universal
spaces for metric spaces and for metric spaces of finite covering dimension < n, respectively.
Precise statements of the Kowalsky and Nagata theorems appear in §18.
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§14 Projecting N(A) onto a Cantor-Star Subspace

Let |A| > 2, select any z € A, and let A’ = A\ {z}. Then for each b € A’ the
Baire space N(A) contains the subspace C(z,b) of sequences whose values lie
in {z,b}. With each arm C(z,b) of the Cantor star, we have the projection
m : N(A) — C(z,b) given by

b if §; =b,

L5 . b _ sbsb .. b_
Ty 0 = 0109 — J 0769 where 5J { » otherwise.

Each projection 7, is open: The basic open sets (ai,...,a,) in N(A) map
onto open sets in C(z,b), i.e.,

m((a1,...,an)) = (ab,... al) C C(z,D).

Each m, is continuous: Given the open-in-C(z,b) set (x1,...,x,), define
[ AN{b} ifax; =2 .
XZ_{{b} if 2y = b, (t=1,...,n)

and then note that 7, ' ((z1,...,2,)) = X1 X -+ X Xy x Ax Ax -

Whether each projection my, is closed or not closed depends on |A]: When
A is finite, then N(A) is compact and each 7, is necessarily closed. When A
is infinite, then N(A) is not compact and each m, is not a closed mapping —
let a1, az,... be a sequence in A such that ¢ # j implies a; # a;, then

(1) F = {albal, agagbag, a3a3a3ba3, .. }

is closed in N(A) while m,(F) is not closed in C(z,b). We summarize these
observations with the following lemma.

14.1 Lemma (properties of m,) The projection m, : N(A) — C(z,b) is a
continuous open mapping. Also, m, is closed if and only if A is finite.

815 Projecting J4 onto a Star Subspace

Continuing with |A| > 2, a fixed z € A, and A" = A\ {z}, we let p(z) = ¢
be the zero of Ja, and, 8 = p(b) for b € A’, and, p, : C(z,b) — I((, ) the
restriction of p. With these conventions the (commutative) diagram below

yields the projection 75 : J4 — I(¢, 3) given by 73 = ppomop L.

N() —2 s e(z,b)

pl lpb

JA ""7"1_"6"}' I(Caﬂ)

To be sure, mg is well defined because §,e € N(A) and § ~ ¢ yield
mp(9) ~ m(e), i.e., mp respects the adjacent-endpoint relation, making py o 7
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constant on each fiber of p. Moreover, since p is a closed map and py o 7 i
continuous, g is continuous.

15.1 Lemma (properties of 73) Let |A| > 2, fixz € A, letb e A" = A\ {z},
and define § = p(b). The projection mg : Ja — I((, ) into the Sth-arm of
the star in Ja is a well-defined and continuous mapping. Also, mg is closed
if and only if A is finite; and, g is open if and only if |A| = 2.

PROOF. By the arguments preceding the lemma, we only need to prove the
“if and only if” claims. Consider the “closed” characterization: On the one
hand, suppose A is infinite. Let F' be the closed subset of N(A) defined by
equation (1). Then p(F) is a closed subset of J4 and

F' = p~'p(F) = F U {aja1b, asasasb, azazazasb, . ..}

is closed in N(A). But py(mp(F")) = m5(p(F)) is not closed in I(¢, ). On
the other hand, suppose A is finite. Then N(A) is compact, making 7, and
hence 7g, closed. Now consider the “open characterization.”: Let |A4| = 2.
Then A = {z,b}, N(A) = C(2,b), m is the identity map l¢(. ), and p = py.
So g = (pole(a)) op~l= 17(¢,p) is the identity on I((, 3), which is an open
map. On the other hand, let mg be open. Then for B = (b, z) C N(A) where
b# 2z let Ep={6€ B:d3=04="---}, and define G = B\ Eg C N(A).
Now G is open and p~!p(G) = G, making p(G) open in J4. We also have
m(G) = ({(b,2) NC(z,b)) \ {bzb}. But when |A| > 2, then bzz € m,(G) and
pp o mp(G) is the non-open half-closed interval [py(bzz), py(bzd)) C I(¢, ).

If 0 € J4, then 0 has a nonzero wg-projection into I((, ) when 7g(6) # (.

15.2 Lemma FEach member 0 of J4 has a nonzero mg-projection into at most
a countable number of the I1(¢,[3).

§16 Mapping J4 into I*(A’)

The next lemma exhibits a homeomorphism g from the “fth arm” Ig =
I(¢, B) of the star Uglg C Ja onto the unit interval [0, 1].

Our goal is to use the isometry [0,1] = [0,u] and I((, 5) LR [0,1] to
homeomorphically connect I(¢, 8) «— [0,1] = [0, up] the Sth-arm of the star
in J4 to the bth-arm of the star in [?(A’).

16.1 Lemma (matching arms of Usls C Ja with arms of U,I° C I*(4"))
Let |A] > 2, fir z € A, select b € A" = A\ {z}, and let 3 = p(b). If
Yy : C(2,b) — C(0,1) is the homeomorphism induced by identifying “z” with
07 and “b” with “17, and, py : C(2,b) — I(¢, 5) and p1 : C(0,1) — [0,1] the
appropriate adjacent-endpoint identification maps, then g : I(¢, 8) — [0,1],
given by

dg=podrop,
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is a homeomorphism that makes the following diagram commutative

NA) —™ e e — 2 c(0,1)

Pl lpb lpl
Ja —7? I(¢, B) ""@—b;—:. [0,1].

PROOF. Since p; o ¢ is a surjection that is constant on each fiber of py,
we see that 13 is a well-defined surjection. Since py is closed and p; o 9y is
continuous it follows that 13 is continuous; and since p; o ¢, is closed and py
is continuous g is closed. It is also clear, since v is injective and respects
“~" that 13 is injective. So g is a homeomorphism. Finally, the diagram
commutes because the left and right “square subdiagrams” commute.

So for each 6 € J4, we may use

0 % 9% % 9, where § = p(b) for be A,

to define a tuple (6y) = (6p)pea of numbers such that 0 < 6, < 1. Since it
turns out that each X[0,)? < 0o, we have a mapping J4 — [2(4’).

§17 No-Carry Characterization of w?

Since each 6, satisfies 0 < 6, < 1, and since at most a countable number
of the 6, are nonzero (Lemmas 15.2 and 16.1), if -, ,,[0]> < oo, then
(0,) € 12(A"). We show even more in the following lemma.

17.1 Lemma (no-carry property associated with Ja) Let |A| > 2, let
z € A be fized, and let A" = A\ {z}. Then for each 6 € Ju, we may choose
binary expansions

ajzy =0, =vgomp(f) (b A5 =p(b))
such that x? = 1 implies (x¢ = 0 for each ¢ € A"\ {b}). Moreover, from this

no-carry property, Spe a0y < 1, and consequently (0y)pecar € 12(A").

PrROOF. Let ¢ : Jo — N(A) be a “choice function” such that ¢(0) =
aias -+ € 0 selects a member ¢(f) of the equivalence class 8 € J4. Then
using the commutative diagram in Lemma 16.1, we have

0y = Ypoms(f) =proypomlaias---) =pro ¢b(agag ce) = Z;’ile/Zi,
where

2) 2t=1ed=bsag=b and 2'=0sd #bsa #b.
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Now let i € {1,2,...} be fixed and focus on the ith term a; € A of ajas---.
Since a; € A, there are two cases: First, a; = z. Then xf = 0 for every
b e A’. Second, there is exactly one b € A’ such that a; = b. For this unique
b, equation (2) yields 22 = 1 and 2¢ = 0 for every ¢ € A’ \ {b}. Thus (6;)
satisfies the no-carry property.

So now consider the sum Yy 4/0,. Then Yy 4-0, < 1 because there is at
most one b € A’ such that the binary expansion of 8, has the binary digit 1 in
its first position, thereby contributing 1/2 to ¥pc 4-0p. Similarly, the no-carry
condition ensures that there is at most one b € A’ such that the binary expan-
sion of 6, has the binary digit 1 in the second position, thereby contributing
1/4 to Xpeasbp, and so on (i.e., since there are at most a countable number
of coordinates 6, > 0, it follows that 3", 4/ 0 = D2 L0 < 272, 1/2° = 1).
And finally, it follows from (0 < 6, < 1 implies 0 < [6]? < 6,) that D bear CAR
converges, i.e., that (6)pcar € [2(A').

Lemma 17.1 allows us to define w?’ as a subset of [2(A’).

17.2 Definition (') Let |[A| > 2, let z € A be fixed, and let A’ = A\ {z}.
Then define ,
Wb ={(0y) € 12(A): 0 € Ja}

where for each b € A’, the bth-coordinate 6, = 13 o mg(#) with 5 = p(b).

17.3 Theorem (no-carry characterization of w?') For the subspace w? of
12(A") defined above, we have w? = {(zp) € 1?>(A") : each x} has a binary
b

expansion v, = .abxb .-+, and, r; =1 = af =0 when c # b}. In other

words, (zp) € wA' if and only if (zp) satisfies the no-carry condition.

PROOF. From Lemma 17.1 and Definition 17.2, (z;) € w? implies ()
satisfies the no-carry condition. Conversely, suppose (z;,) € [>(A’) satisfies
the no-carry condition. We construct a 6 € J4 such that for each b € A’,

Ypom
e L (8 = p(d)).

To begin, let ¢ € {1,2,...} be fixed. Then use the following rules to define
the coordinate a; of § = a1as... € N(A).

(3) (as=b<=al=1) and (a;=2+= 2’ =0 forevery bec A).

These rules are well defined because the no-carry condition on (z3) ensures
that there is at most one b such that z? = 1. We now define # as the
equivalence class in Ja such that § € 0. Next, let b € A’ be arbitrary but
fixed, and let the index i range over the values 1,2,.... If x;, = 0, then for
every index i, we have 2? = 0, which forces (equation (3)) every a; # b,
which, in turn, shows that m,(J) = z. So the Lemma 16.1 diagram yields

Oy = g 0 ma(0) = g 0 py o m(6) = Y(¢) =0 = .
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In the other case, there is an # # 0, which means that ¥ = 1, making
a; = b. Indeed, the index set K of values of i such that #¥ = 1 is also the
index set of values of 7 such that a; = b. So the Lemma 16.1 diagram yields

0y = g om(0) =1z 0 pp o m(§) = g opb(al{ag---) = EieKl/Qi = 2.

It follows that 6, = x, for each b € A’, making (0) = (xp).

17.4 Corollary The following restrictions on (xp) € 1?(A’) are equivalent:

i) () € w?.
(i) there is a 6 € Ja such that (6y) = (xy).
(iii) (zp) satisfies the no-carry condition.

PROOF. It follows from the definition of w?’ (Definition 17.2) that (i) <
(i).” And the last sentence in Theorem 17.3 is the statement, “(i) < (iii).”

8§18 Comments

The “no-carry property” (Figure 11.1) has roots in the work of Kummer
[1852], whose number-theoretical criterion, Kummer’s Criterion, exposes a
Sierpinski triangle pattern of even binomial coefficients in Pascal’s trian-
gle. A discussion of how Kummer’s work relates to the Sierpiniski triangle
(also called Sierpiriski’s gasket) may be found in Peitgen, Jiirgens, and Saupe
[1992]. Moreover, Chapter 5, Section 5.4, of Peitgen, Jiirgens, and Saupe
[1992] contains a derivation of the no-carry characterization of the Sierpinski
triangle.

In our Chapter 4 we shall show that the mapping J4 — w?’ given by 6 —
(0y) is a homeomorphism. Thus, the no-carry characterization of Sierpinski’s
triangle is a special case (|A| = 3) of Theorem 17.3. Moreover, Theorem 17.3
coupled with the homeomorphism J4 — wA’ gives meaning to the phrase
“no-carry property of J4.”

Historically, the no-carry property in the context of J4 grew out of two
articles: Lipscomb and Perry [1992] and, independently, Milutinovié [1992].

Milutinovié¢ introduced a subspace My of the standard simplex A4 C
[2(A) that is homeomorphic to J4. His construction generalized Sierpinski’s
original [1915] construction that used A% (Both schemes are detailed in
Chapter 4, and, the standard simplex A“ is developed in Appendix 2.)

Milutinovié [1992] also proved the following proposition (X(7) = Ma)

PROPOSITION 7. y = (yx) € X(7) <= there is a sequence (i),
such that VX, yx = 0,0, -+ Ox pp -

7 Y

where his binary expansion “0,0x,, -0, -~ of “yx” is given meaning
by requiring that dy ,, =1 when A\ = p;, and, that 4, ,;, = 0 otherwise.
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The no-carry property of M4, and hence Jy4, is an obvious corollary to
Milutinovié¢’s Proposition 7, but he made no mention of the fact that 6 ,, =1
implies 0y ,, = 0 for all X # X. That is, he made no explicit mention of the
no-carry property.

Likewise, Lipscomb and Perry [1992] did not explicitly state the no-carry
characterization of w?'. They did state (in their Lemma 7), “... for each
subscript i € {1,2,...} there is at most one b € A with 2% = 1.” In other
words, (z,) € w?’ implies (x3) satisfies the no-carry condition. But they
did not prove the converse. So Theorem 17.3 seems to be the first explicit
statement that a homeomorph of Jy4 satisfies the no-carry characterization.

In this chapter we unified the finite and infinite A no-carry characteri-
zations of J4. (If |[A| = 1, then w® is a point and the no-carry property of
J4 is trivial.) In addition, since |A’| < |A| when A is finite, we used the A’
notation so that the dimension of the imbedding superspace was kept to a
minimum. If A is infinite, however, an application of Proposition A9.6 (A in-
finite) yields wd =, w?, and then an application of Milutinovié¢’s Proposition
7 yields My = w?.

Historically, star spaces also played a fundamental role in constructing
universal spaces for certain classes of metric spaces.

18.1 Theorem (Kowalsky [1957]) A topological space R is metrizable if and
only if it can be imbedded in a countable product of star spaces.

And the corresponding theorem for finite n-dimensional metric spaces
dovetails nicely with Kowalsky’s Theorem.

18.2 Theorem (Nagata [1963]) A metric space R has (covering) dimension
< n if and only if it can be imbedded in the subset K,, of a countable product
P of star spaces, where we denote by K, the set of points in P at most n of
whose nonvanishing coordinates are rational.



CHAPTER 4

Imbedding J, in Hilbert Space

In this chapter we focus on the surjection J4 — w4 C [2(A’) that was
introduced in §16, proving that 6§ — (6,) € wA" is an imbedding. We begin
with a characterization of the adjacent-endpoint relation, which is used to
prove that 6 — (6;) is also injective. We then devote §20 to the proof that
this bijection is also a homeomorphism.

In §21 we review Sierpinski’s original formulation of his triangle, and then
in §22 we provide the parallel formulation of Milutinovié’s M4 C [?(A), which
is another homeomorph of J4.

For the proof that J4 — w® is an imbedding, we continue to follow
Lipscomb and Perry [1992]; for Sierpinski’s formulation of his triangle, we
follow Sierpinski [1915]; and for Milutinovié¢’s parallel formulation of My, we
follow Milutinovié¢ [1992] [1993].

Al

819 Characterization of the Adjacent-Endpoint Relation

This section contains the statement and proof of Theorem 19.2. First, how-
ever, we state the following lemma, whose proof is pedestrian.

19.1 Lemma Let |A| > 2, let z € A be fized, let A’ = A\ {z}, and, let
0 = 0102+ and € = e1e9--- be members of N(A). Moreover, for each
be A, denote mp(0) and mp(e) (and their expansions) as

m(0) = =645+ and  mp(e) =P =ehel - .
Then
(1) (bi=be=b) and (6° =€ for eachbec A' = §; = ¢;)
where i € {1,2,...} is fized.

In the proof of the following theorem, note that the “CASE 1”7 part shows
that 6° = €® for each b € A’ implies § = €. In other words, when points &
and ¢ in N(A) project onto the same “values” on each of the |A’| arms of a
Cantor star S¢(A’), then those points are equal.

19.2 Theorem (characterization of § ~ ¢ in N(A)) Let |A| > 2, z € A be
fized, A" = A\ {z}, and 6, € N(A). Then § ~ ¢ if and only if m,(5) ~ mp(e)
for every be A'.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 4, (© Springer Science+Business Media, LLC 2009 33
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PRrROOF. If A = {z,b} has size two, then the proof is trivial because there is
only one projection 7, which is the identity mapping. So suppose |[A| > 3.
The proof that 6 ~ & implies m;,(8) ~ 7, (¢) for every b € A’ is straightforward.
For the proof of the converse, we adopt the concise notation in Lemma 19.1.
CASE 1: (6° = b for each b € A’). Then § = ¢ from (1), a fortiori, § ~ ¢.
CASE 2: (6% # €® for some b € A’). Then since §° ~ £ we may assume,

(2) =0 b 2b ~ =l b (=6 i< ).

Sod=091--04-16:b and € =e1---g4_1ber 16440 where each g4 # b.
SUBCASE 2.1: (0; = z). Then § = 07 - - - 6;—12b, and first, we consider the
possibility that @ = ;44 # z for some k > 1. Then a € A"\ {b}, and

0" =67---6f 1z while &% =¢e7 --ef (2l 1 Ef k10 y1
which contradicts 6 ~ €. Thus z = €441 = €442 = -+ -, and so d; = z yields
(3) 6=01---04_12zb and e=¢e1 -6, 1bz.

Now we use (3) to calculate that
(4) 6°=07-0f 12 ~ =€ ef 1z (6§ =¢€f, i<t;ce A"\ {b}).

Thus, (4) and (2) show that e = 6¢ for each i < t and all d € A’. An
application of (1) in Lemma 19.1 then yields ; = §; for all i < t. These t — 1
equalities and (3) show that § ~ & when §; = z.

SUBCASE 2.2: (0; = a # z). The expansion of § that follows (2) yields
6 =01---0;_1ab, and therefore

(5) 0v =070 jaz ~ e=¢f-cef qjza (0F =€l i<t).
So @ =¢€141 = €449+ . Then the expansions of § and € that follow (2) yield
(6) 60=01---04_1ab and e=-¢e1---g;_1ba.

So for each ¢ € A"\ {a,b}, we may use (6) to calculate

(7) 0¢=07--0f 12 ~ “=¢€i-ef 1z (0 =¢€5,i<t).

We may also use (6) to calculate

(8) 04 =06%---0f jaz ~ e¥=¢l-ef_qza (0 =€}, i< t).

Thus, (8), (7), and (2) combine with (1) of Lemma 19.1 to show that §; = ¢;

for 1 <4 <t — 1, which, in turn, coupled with (6), shows once again, and
finally, that 0 ~ ¢.
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§20 The Mapping f : J4 — w?

Let |A] > 2, let z € A be fixed, and let A’ = A\ {z}. Then recall from §16
that f:Ja — w? is implicit in the definition of

(9) wA = {(6) € 12(A) : 0 € Ja}.

Indeed, using the commutative diagram in Lemma 16.1 and “[0, 1] = [0, up]”
to indicate the obvious isometry ¢ — tu, from [0,1] to [0, up], we have

N —" e — 2 co.1)

pl lpb lpl
Ja Erae 1(¢,B) T [0,1] = [0,u] C I?(A)

where for b € A’, the point § = p(b) is the endpoint of the Iz arm of the
star in J4 and the p-image of the endpoint b of the bth arm C(z,b) of the
Cantor star in N(A). With this structure in mind, then, we may view the
bth coordinate 8, of (0) as the number given by 6, = g o m3(0).

So each 6 € J4 has |A’| projections 6 +— 0% € I((, 3) into the star in J4.
And each 67 bijectively corresponds to a number 6, € [0,1] on the bth arm
[0, up] of the star in 12(A).

The numbers 6, b € A’, are then used as coordinates of (6) € w? C
I12(A’), which is the image f(f) = (6,) of §. From this viewpoint, f is the
“I2(A’) synthesis” of the |A’|-mappings 0 +— 6° — 6.

20.1 Lemma (f : Ja — w?’ is bijective) Let f be given by 0 — f0) = (6y).
Then f is a bijection.

PROOF. By definition (9) of w?', the map f is surjective. To see that f is
injective, let f(0) = f(p), i.e., 6, = pp for each b € A’. Tt suffices to show
that 6 € p~1(#) and € € p~*(p) imply & ~ &: Since each g : I(¢,3) — [0,1]
is bijective, we have

0, = pp € [0,wy] if and only if 6% = p® € I(¢, B).
And since the diagram above is commutative, we also have
(10) pyom(8) = 0" = p? =pyom(e) (whenever § = p(b)).
But (10) yields
(11) T (8) ~ mp(e) (for every b € A').

Together, (11) and Theorem 19.2 show that ¢ ~ .
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To show that f: Jg — w?" is both continuous and open, we begin with
Figure 20.2 where we introduce, for each b € A’, the mapping gp.

s Py

N(A) S C(z,b) —— ((0,1)
p I, p
l o
Ja B I(¢, B) 75) [0, 1]

Fig. 20.2 For b € A’, the mapping g, maps N(A) into [0, 1].

Using the g, mappings, we define g : N(4) — wA by g=fop 0) = (g5(9)),
i.e., if 8 = p(0), then each ¢,(0) = 6, and g(§) = (g5(0)) = () = f(6).

N(A) 9 Lo
N A
Ja
Since f is injective and g = f o p we see that g and p have the same fibers

g (f(0) =p o fTH(F(0) =7 (0).

20.3 Proposition The mapping g : N(A) — w?' is continuous.

PROOF. Let 6 = ajas--- € N(A). It suffices to show that if §, — ¢ in
N(A), then d(g(6,),g(8)) — 0 where d is the [?(A’) metric. To begin, let
Cs = {ai,az,...}, let 6, = ap1ana..., and let Cs, = {an1,an2,...}. Next,
let £ > 0 be fixed, and define three subsets of A’:

A = AN {al, C.. 7ak}; A =A'nN (05 \ Ak); and A;k =A'Nn (Cén \C(s)
These sets are pairwise disjoint, and, b € A"\ (Ax UAL UA",) = g,(n) =

gp(0) = 0. Since §,, — §, an N exists where n > N implies a,; = a; for i < k.
Son > N, and, g,(d) = X5°2% /2! where 2% = 1 & a; = b, yield

(A(9(6n):9(9)))” = Lpear l95(5n) = 90(8)I?
<Dpea I+ 2pear I 14 2hear, 1+
< gt ook oo = 2,

which completes the proof.
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20.4 Lemma The mapping f:Ja — w?' s continuous.

PROOF. Let G C w? be open. Then since g : N(4) — w?’ is continuous,
g 1(G) is open in N(A). But a subset of N(A) is a g-inverse set if and only
if it is a p-inverse set. Since p is a quotient mapping, p(g~1(G)) is therefore
open in J4. Thus, f~1(G) = p(¢~}(G)) is open in J4.

20.5 Lemma The mapping f~! : wA' = J4 is continuous.

PROOF. For the sequence 610z - - - and point ¢ in N(A), suppose ¢g(d,,) — ¢(9)
in w?". The corresponding ¢ fibers are given by

R=g""g(0)=p 'p(6) and R, =g 'g(6,) =p ' (p(6n))  (n=1,2...).

It suffices to show that “R,, — R”; i.e., for every open p-inverse set V DO R,
there is an N such that n > N implies R,, C V. (Lemmas 3.3 and 3.4 show
that the open p-inverse sets form a local basis at R.)

So let the p-inverse set V' O R be fixed, and suppose “R,, /~ R.” Then
there is an infinite subset M of N and a sequence {g,, : m € M} of points
each of which satisfies &,,, € R;;, \ V. There are two possibilities:

Case 1. The sequence {e,, : m € M} has a convergent subsequence
EmysEms *+ - OlNCE Eyy, — €, we have e € V D R. So g(e) # ¢(0), and we
may select disjoint open E,D C w? with g(¢) € E and g(§) € D. Then,
since € € p~ip(e) C g7 1(E), there is an open p-inverse set W such that

ceptple) cW Cg M (E).

Now &,,, — € implies that the sequence {e,,, } is eventually in W, and since
W is a p-inverse set, the sequence {0,,,} where d,,, ~ e, for each k is
also eventually in W. But then {g(d,,)} is eventually in F, which, because
9(0m,,) — g(d) implies {g(dm, )} is eventually in D, contradicts g(d,) — g(9).

CasE II. The sequence {g,, : m € M} has no convergent subsequence.
For €, = €m(1)Em(2) -+, an i > 1 exists where {e,,(:) : m € M} is infinite.!

For such an i, a subsequence {&,, } of {¢,,,} exists where {e,,, (/)} is infinite
and contains neither z nor any member of {41, ...,d;41} nor (if |R| = 2) any
member of the first ¢ + 1 components of the endpoint adjacent to . But then
for any k and any b = €., (i),

1/2%0 < go(emy) — g6(0)] < d(g(ems), 9(9)),

which contradicts g(d,) — g(9).

Applications of Lemma 20.1, Lemma 20.4, and Lemma 20.5 yield the
following theorem.

LOtherwise, since {em (1) : m € M} is finite and {ey,} is infinite, we may select an
infinite M1 C M such that eg,ep € {egm : m € M1} implies €5 (1) = €¢(1). Select m1 €
M. Then similarly construct an infinite Mo C Mj, and select ma € Ma, continuing ad
infinitum. The resulting subsequence {em, : k =1,2,...} converges.
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20.6 Theorem (.J4 is homeomorphic to w?') Let |A| > 2, let z € A be fized,
and let A’ = A\ {z}. Then the mapping f : Ja — w™ given by 0 — (0y)pear
s a homeomorphism.

8§21 Sierpinski’s Recursive Construction

In his 1915 article Sur une courbe dont tout point est un point de ramifica-
tion, Sierpinski introduced his now famous fractal. He conveyed his ideas
and indexing in two illustrations, a partial rendition of which appears in
Figure 21.1.

2
Fig. 21.1 Sierpinski’s 1915 inductive construction.

With his first two (illustrated) steps we clearly see his faithful indexing:
Starting with the 2-simplex Ag, we see the (initial) open cuts — first U and
then, at the second step, the additional open cuts Uy, Uy, and Us, and, we
also see the (initial) residual closed 2-simplezes — first Ty, T4, and Ts, and
then, at the second step,

Ty xs (/\1 :071,2;)\2:0,1,2).

In other words, we obtain the closed set F; = A \U = ToUT1UTy = Uy, T,
and the closed set

Fy = Ay \ (UUUoUU1 UUQ) = U>\1>\2T>\1>\2'

And thusly Sierpiniski introduced his inductive construction of nested F; D
Fy D -+ closed subsets of a 2-simplex. He subsequently defined his triangle
as the intersection

(12) F=FnNnkn---= (U>\1T>\1) n (U)\l))\2T)\1))\2) n--..2

2Sierpiniski’s indexing of the Tx,...n,, corresponds to the indexing < A1,...,Ap >€
B of basis elements of Baire’s space N({0,1,2}), and hence also the indexing of the
corresponding 3™ copies p(< A1, ..., An >) of Js.
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21.2 EXaAMPLE. Let A? denote a 2-simplex with vertices 0, 1, and 2 as
illustrated in Figure 21.1. Then the 2-simplex Ty may be viewed as the
image wo(A?) where wg : A? — A2 is a contraction (a scaling) of A% by
1/2 toward the vertex labeled 0. Similarly, each 2-simplex 77 and T» may
be viewed, respectively, as w1 (A?) = T} and wy(A?) = Ty where w; and wo
are contractions of A? by 1/2 toward the vertices 1 and 2, respectively. In
this example, the set W = {wp, w1, wa} is a finite iterated function system.
The reason for the adjective “iterated” is justified by considering Sierpinski’s
indexing:

F, = U>\1T)\1 =ToUTyUTy = ’wo(A2) U wl(A2) U ’wg(Az)
and the “length-2 iterated compositions” yield
F, = U)\1,>\2T>\1>\2 =Uxx (w>\1 O Wi, (Az)) .

For example, if \; = 1 and Ay = 0, then wy, o wy, (A?) = w; (wo(A2)) = T,
which appears in the right-side illustration of Figure 21.1. In general,

(13) Fr, =Ux;oa,Thyon, =Uxon,Wa, O - 0wy, (AQ)
It follows, by substituting (13) into (12), that
F=FNFkKN---= (thh (Az)) N (U)\1,)\21UA1 O W), (Az)) N

Moreover, since F; D Fy D ---, we have F' = Np>1 F, = Np>2F), = -+ where
wo(Fp) Uwy (F,) Uwse(F,) = Fhy1. And since each w € W is one-to-one,
we have w(Np>1F,) = Np>1w(Fy,). These facts, combined with the fact that
the intersection “N,,” distributes over “U”, yield

’wo(F) U wy (F) @] U}g(F) = ﬂn(’wo(Fn) @] U}l(Fn) @] U}Q(Fn)) = ﬂnZQFn =F.

In other words, Sierpinski’s triangle F' is the unique compact set that is the
“fixed point” of the Hutchinson operator X — wq(X)Uw; (X)Uws(X), which
is equivalent to saying that F is the attractor of the IFS W .3

8§22 Milutinovié¢’s Subspace M, of Hilbert Space

Example 21.2 places Sierpiriski’s construction within the context of a finite
IFS W = {wo, w1, w2}. Here, we show how Milutinovié¢ extended W to an
infinite IFS {w, : a € A} and thereby obtained his M, C [%(A).

Let us recall (Appendix 2) that the standard orthonormal basis {u, : a €
A} of 12(A) consists of those vectors u, = (ul) € I2(A), b € A, specified by
ub = 0 when a # b and u} = 1; and that the standard simplex A* C 12(A) is

3Compare F = wo(F) Uw1(F)Uws(F) C A% C R? with the development in §8, where
Ao C R? is the superspace of the attractor w? C Ay C R2.
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the closed convex hull of {u, : a € A}. From A9.5, we also know that when
A is infinite, then A% = {(x,) € 12(A): 0< a2z, < 1; 0< each z, < 1}.

22.1 Definition (Milutinovié’s infinite IFS) Let A be infinite, let {u, :
a € A} be the standard orthonormal basis for [2(A); and for each a € A, let
wq : 12(A) — 12(A) be given by w,(x) = u, + (1/2)(x —u,) = (1/2)(x +u,)
for each x € [2(A). Then “Wj4” denotes {w, : a € A}.

So for each b € A, wy is a contraction by 1/2 toward (u?). We also note
that the inverse w;, ' of wy, is given by w; *(x) = 2x — w,.

22.2 Lemma (each w, is a homeomorphism and w,(A?) € A?) Let Wa
be as specified in Definition 22.1. Then each w, € W4 is a homeomorphism
that maps the standard simplex A into itself.

PROOF. Since both w; ! o w, and w, o w, ' equal the identity on [2(A), it
follows that w, is bijective. To see that w, is a homeomorphism, we show
that both w, and w, ! are continuous — for d denoting the metric on 12(A),
we have d(wa(x), wa(y)) = (1/2)d(x,y) and d(w;(x),w;(y)) = 2d(x,y).

To see that we(A4) € A4, let (23)pen € A4, and note that
0 < Ypeary, <1 = 0 < (1/2)EbeAxb+ (1/2) < 1,
which shows that each w,(A%) C A4,

22.3 Definition (Milutinovié’s space M4) Let W4 be as specified in Def-
inition 22.1. Let Fi = Uscawa(A%); F2 = Ugpyeaz wa © wp(A?); and
F, = Ulay,...,an)€A? Waq OO0 Wq, (AA) Then Ma=FiNFN--- =002 F.

8§23 Comments

Chapters 3 and 4 document the constructions of two subspaces w? and My
of Hilbert space, each homeomorphic to J4. The focus in this chapter is wA,
but §18 documents a discussion of M4 and how Milutinovié¢’s Proposition 7
shows that M, also satisfies “(z4) € M4 if and only if (z,) € A4 has the no-
carry property.” Historically, both w?’ and M, were introduced (circa 1992)
entirely within the context of dimension theory. The motivation was the
need to increase the understanding of J4. Except for §21, where Sierpinski’s
construction is cast in terms of the formula for the Hutchinson operator (from
finite IFS theory), the material as presented here is basically as it appears in
the literature.



CHAPTER 5

Infinite IFS with Attractor w?

In §8 we showed that w™ C R"™ is the attractor of the finite IFS F,,. In this
chapter we show that an infinite IFS F4 has the attractor w? C I2(A’).

In both cases, the attractors are closed and bounded, which equates to
compactness in the finite case. So here the focus is the family Bx of non-
empty closed and bounded subsets of a metric space X. The Hausdorff
metric h on Bx is motivated and studied. The space (Bx,h) is complete
when (X, p) is complete, and an infinite IFS theory evolves. The J4 system
Fa is then defined and shown to have attractor w?’. For the most part, we
follow Miculescu and Mihail [2008]. For the proof that w?" is a complete and
closed subspace of [2(A’) we follow Perry [1996].

8§24 Neighborhoods of Sets

The distance p(a, b) between points a and b in a metric space (X, p) has the
basic property that whenever € > p(a,b), then an e-ball centered at either a
or b is a neighborhood of both a and b. So, if (Bx, h) is a metric space, where
Bx is any family of subsets of (X, p), and € > h(A, B), then an e-ball centered
at either A or B must be a neighborhood of both A and B. Figure 24.1 shows
that the usual distance p(A, B) does not produce such neighborhoods.

e=rAB) /

Fig. 24.1 Distance € between A and B, and e-neighborhoods of A and B.

24.2 EXAMPLE. (Use Figure 24.1.) Let X = R x R be the plane, and
consider the subsets A = {(z,y) : @ = —2and —1 <y < +1} and B =
{(z,y) : 2> + y* = land ¢ < 0}. Then p(A4,B) = inf{p(a,B) : a € A}
is the “usual” distance between A and B. Thus, the “usual” distance does

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 5, (© Springer Science+Business Media, LLC 2009 41
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not necessarily produce € > p(A, B) neighborhoods centered at either A or
B that contain both A and B.

In the following section, we shall develop a metric A on the set of all non-
empty, closed, and bounded subsets of a metric space that has the following
property: If ¢ > h(A, B), then the so-called e-collars A. and B. contain both
A and B.

825 Hausdorff Metrics and Pseudo Metrics

We are given a metric space X = (X, p) and we induce a metric h on Bx
where Bx is the set of all non-empty, bounded, and closed subsets of X.
The definition of the metric h, called the Hausdorfl metric, is motivated by
Figure 25.1 and Example 25.3.

A (e>bY) B (e>v*)

bA

Fig. 25.1 h(A, B) = max {a® b4}; and
h(A,B) <e< AC B; and B C A..

For the following lemma, recall that the notation for the distance between
a € X and B C X is given by p(a, B) = infye p p(a,b) = infy p(a,b).

25.2 Lemma (0 < a? = sup, p(a, B) < c0) Let A and B be non-empty and
bounded subsets of (X, p), and let a® = sup,c 4 p(a, B) = sup, p(a, B). Then
0<af < .

PrOOF. Now 0 < p(a,b) for each a € A and each b € B implies 0 < p(a, B)
for each a € A. So 0 < sup,c4 p(a, B) = a?. To see a® < oo, we show
that {p(a,B) : a € A} is bounded above: Since A is bounded, its diameter
|A| = supauyeap(x,y) is finite. So we let both a; € A # () and by € B # 0
be fixed. Then each p(a, B) < p(a,b1) < p(a,a1)+ plar,b1) < |A|+ p(a1,b1),
which is finite.

A similar argument shows that 0 < b4 = supy, p(b, A) < co. To illustrate
the usefulness of the values a® and b#, we present another example.
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25.3 EXAMPLE. (Use Figure 25.1.) Again, let X = R x R be the plane,
and consider the subsets A = {(z,y) : * = —2and — 1 < y < +1} and
B = {(z,y) : 22 + y*> = 1 and x < 0}. To visualize a?, fix a € A and let
lo be the line that contains a and the origin (0,0) (which is the center of
the circle that contains the semicircle B). Then p(a, B) is the length of the
subsegment [a, q] of £, where {q} = BN{,. And to visualize b, fix b € B and
let ¢, be the horizontal line that contains b. Then p(b, A) is the length of the
subsegment [g,b] where {¢} = AN {,. So for e > h(A, B) = max {a?, b4},
each “e-collar” contains both A and B.

25.4 Theorem (Hausdorff metric h) Let (X, p) be a metric space, Bx the
set of non-empty, bounded, and closed subsets of X, and h : Bx xBx — [0, 00)
a mapping given by h(A, B) = max{a®, b4} where a® = sup, p(a, B) with
each p(a, B) = infy p(a,b). Then (Bx,h) is a metric space.

PrOOF. Let A,B,C € Bx. Then h(A,B) > 0 since a® > 0 and b* > 0;
and h(A, B) < oo follows from Lemma 25.2. Next, observe that h(A4, B) =
h(B, A), and that

h(A,B)=0 < a?=0=0"<p(a,B)=0=pb,A) (a€Abc B)
& a€eB=Bandbe A=A (acAbeB)& A=B.

To prove the triangle inequality, let a; € A and ¢; € C. Then
plar, B) = infy, p(aq,b) < p(ar,c1) + infy p(er, b) < plag,e1) + eB.

So p(a1,B) — ¢P is a lower bound of p(ai,ci) for every ¢; € C, which
yields p(a1, B) — ¢ < inf.p(a1,¢) = p(a1,C). It follows that a € A im-
plies p(a, B) < p(a,C) 4+ c¢® < a% + P, and, in turn, that a® < a® + cP.
Similarly, b4 < b€ + ¢4 = ¢ 4 b¢. Taken together,

h(A,B) = max{a® b4} <max{a® +cB, e 4+ 0}
< max{a®, ¢} + max {c?,b} = h(A,C) + h(C, B),

which finishes the proof.

25.5 Corollary (Hausdorff pseudo metric h*) Let (X, p) be a metric space,
let Mx be the family of all non-empty and bounded subsets of X, and let
h* : Mx x Mx — [0,00) be a mapping given by h*(A, B) = max {a?,b4}
where a® = sup, p(a, B) with each p(a, B) = inf, p(a,b). Then (Mx,h*) is
a pseudo-metric space.

ProOF. Except for the displayed string of equivalences “h(A4,B) = 0 <
-+ < A = B” in the proof of Theorem 25.4, the constraint that A and B be
closed was not required.

The metric h (pseudo metric h*) induced by (X, p) is called a Hausdorff
metric (pseudo metric). Hausdorff metrics and pseudo metrics involve the
e-collar Ce = {rx € X : p(z,C) < e} of C € Mx (Figure 25.1).
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We note, since C' € M x is both non-empty and bounded, that C. is also
both non-empty and bounded. Moreover, since the mapping x — p(z,C) is
continuous, a straightforward argument shows that C. € C.. So C € Mx
implies C. € Bx C Mx.

25.6 Lemma (e-collars) Let the metric space (X, p) induce (Mx,h*). Then
h*(A,B) < ¢ if and only if A C B: and B C A..

PRrROOF. When h*(A, B) < ¢, both a? and b* < ¢. So for a; € A, we have
p(a1, B) < sup,p(a, B) = a® < e, which yields a; € B, ie., A C B.. A
similar argument shows B C A.. Conversely, the two inclusions B C A, and
A C B. show, respectively, that b* < ¢ and a® < ¢, ie., h*(A,B) <e.

§26 Completeness of (Bx,h)

In this section we provide a proof that whenever (X, p) is a complete metric
space, then the induced space (Bx, h) is also complete.

26.1 Theorem (completeness of (Bx,h)) Let (X,p) be a complete metric
space, and let Bx be the set of non-empty, bounded, and closed subsets of X
with the induced Hausdorff metric h. Then (Bx,h) is complete.

PROOF. Let Si,S9,... be a Cauchy sequence in (Bx,h). Then for each
e > 0, we have h(S,, Sy,) < € for all large n and m, say all n,m > M. So for
B =Sy and k > M, the e-collar Lemma (Lemma 25.6) yields Si C B.. It
follows that U;S; C S1U---U Sp—1 U B is bounded. Next, let

A={zeX:x= lim y,,,, where each my < myy1 and each y,,, € Sy, }-
mp—00

First, A is bounded: This claim follows because A C U;S; and U;S; (and

hence U;S;) is bounded. Second, A is closed: If x € A, then z = lim,;, 00

where each a,, € A. For each a,, € A, however, there exists a sequence

Y™ = Y, Ym, -+ - CONVErging to a,, (where each my, < my41 and yum,,, € Sm,,)-
Y, Y1 - ai
Y2, Y2, — QA2
. ) o
reA

Without loss of generality, we may assume that each p(ym,,,am) < 1/m and
that my, < (m + 1)m41 for each m = 1,2,.... Then, since the (diagonal)
sequence Y1, Y2, - - - converges to x and also satisfies the specifications in the
definition of A, it follows that x € A. That is, A = A is closed. So we now
know that A € Bx. Next, we show that A C B.: Recall (third sentence in
this proof) that Ux>a Sk C (Sm)e = Be. Since Up>nm Sk contains the tail
YmarYmarss -+ OF any sequence yp,, Ym, - - - satisfying the specifications in the
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definition of A, and since such a tail also satisfies those same specifications,
we see that

(1) AC UkSMSk C B.=B. = (SM)E

Now we show that B C A.: Select a sequence mg < mi < msy -+ of positive
integers such that each h(S,,Sm,,,) < €/(2¥). Since h(Sy,Sp) < & =
e/(29) for each m > M, we may assume that mg = M. The list Sy, Sy, - - -
yields a sequence Yy, Ym,, - - - in X where each y,,, € Sy, and each

(2) PYrm s Ymisr) < €/(25).

Indeed, let y,,, be any point of S,,,, and then, with y,,, € Sy, defined, we
may select Ym, ., € Sm,,, that satisfies (2) because infyes,, . P(Ym,:y) =

p(ymka Smk+1) a’nd
P (Ymy, Smk+1) < SUPzeS,,, p(x, Smk+1) < h(Smk7Smk+1) < 5/(2k)~

The sequence Ymg, Ym, , - - - 1s Cauchy and converges to some a € A: For each
§ > 0, select a k > 0 such that ¢/(2*=1) < 6. Then for n > 0,

p(ymk7ymk+n+1) < p(ymk7ymk+1) +eee p(ymk+n7ymk+n+1)
< g/2F) - +e/(2F) < g/ (2F 1) <4

So the sequence {yn,, } is Cauchy and therefore converges because X is com-
plete. Also, ym, — ay € A because each y,,, € Sp,. Moreover, since each
P(Ymo» Ymy,) < €, we have limy oo p(Ymos Ymy) = P(Yme, @y) < €, and hence

P(Ymo, A) = infac Ap(Ymo, @) < p(Ymg» ay) <e.

Since ¥, may be any member of B = Sy, we have sup,cgp(b, A) < e. So
the following inclusion holds:

(3) Sy = B C A..

Thus, the e-collar Lemma (Lemma 25.6) and (1) and (3) yield h(Sn, A) < e.
And, since k > M implies (S, A) < h(Sk,Sm) + h(Sm, A) < 2¢, it is clear
that the sequence Sp, Se, ... converges to A. Thus, (Bx,h) is complete.

To be certain of the language used in the following lemma, recall that for
a metric space (X, p), a c-contraction is a mapping w : X — X that satisfies
p(w(x), w(y)) < cp(z,y), z,y € X, where

p (w(z), w(y))

plzy)  © ©.1).

€= Sup,,

Certain c-contractions are also similitudes — a similitude is a c-contraction
such that p(w(x),w(y)) = ¢ p(x,y) for each z,y € X.
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For an example, recall that each member of the IFS F,, = {w; : i =
0,...,n} as defined in §8 is a similitude with ¢ = 1/2.

26.2 Lemma (properties of the Hausdorff pseudo metric h*) Let (X, p) be

a metric space, and (M x,h*) the induced pseudo metric space of non-empty
and bounded subsets of X. Then

(i) A" (w(D),w(E)) <ch*(D,E) for each D,E € Mx
for any c-contraction w : X — X ; and

(ii) h*(D,E)=h*(D,E) <sup, h*(Dq, Eq)
for D=U,D,, E =Uy.E,, {Ds},{E.} C Mx, and D,E € Mx.

PROOF. First, (i): Since p(w(z), w(y)) < ¢ p(x,y), x,y € X, we have

h*(w(D), w(E)) = max{w(d)"™), w(e)* P}

max{ sup ap(w(d), w(E) , supup(w(e), w(D))}
max{c supdp(dv E) ) € Supep(ea D)}

c max{d¥, eP} = ch*(D,E).

A

Second, (ii): Observe that D, E € Mx, D C D, and E C E show not only
that D, E € Mx but also that D,, E, € Mx for each a. So claim (ii) is well
defined. The equality in claim (ii) follows from an application of

(4) h*(D,E) = inf{e >0: D C E. and E C D.}.
So first we prove (4): By the e-collars Lemma (Lemma 25.6),
(5) W (D,E)< inf{e >0:D C E. and E C D.}.

And the reverse inequality follows because, for any value h*(D, E) + ¢ where
0 > 0, we may choose ¢ such that h*(D, FE) < e < h*(D, E) + 9, yielding, by
Lemma 25.6, D C E. and E C D., which, in turn, shows that

(6) inf{e >0: DC E. and EC D.} <h*(D,E)+56.

Thus, (5) and (6) yield (4). Now since both E. and D, are closed, we see
that

(7)) DCE.&DCE.C(E). and ECD.& ECD.C(D)..

From (7) and (4) the equality in claim (ii) holds. To see that the inequal-
ity is also true, note that h*(D,, E,) = max{dZe eDP} while h*(D,E) =

max{d¥, eP}, and then consider d¥ = sup,cpp(d, E): For each d € D
there is an a such that d € D,. So

(8) p(d, E) = inf p(d,e) < inf p(d,e) = p(d, Eq) < sup p(d, Ey) = dP».
ecE e€E, deD,
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From (8), for any d € D we have p(d, E) < sup, {dF+}, which shows that
d¥ < sup, {dF«}. Similarly, e” < sup, {eP=}. It only remains to observe
that h*(D, E) = max{d¥, eP} < sup, max{d¥«, ePs} = sup, h*(D,, E,).

a - a

827 Hutchinson Operator for a Bounded IFS

If an IFS of c-contractions is also “bounded,” then the Hutchinson operator
W : Cx — Cx may be extended to its counterpart W : Bx — Bx.

27.1 Definition (bounded IFS) Let (Bx,h) be induced from the complete
metric space (X,p). For ¢ € (0,1), let {w,} be a family of c-contractions
X — X such that Z € Bx implies Ugeaw,(Z) is bounded. Then the IFS
{w,} is called a bounded IFS.

27.2 Theorem (Hutchinson operator for bounded IFSs) Let (Bx,h) be
induced from the complete metric space (X, p). For ¢ € (0,1), let {w,} be a
bounded IF'S of c-contractions X — X. Then the Hutchinson operator

W(Z) = UaeAwa(Z) (Z € BX)

is an operator from Bx to Bx that is also a c-contraction.

PROOF. Recall that h* is an extension of h. Then for any D, FE € Bx

h(W(D),W(E)) = h* (ana(D), ana(E)) = W (Ugwa (D), Ugwa (E))
< sup h*(we(D),wq(E)) < sup c h(D,E) =ch(D, E)

where the relations among the h* quantities follow from (ii) of Lemma 26.2,
and the last inequality follows from (i) of Lemma 26.2.

828 The Attractor of an Infinite IFS

We continue our study of the infinite bounded IFS {w,} as specified in The-
orem 27.2. We show that each such system has an attractor.

28.1 Theorem Let (Bx,h) be induced from the complete metric space
(X, p). Force (0,1), let {w,} be a bounded IFS of c-contractions X — X.
Then there exists a unique K € Bx, called the attractor of {w,}, character-
ized by the equation K = Ugzwg(K).

PROOF. Since (Bx,h) is a complete metric space, Theorem 27.2 shows that
W : Bx — Bx given by W(Z) = Uaw,(Z) is a c-contraction on Bx. There-
fore, since contraction mappings on complete metric spaces have a unique
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fixed point, W has a unique fixed point K € Bx. That is, W(K) = K is
characterized by the equation K = Uyw, (K).

With the mathematics developed in §27 and §28, we are in a position to
formulate the infinite iterated function system that has w? as its attractor.

829 The J4 System

Throughout this section, the IFS F4 = {w, : a € A} has an index set A
where |A| > 2. In addition, z € A is fixed, and A’ = A\ {z}.

29.1 Definition (J4 system) For [?(A’) with the usual metric, let {u, :
a € A’} be the standard orthonormal basis and let u, denote the zero-vector.
Then for each u,, a € A, define the (1/2)-similitude w,(x) = (1/2)(x + u,)
and let Fy = {w, : a € A}. The IFS F4 will be called the Ja system.

To see that indeed each w, in the J4 system is a (1/2)-similitude, sim-
ply calculate that p(we(x), wa(y)) = [[wa(x) —wa(y)l| = (1/2)[[x =yl =
(1/2)p(x,y)-

29.2 Lemma (J4 system is a bounded IFS) For |A| > 2, let X = [?(A’)
and let Fa be the Ja system. Then for each Z € Bx, the set Uywa(Z) is
bounded, i.e., the J4 system is a bounded IFS.

PRrOOF. Consider the balls B, (with radius r > 0) centered at the origin of
I12(A"). Since Z is bounded, there is an 7 > 0 such that Z C B, i.e., x € Z
implies ||x|| < r. Thus, for any a € A and any x € Z,

[wa G = [1(1/2) (x + )| < (1/2) ([Ix]| + [[wa]]) < (r+1)/2

shows that each wq(Z7), and hence U,w,(Z), is a subset of B(,11) /2.

§30 The J, System Has Attractor w?

In this section we prove that the J4 system has attractor w'

30.1 Lemma (convergence in w?' is ultimately convergence in N(A)) Let
A be infinite, and let

51 = 611512...51j...
52 = 521522 e 52] e

where {6, } is a sequence in N(A) that has no convergent subsequence. Then
there exists an index j € {1,2,...} such that the set {615,025,...} of entries
in the jth column of the matrix above is an infinite subset of A.
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PROOF. Suppose otherwise, and then contradict the fact that no subsequence
of {d,} converges by using the argument in the footnote on page 37 with
M={1,2,...},e1 =101, ..., and g (J) = Opm;.

30.2 Theorem (w” is complete and closed in [>(A")) Let |A| > 2, letz € A
be fized, and let A" = A\ {z}. Then w?" is closed and complete in 1>(A").

PROOF. If |A| = n+1 is finite, then from §8, w™ C R™ is the attractor of F,,
which is compact, a fortiori closed and complete. Therefore, we may assume
that A is infinite. Let {x,} be a Cauchy sequence in w*’, and observe that
since 12(A’) is complete, x,, — x € I2(A). So suppose that x € 12(A") \ w?".
Then no subsequence of {x,} converges in wA'

Recall (from Chapter 4) that g = fop: N(A) — w? where p: N(A) —
Ja is perfect and f: J4 — w?" is a homeomorphism, i.e., convergence in w '
is ultimately convergence in N(A).

So select a sequence 6; € g~ 1(x1) , d2 € g~ 1(x2), --+ in N(A). Then no
subsequence of {4, } converges in N(A), otherwise we are finished.

From Lemma 30.1 there exists an infinite subset {d1;, 025, ...} of A where
each dy; is the jth “coordinate” of o, € N(A). Because it is only the infinite
aspect of {dy;} that is important, we may assume that z & {dy;}.

For each n, the map ¢(d,) = x,, = (22 )pcas is determined by first project-
ing 6, into the 0, -arm C(z,0,;) of the star in N(A), and then calculating,
in the context of the corresponding us, -arm of the star in [*(A’), the corre-

nj

sponding coordinate xi of x,,. The calculation yields

9) xlni > 1/(29) foreachn=1,2,....

Another constraint follows from the fact that {x,} is a Cauchy sequence:
(10) l[%m — xx|| < 1/(27Fh) for some N and all k,m > N.

PossiBLE CASE I: For a fixed kK > N an m > N exists such that the d,,;
coordinate of xj, namely, xi"” , satisfies

(11) z)m < 1)(20H).
Then (9) and (11) show that
x> 1/ (27,

and so
Smj Omj\2 1/2 j+1
B = xll = (@l =) = 1/,
which contradicts (10).
PossiBLE CAsE II: For any k,m > N, the d,,; coordinate of x;, satisfies

(12) 2™ > 1/(20H).
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Thus, for k& > N, the inequality (12) is true for an infinite number of m,
contradicting x; € [2(4’). So the sequence x,, — x € wA'.

30.3 Theorem (the Ja system has attractor w?') Let X = I2(A), let
Fa = A{w, : a € A} be the Ja system, let W : Bx — Bx be given by
W(Z) = Uawa(Z), and let w2 C 12(A’) be the homeomorphic copy of Ja
that is characterized by the no-carry property. Then WA = Ugwe (wAl), i.e.,

w?' is the attractor of the Ja system F4.

PROOF. By Theorem 28.1, since w? is a closed subset of [2(A4’), it suffices
to show that w?' = Uywa(w?): First, let y € wA. Then y = (°)pear €
I2(A’) and (y) satisfies the no-carry property, i.e., each 3” has a binary
representation .y¢y5 -+ and together, for each fixed subscript i, there is at
most one b € A’ such that y? = 1. So consider two cases:

Case I: For each b € A', 4% = 0. Let x = w;1(y) = 2y = (2y°). Then
each 2% = 2y® = 0.y5y% - - -, which shows that x € wA". Since w, (x) =y, we
have y € UaeAwa(wA/).

CASE II: There exists one and only one d € A’ such that y{ = 1. Let

_ 0.00--- ifb+#£d
X:wdl(Y):Qy—udZ(2yb)—(U3)Whefe“Z:{ 1.00-- - ifbid.

Then

x? = 2y? —ud = 1.ydyd -~ —1.000 = 0.ygyd - -- (b=4d);
2’ = 2y" — b = 09595 -+ — 0.000 = 0.y55 - - - (b # d),
which shows that x € w?". Since wq(x) =y, we have y € wq(w?').

Second, let y € UaeAwa(wAl): Then, for some d € A, we have y =
wq(x) = wq((z®)) = (2°/2) + (ub/2) where, for each b € A’,

b b [ 000--- ifb#£d
(13)  27/2=.0a1z; and “d/Q_{.loo--- it b= d.

From (9), y = wq(x) satisfies the no-carry property, i.e., y € wA'.

8§31 Comments

Arguably, point-set topology produced one of the greatest contributions to all
of mathematics, namely the extension of the idea of convergence of numbers
on a real line to abstract structures (any structure with a topology).

Such a “general convergence” is basic in Barnsley [1988], where Cx de-
notes the family of compact subsets of a complete metric space X, i.e., the
“points” in Cx are compact subsets of X. Convergence takes place in (Cx, h)



§31 COMMENTS 51

where h is the Hausdorff metric: A sequence W(Z), W o W(Z), ... con-
verges to the “fractal” F, where W is a contractive (Hutchinson) opera-
tor Z — U;w;(Z) on Cx, and, {w;} is a finite IFS of contractive mappings
X — X. For infinite IFSs {w, }, extensions of Cx, W, and {w;} are required.

For example, let A be infinite, consider the standard orthonormal basis
B ={u, :a € A} C I>(A), and define w, : [?(A) — [2(A) as the constant
mapping [2(A) — {u,}. Then for any singleton (hence compact) set Z, we
have W (Z) = U,w,(Z) = B which is closed and bounded, but not compact.*

Historically, circa 1996, James Perry knew that J, was a copy of the unit
interval and that J3 was a copy of Sierpinski’s triangle. And he conjectured
that any J4 could be realized as an attractor of an IFS. And while he did not
prove his conjecture, Perry [1996] did create an infinite IFS with an attractor.

His construction was based on the observation that w?, being a subset
of the standard simplex A4, is both a subspace of A4 and a subset of Ty-
chonoff’s cube I4. (Recall that (0,) € w” implies that each 6, satisfies
0 <6, <1.) So he states:

Let w? denote the space whose underlying set is that of w? but
whose topology is induced from the Tychonoff cube I4.

By using the compact Tychonoff cube and the (1/2)-contractions associated
with w?, Perry created a hybrid of arguments that proved that w? is the
attractor of an IFS {w, : a € A} containing affine transformations of R,
Perry’s IFS with attractor w?' may be the first (nontrivial) example (with
complete proofs) of an infinite IFS with an attractor.

At the end of the Introduction section in Perry [1996], he states:

It is an open problem to construct w? as the attractor of an IFS
containing affine transformations of [?(A).

More than a decade later, it was Miculescu and Mihail [2008] who provided
a solution, the mathematics of which is the content of this chapter.

This growth, from compactness arguments within Cx, to a hybrid of com-
pactness arguments and arguments related to “closed and bounded” sub-
spaces of [2(A), to “closed and bounded” arguments within (Bx,h), runs
somewhat parallel to the growth of universal spaces in dimension theory. For
example, the universal Menger sponge and Sierpinski carpet are compact as
are the Euclidean cubes I?"*! that are fundamental to universal spaces for
n-dimensional separable metric spaces. But a J4 space is compact when A
is finite and not compact when A is infinite. Nevertheless, in every case J4
is homeomorphic to w?’, which is closed and bounded in I12(A). Looking
back, it now seems most reasonable that it would be the mathematics of
(Bj2(a), h) that would provide infinite IFSs with attractors homeomorphic to
the noncompact J4.

IThe basis B is bounded because each ||ug|| = 1; it is closed in 12(A) because for

distinct a,b € A, each ||ug — up|| = v/2; and it is not compact because any covering of B
with open balls in 12(A) of radius less than v/2/2 has no finite subcover of B.
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For references concerning techniques of working with compactness in the
context of functional analysis (in particular [?(A4)), see Kolmogorov and
Fomin [1957; §16-§18]. And for dimension in bicompact (compact Haus-
dorfl) spaces, see Chapter 8 of Pears [1975], with sections on inverse limits,
a family of examples due to Vopénka (Vopénka [1958]), and V. V. Filippov’s
example (Filippov [1970]).

An introductory model for some of the proofs within the By theory ap-
pears in Gulick [1992, Section 4.4]. For properties of the Hausdorff metric,
one may review Dugunji [1966, page 205, problem 8] and Section 2.4 in
Hutchinson [1981], where Federer [1969] is referenced. For the Hausdorff
metric within the context of hyperspace theory and continuum theory, see,
respectively, Nadler [1978] and Nadler [1992]. And for contractive mappings
and similitudes in the context of fractals see Hutchinson [1981, Sections 2.2
and 2.3].

For variations on the proofs given in this chapter, see Miculescu and
Mihail [2008], where Secelean [2001] is referenced. For example, the use of
the no-carry characterization of w? to prove Theorem 30.3 is new, i.e., it
differs from the original proof that appears in Miculescu and Mihail [2008].

And finally, we note that Milutinovié [1992, Corollary 15] provided one of
the first proofs that w = M4 C I2(A) is closed and complete in [?(A).



CHAPTER 6

Dimension Zero

In this chapter we prove that both the J4 rationals and J4 irrationals are
zero-dimensional and dense in J4. As a corollary, using Jy, we deduce the
zero-dimensionality and denseness of the rationals and irrationals in the unit
interval. The n = 0 case of the J% "' Imbedding Theorem is established. And
for 0 < n < ¢, we consider subspaces of J4(n) where J4(n) consists of those
tuples in J ﬁ with at most n rational coordinates: We show that the subspace
E%(m) of tuples that have exactly m rational coordinates has dimension
zero. Then J4(n) = U_,E%(m) and an application of the Decomposition
Theorem within dimension theory shows that J4(n) is n-dimensional.

832 Rationals and Irrationals
As a subspace of the unit interval, the union of the sets
1 13 1357 1 3 5 7 2" -3 271
{2}3 {434}5 {8’8’8’8 a"'a{gnagnagnagnv"'a on 5 gn fy "°F°

is countable and therefore zero-dimensional. Or, since each finite set in the
list is closed and zero-dimensional, we may apply the Sum Theorem (A6.2).
Moreover, as indicated in Figure 6.1, the unit interval I is homeomorphic to
Jy under a map that sends these dyadic rationals onto the rationals in Js.
That is, there is a homeomorphism

rationals in J; «— dyadic rationals in (0, 1).

So the J5 rationals must also be zero-dimensional.

Fig. 32.1 The J3 rationals are countable and thus zero-dimensional.

Turning to Js, we see (Figure 32.1) a pattern for defining a list of finite
sets whose union is the set of J3 rationals. Indeed, the 3' = 3 points in the
first set are pictured as “black dots” and the 32 = 9 points in the second set
as “circles.” The pattern tells us that there are 3™ points in the nth set. So
the subspace of J3 rationals, being countable, is therefore zero-dimensional.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 6, (© Springer Science+Business Media, LLC 2009 53
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32.2 Theorem (subspace of rationals in J, is zero-dimensional) Let
|A| > 2, and let Ra C Ja be the subspace of rationals. Then Ind Ry = 0.

PrOOF. We shall apply the Sum Theorem. For each ¢t € {1,2,...}, define
Fy={z€ Ja: z rational; t is the tail index of each member of p~*(2)}.

Each F; is closed in J4: Since p : N(A) — Ja is a quotient map, it suffices
to show that p~1(F}) is closed in N(A). To see that p~1(F}) is closed, note
that each 0102 --- € N(A) \ p~*(F;) is such that either ; = §;,; or an index
k >t + 1 exists such that 0x # dk11. So Fy is closed in J4. Next, we show
that each F} is zero-dimensional: Since p~!(F}) is discrete (6§ = 0102+ €
p~1(F,) implies {6} = (d1,...,0;41) Np~1(F})), and since p is perfect (hence
hereditarily quotient), Fy must be discrete. So each F; is zero-dimensional.
It follows from the Sum Theorem, since R4 = U; F}, that Ind R4 = 0.

32.3 EXAMPLE. The subspace of rationals in R is zero-dimensional: Let
A ={0,2}, and let R4 denote the subspace of J4 rationals. Then there exist
two homeomorphisms (the first suggested by Figure 6.1):

(1) R4 «— dyadic rationals in (0,1) «— rational reals in R.

And since Ry is zero-dimensional (Theorem 32.2), the subspace of rational
reals in R must also be zero-dimensional.

32.4 Theorem (subspace of irrationals in J4 is zero-dimensional) Let
|A| > 2, and let 14 C Ja be the subspace of irrationals. Then Ind I4 = 0.

PROOF. Since p : N(A) — J4 is perfect, p is hereditarily quotient, making
the restriction p’ of p to p~1(I4) a quotient mapping. Since p’ is also one-
to-one, it is a homeomorphism. So, since p’ is a continuous closed surjection
from p~1(I4) C N(A) onto I, with singleton-set fibers, Theorem 1.6 shows
that I, is zero-dimensional.

32.5 EXAMPLE. The subspace of irrationals in R is zero-dimensional: Let
A = {0,2}, and let Iy denote the subspace of irrationals in J4 that con-
tains neither p(0) nor p(2). Then there are two homeomorphisms (the first
suggested by Figure 6.1):

(2) I’y — (0,1) \ {dyadic rationals} «— irrational reals in R.

And since I’y C I4 and 14 is zero-dimensional, I, is zero-dimensional. Thus,
since the composition of homeomorphisms in (2) is a homeomorphism, the
subspace of irrational reals in R must be zero-dimensional.

The following theorem is a result of p : N(A) — Ja being continuous.
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32.6 Theorem (rationals and irrationals are dense in J4) Let |A| > 2.
Then the rationals are dense in Ja4 and the irrationals are dense in Ja.

As one might suspect, the fact that R4 and I4 are dense in J4 may imply
that the rational and irrational reals are dense in R.

32.7 EXAMPLE. The rational and the irrational reals are dense in R: Note
that the composite homeomorphism in (1) and the composite homeomor-
phism in (2) are restrictions of a single homeomorphism

Jio.23 \ {p(0), p(2)} — R.

So by Theorem 32.6, the rational and irrational reals are dense in R.

§33 J,"' Imbedding Theorem for n = 0

For separable metric spaces, the Classical Imbedding Theorem states that the
subspace of tuples in I?"*! with at most n rational coordinates is universal
for separable metric spaces of (covering) dimension < n. Since this theorem
is well known, we shall simply state the n = 0 case for comparison with the
same case of the JZH Imbedding Theorem.

33.1 Theorem (n = 0 case of the Classical Imbedding Theorem) Let X
be any zero-dimensional separable metric space. Then X can be imbedded in
the subspace of irrationals in the unit interval I.

Analogous to the Classical Imbedding Theorem, the JZ“ Imbedding The-
orem states that the subspace of tuples in JZH with at most n Ja-rational
coordinates is universal for weight |A| > R metric spaces of covering dimen-
sion < n.

33.2 Theorem (n = 0 case of the J}"' Imbedding Theorem) Let X be
any zero-dimensional weight |A| > Rg metric space. Then X can be imbedded
in the subspace 14 of irrationals in Jy.

PROOF. Recall that any zero-dimensional weight |A| > Ny metric space can
be imbedded in N(A). So it suffices to imbed N(A) into I4. To accom-
plish this, let By, Bo,... be a partition of the infinite discrete space A into
subspaces B; where each |B;| = |A|. Also, for each j, let A; = A. These
spaces induce homeomorphisms and imbeddings. In particular, homeomor-
phisms ¢; : A; — B; exist because both of these discrete spaces have the
same size, while the inclusion mappings i; : B; — A; = A serve as imbed-
dings. Forming product maps, we then have the imbedding x;i; : x;B; —
p~1(I4) C x;A; = N(A), and, the homeomorphism x jg; : X;4; — X ;B;.
These mappings are illustrated in the context of a commutative diagram:
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where p' = pl,-1(1,) : p~1(I4) — I4 is a homeomorphism. It follows that the
“dashed arrow” is an imbedding of N(A) into I4.

§34 Subspaces of J

For 0 <n < fandm € {0,1,...,n}, we let the subspace J4(n) consist of the
f-tuples in fo that have at most n rational coordinates, and the subspaces
E*4(m) consist of the (-tuples with exactly m rational coordinates. In this
section we calculate the dimensions of these spaces.

34.1 Lemma (IndE4(m) = 0) Let |A| > 2, m >0, £ > m, and EY(m) =
{z € J§ : 2 has exactly m rational coordinates}. Then Ind E4(m) = 0.

PRrROOF. Recall (proof of Theorem 32.2) that, for each ¢t € {1,2,...},
Fy={z¢€ Jux: z rational; t is the tail index of each member of p~*(2)}

is closed in J4 and Ind F; = 0. Next, we use the F} to determine the dimension
of each EY(m): Let I4 be the subspace of irrationals in J4, and for each S C
{1,2,...,¢} that contains exactly m members and each k : S — {1,2,...},
let

F(S,k)={2€J\: 2 € Fyyifr € S; and 2, € I4 if r ¢ S}.

Now each F'(S,k) is therefore the ¢-fold product of the m zero-dimensional
Fy(ry spaces, r € S, and £ —m copies of 14. So the Product Theorem (A6.2)
shows that F'(S, k) itself is zero-dimensional. In addition, each such F(S, k)
is also closed in EY(m) — if y € (E%(m) — F(S,k)), then either some index
r € S exists such that y, is irrational, or, each y,, for r € S, is rational
but the tail index of at least one such y, is not k(r). So F(S,k) is closed in
E*4(m). Finally, since the number of such pairs (S, k) is countable and

EY(m)=U{F(S,k): |S|=mand k:S — {1,2,...}},

the Sum Theorem shows that E%(m) is zero-dimensional.
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34.2 Theorem (J4(n) spaces) Let |A| > 2, and, for integers 0 < n < ¢,
let the space X = J4(n) = {z € J§ : z has at most n rational coordinates}.
Then Ind X =n.

PRrROOF. If n =0, then X = If‘ where 14 is the subspace of irrationals in J4.
And since I4 is zero-dimensional, the Product Theorem shows that Ind X <
IndIg+---+ IndI4 = ¢-0 = 0, which finishes the proof. So we may assume
that n > 0. In this case, we begin by showing Ind X > n: Since J4 contains
a copy of the unit interval I, the product space J contains a copy of the
cube I, which has dimension n. So the Subspace Theorem (A6.2) yields Ind
J4 > Ind I"" = n. Moreover, J7 is homeomorphic to

{a} - x{qen} x J} CJ4(n) = X
where q1,...,q_n € Ja are £ — n irrationals. Thus,
Ind X > Ind {1} X -+ X {qu_n} x J}) =n.

To see that Ind X < n, we apply the Decomposition Theorem (A6.2), i.e.,
X = J4(n) = UBE4(m) and Ind E4(m) = 0 (Lemma 34.1) for each m. So
Ind X <n and Ind X > n shows that X is n-dimensional.

34.3 Corollary (Ind (I*"™(n)) = n) Let I denote the unit interval, and,
forn >0, let I*"*1(n) = {z € I?"*!| & has at most n rational coordinates}.
Then Ind (I*"*1(n)) = n.

PROOF. Let A ={0,1}. Then forp: N(A) — Ja and ¢ : N(A) — I given by
(a1,as,...)— £2,a;/2%, we have ¢ = pg~! : I — J4 is a homeomorphism.

N LT g

pl ¢=pg!
Ja

Indeed, if ¥$°a; /2" = £§°b;/2", then let k denote the smallest index k such
that a; # b;. We assume, without loss of generality, that a; = 1. Then

1=bk+1=bk+2='-' and

1/2% 4+ Spy1a:/2" = Spp1bi /20 =
/ + kJrla’/ k+1/ {0:ak+1:ak+2:”.'

In other words, ajas--- and bibs --- are adjacent endpoints, which shows
that p and ¢ have the same fibers (Theorem A4.3). Next, let r : I — T
be a homeomorphism that preserves the natural ordering in I, and, maps
the rational reals in I onto the dyadic rationals in I. Then ¢ = ¢ or :
I — Jy is a homeomorphism that maps the rational reals in I onto the
rationals in J4. So the product map x;¢; : 1"+ — JZ"H with each ¢; = ¢
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is a homeomorphism. Moreover, (z1,...,T2,41) € I?*"T! has at most n
rational coordinates if and only if (¢)(z1), ..., ¥ (T2n41)) € J3" T has at most
n rational coordinates. Thus, since I2"1(n) is homeomorphic to J5"*(n),
Theorem 34.2 shows that Ind I?"*1(n) = n.

For £ =n+ 1 in Theorem 34.2, we have the following corollary.

34.4 Corollary (Ind J5+' (n) = n) Let |A| > 2, letn >0, and let J3 (n) =

{z € J4™' 12 has at most n rational coordinates}y. Then Ind J5 (n) = n.

835 Comments

One of the goals of this short chapter was to relate the JZH Imbedding
Theorem to the Classical Imbedding Theorem for the case n = 0. The
approach involved (i) proving general statements that concern J4 for any A
with at least two members; and then (ii) applying these general results to J;
to yield the corresponding results in the classical case.

For the most part, Section 33 and the proof of Theorem 33.2 follow Lip-
scomb [1973]. The proof of Theorem 33.2 is based on the fact that N(A) is
universal for the class of zero-dimensional weight |A| > Yy metric spaces. For
details on the universality of N(A) see Engelking [1978, Theorem 4.1.24].



CHAPTER 7

Decompositions'

Any n-dimensional weight |A| > Ry metric space admits an Rg X (n + 1)
matrix [W;;| of decompositions that yields an imbedding into the subspace
of (n + 1)-tuples in J4 ! that have at most n rational coordinates.

We motivate and construct the decompositions W;;. The approach is a
substantially expanded version of the approach in Lipscomb [1975].

836 The Dimension Function diml

The Lebesgue or covering dimension “dim” is well known. Here, we construct
another dimension function “diml” and then prove that diml X = dim X
when X is a normal Hausdorff space. The “diml” concept concerns the “local
order of a point,” which is distinct from “order of a point.” For example,
consider a point p in the plane that is a point of tangency for two circles that
bound two (open) 2-discs, say D1 and Ds.

Then relative to the family { D1, D2}, the “order of p is zero” while the “local
order of p is two.”

36.1 Definition (lord, ! and lord U) Let X be a topological space, U a
family of subsets of X, and « € X. Then “lord, U” denotes the local order
of U at x. That is,

lord, U = min {k(G,): 2 € G, C X; Gy open in X}

where k(G,) is the number (either a non-negative integer or co) of U € U
such that G, N U # 0. Moreover,

lord U = sup{lord, U : z € X}
is the local order of U.

36.2 Definition (diml X) Let X be a topological space and n a non-
negative integer. Then X has local dimension < n if each locally finite open

LA locally finite pairwise-disjoint family U of open subsets of X is a decomposition of
X ifcdUU ={U:U €U} is a cover of X.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 7, (© Springer Science+Business Media, LLC 2009 59
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cover V of X has a local order < n + 1 open refinement that covers X. If X
has local dimension < n, we may write “diml X <n”, and when diml X <n
and it is not true that diml X < (n — 1), then X has local dimension n and
we may write “diml X = n”. When no such n exists, then by definition diml
X = +oc. Finally, define diml §) = —1.

From Engelking [1978, Dowker’s Theorem 3.2.1], recall that for normal
T5 spaces, “dim X < n” is equivalent to “each locally finite open cover of X
has a locally finite order < n 4 1 open refinement that covers X.”

36.3 Proposition (dim X = diml X when X is normal T7:) Let X be a
normal Hausdorff space. Then diml X = dim X.

PROOF. Since a cover of local order < n + 1 is necessarily a cover of order
<n+ 1, Dowker’s Theorem shows that diml X < n implies dim X < n. For
the reverse implication, suppose dim X < n; and let )V be a locally finite open
cover of X. Since dim X < n the cover V has a locally finite order < n+1 open
refinement U that covers X. From the covering characterization of normal
T, spaces (§A2), there exists a locally finite open cover U’ = {U] : a € A}
of X such that cl U’ = {U’, : a € A} precisely refines Y. If, for any = € X,
we define G, = X \U{U’, : a € A; x € U',}, then G, is open and meets at
most n + 1 of the U.. So lord U’ < n + 1.

837 Nodes of a Cover

A family V = {V, : a € A} is nodally indezed if for each non-empty V € V
there is at most a finite number & > 1 of distinct indices aq,...,ar such
that V=V, = .-- = V,,. In particular, if V is either faithfully indexed
(distinct a,b € A yield distinct V,,V, € V), or, pseudo-faithfully indexed
(0 # V, = Vi, # 0 implies a = b), then V is nodally indexed.

37.1 Definition (nodes of locally finite open covers) LetV ={V,:a € A}
be a nodally indexed and locally finite open cover of a space X. Well order
A = (A, <). The one-nodes (1-nodes) of V are the members of a nodal family
O1=0,(V)={0, : a € A} where

Ou =Vo\(U{Vh:b#£a; be A}) (a € A).

And in general, the k-nodes of the cover V are the members of a nodal family
Or =0r(V) ={04y...q, : a1 < -+ < ax; a; € A} where

Oarovap = Vo, 0NV )N (U{Vh : b #£ aq, -+ ,bF# a; be A}).

The collection O(V) = Up>10y, is called the nodal family of V.
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Fig. 37.2 Cover V = {V,,V}, V.} and its nodes.

Nodes of the family V = {V,, V}, V.} are illustrated in Figure 37.2. The
three “dashed curves” specify the boundary curves of V,, V4, and V., showing
that the nodes are pairwise disjoint. Collectively, however, these nodes cover
X. So it remains to determine the subsets of the boundary curves included
in each node.

These subsets are pictured in Figure 37.3, where the top and bottom
right-side illustrations provide, respectively, examples of nodal properties (2)
and (4) in Proposition 37.4.

/ h / S
B(V. AN B(V. AN
( ) \\\/\// \\ /// ( ) /I \\
-~
~~ r-- ~~
Vo! —707° \ Oof ~T~7777
@ / \ Vi ¢ Oy
| 1
I |
B(V,) 1-nodes are closed; 0, is discrete
_ - - ///’,
F o~ . e —— pad
~ , =~ e
s
Oue Obe RN
/ N
~ - S // Oabe \ ,//
- - //
N | T~ -~ A
\ ! \
! \
Oap \ / |
1 ]
1 L |
2-nodes not closed; O, not discrete 3-node O,y is open

Fig. 37.3 Nodes of V partition Bdry V = B(V,) U B(V;) U B(V,).
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37.4 Proposition (properties of nodal families) Let V = {V, : a € A} be
a nodally indexed and locally finite open covering of a space X. Then the
families of 1-nodes, 2-nodes,. .. satisfy the following properties:

Any two well orderings of A yield the same nodal collections.

01 is a discrete family of closed sets with each O, C V,.

OV) = Up>10k is a pairwise-disjoint locally finite cover of X.

For pseudo-faithful indexing, ord V = k implies O € Oy is open.

and x € O € O if and only if ord, V = k.

(5)  If the closures of two distinct k-nodes meet, then they meet in a
union of m-nodes where m ranges over indices less than k.

(6) The induced indexing of the members of O(V) is pseudo-faithful.

—_— T —

1
2
3
4

A~ N S N

PROOF. Standard arguments yield (1), (3), (4), and (6). For (2), show that
Of = Vo \ (W{V, : b # a; b e A}), and, for the discrete part, that each x is
in some V, and V, meets only one 1-node. For (5), let © € Og,...q, N Opy...5,,
where at least one a; & {b1,...,b;}. Then by (3), z € O = O,,....,, € O(V),
and by definition, O, ....,, C N2, V;,. So x is in each V;,, which shows that
each ¢; € ({a;} N {b;}). Since one of the a; ¢ {b;}, we are finished.

For an example of (5), consider the bottom left-side graphic in Figure 37.3
where the point represented by the leftmost circle, say z, is contained in
the closures O, and O,. of two distinct 2-nodes O, and O,.. Then as
illustrated, these closed sets meet at x which is contained in the 1-node O,.

Property (5) involves points common to the closures of two distinct k-
nodes. But what can we say about points in the closure of a single k-node?
The answer is provided by the Nodal Closure Property:

37.5 Corollary (Nodal Closure Property) Let V = {V, : a € A} be a
locally finite open cover of X, let O = Og,...q, be a k-node of V, and let
x € O\ O. Then x € Oy,..;,, where m < k and {b1,...,by} is a proper
subset of {a1,...,ar}.

m

ProOF. From (3), x € Oy, . 4, for some m > 1. Also, ¢ € O = Og,...q,
implies that either x ¢ M;V,,, or, x € V, for some b ¢ {a;}. The latter
statement, however, cannot hold because Vj, open and V, N O = @) contradicts
x € 0. So {b1,...,by} is a proper subset of {a,...,ar}.

An application of the nodal closure property provides the following corollary.

37.6 Corollary (unions of nodes, closed and open) LetV ={V,:a € A}
be a locally finite open cover of X. Then for each j > 1, the sets U{O : O €

LjJ(’)k} and U{O : 0 € U Ok} are closed and open, respectively.
1 1
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Fig. 37.7 Cover V = {V,,V},, V., V.}, Vo, = V., and its nodes.

Nodes of the family V = {V,,V}, V., V. } are illustrated in Figure 37.7. In
this case V is nodally indexed but not faithfully indexed. Again, the nodes
are pairwise disjoint; collectively cover X; and induce a partition of Bdry V.
The parts of the partition are pictured in Figure 37.8. This example provides
instances of (2), (3), (5), and (6) of Proposition 37.4 for the case where the
indexing is not faithful.
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Fig. 37.8 Nodes of V partition Bdry V = B(V,) U B(V;) U B(V,).
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37.9 Definitions (shrinks, puffs-up, and canonical (F,)) collections) A
family F = {F) : A € A} of sets shrinks a family G = {G : A € A} of sets if
F precisely refines G, i.e., for each A € A, we have F\ C G. And for such
a pair, the collection U = {Uy : X\ € A} puffs-up F in G whenever, for each
A, we have F\ C Uy C G). Furthermore, let V = {V, : a € A} be a nodally
indexed locally finite open cover of X, let {O) : A € A} be a subfamily of the
nodal collection O(V), and let F = {F)} A shrink {O)}4, i.e., each

FAcoA:(r’ivm)\u{Vb: b#£an,...,b#ap be A}

with a; < -+ < a determined by A. Then the canonical (F,V) collection is
the open family {G)}a where each G = rkWVai.
1

We close this section with the observation that if F shrinks a family of
nodes of V, then F necessarily shrinks the canonical (F,V) collection.

838 Lemmas for the Decomposition Theorem

The proof of the main theorem of this chapter requires several lemmas. We
begin with the constructions illustrated in Figure 38.1, which serve to guide
the reader through the proof of Lemma 38.2.

b

YbZ(Ub\G)UYZ

Fig. 38.1 The Y, and Y} constructions in the proof of Lemma 38.2.

38.2 Lemma (refining covers in a neighborhood of a dim < n closed set)
Let n > 0; let F C H be subspaces of X with F closed, dim F < n, and H
open; and let U = {U, : a € A} be a nodally indexed locally finite open cover
of X. Then an open cover Y of X and an open subset G of X exist where
F CGcCGC H; where Y ={Y, : a € A} precisely refines U; and where
each Yo, = U, \ G or Y, = (U, \ G) UY, with each Y, C U, defined such that
x € G impliesx € O € U?H(’)k(y).

PRrROOF. If F' = (), then let Y = U and G = (). Otherwise, let B={b € A:
UpNF # (}. Then {Up}pep is a locally finite open cover of F. An application
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of the §A6.2 Theorem (refining covers of dim < n closed subspaces) yields
an open precise refinement )’ = {Y; : b € B} of {U, : b € B} that covers
F and has the property that ord )’ < n + 1. Now choose G open such that
FCGCGC(UepY))NH.

Since )’ is nodally indexed, for each non-empty Y’ € )’ there exists
at most a finite number k > 1 of indices by,..., b such that V' =Y, =
-+ =Y . For each such Y’ and all except one of by, ..., by, redefine ;' = 0.
With this adjustment to the indexing of ), the resulting indexed family, also
denoted ), is pseudo-faithfully indexed, and it follows that “ord, Y’ < n+1”
is equivalent to “z € O € U?H(’)k()}’).”

Next, for each b € B, let ¥, = (Up \ G) UY}, and, for each a € A\ B, let
Y, =U,\G. Then Y ={Y, : a € A} and G are as claimed.

To motivate the constructions in our next lemma (Lemma 38.5) we shall
use the graphic in Figure 38.3 whose details are explained in Example 38.4.

Assumptions (X,= rationals, X,= irrationals, xX=[0,1], etc.)
' ™) [ oo

Uy U={Uq,Up}

Uﬂ/

Constructions (y!, ¥1)

Oq ] Oup [ O 0,00,
Y i ional
a .p irrationa OaCYaCYa
Uy \ F
a\F1 o o ° Y o CU\F1
irrational q. Y ObCY,CY
o o Un\(F1UYa) Yo CUN(F1UY o)
Yo Y, 1
© °© yl = {Ya7 }/b}
J K . K =X\(Y,UY})
Ko=0,NK
. cTe . F={0wNK}
Uy =U,NU,
o T o (O2,U) = {UanUs}
rational T Yo Y rational
° ° KoCYaCYq
Uq\ Fa
o O Yo.C Ua\FQ
Y.
o) « o) y% — {Ya}

Fig. 38.3 The yll and y21 constructions in the proof of Lemma 38.5.
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38.4 EXAMPLE. The goal is to provide a model for the sets and constructions
detailed in Lemma 38.5: Using Figure 38.3, we let n = 1 and X = [0,1] (X
is the unit interval). Then the model for the cover U is {U,, Uy}, and the
models for the closed F} are F; and F are illustrated in the “Assumptions
Box” of Figure 38.3. The “Constructions Box” provides models Y} and )
of the discrete families yjl, 1 <j <n+1,in the conclusion of Lemma 38.5.
By reading top-to-bottom in the “Constructions Box,” one may track the
constructions that appear in the proof of Lemma 38.5. The “vertical display
format” provides a means to view the sets as subsets of X by vertically
projecting onto the representation of X in the “Assumptions Box.”

In Lemma 38.5 we construct the “y} families.” The superscript “17 will
currently appear superfluous. But ultimately each Y} yields U}, which then
determines Z/{j2 and Z/{J?’ . These families are fundamental (see Lemma 38.9).

38.5 Lemma (construction of the discrete open Y}) Forn > 0 let U =
{Uqs : a € A} be a nodally indexed locally finite order < n+ 1 open cover of
X. Foreach j € {1,...,n+ 1}, let X; C X satisfy dim X; =0, and, let the
closed Fy C X satisfy F; N (Up,w)O) = 0. Then for each j € {1,...,n+ 1}
there exists a size < |A| discrete open family yjl such that

(7) YNF=0=BY)nX, (YeY).
Moreover, U’fyjl covers UKO;(U), and U?HJ}} covers X and refines U.

PROOF. Let j = 1. The discrete closed family O1(U) = O1 = {O, : a € A}
of 1-nodes shrinks the canonical (O1,U) collection, i.e., O, C U, for each
a € A. Moreover, since F1 NO, = ) when a € A, each O, C U, \ F;. Now let
ag be the first member of (the well-ordered) A = (A, <). Then for a = ag, an
application of the §A6.2 Theorem (open sets in the context of a 0-dimensional
set) shows that an open set Y, exists such that

o,cYy,cy,cuU, \ (F1 U (Ub<ayb))
(8) YamFlz(Z):B(Ya)le
Fo={F1} U{Yp}p<q U{Ob}p>q is closed discrete

where Up<o Y = 0 when a = ag.?
For the j = 1 inductive step, let a1 > ag be fixed, assume that for each
a < ay a 'Y, that satisfies (8) has been constructed, and then consider

'7:41 = {Fl} U {Ya}a<u,1 U {Oa}aZal .

Since b < a < a; implies Y}, and Y, are disjoint, and, since each Y, C
Yo C U, \ (F1 U (Ub<aYb)), it follows that F, \ {Fi} is pairwise disjoint

2To see the validity of the last statement in (8), note that the clearly closed and pairwise-
disjoint F, is locally finite because F, \ {F1} shrinks U.
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a
i.e., it is closed discrete. For a = aj, an open Y, exists that satisfies (8).

By transfinite construction, {Y,}.ca exists with (8) satisfied by each Y,. It
follows that {Y, }ac 4 is pairwise disjoint, closed, and locally finite, i.e., closed
and discrete. Thus,

and shrinks ¢. So F/, is a closed, pairwise-disjoint and locally finite family,

Vi ={Y,:ac A}

is an open discrete collection of size < |A| with each Y, satisfying (8).

Next, let k € {2,...,n+1} be fixed, and suppose, for 1 < j < k, that each
desired y; exists such that Yy, = U1 yjl is an open cover of U¥™10;(U).
Then define K = X \ (UW{Y : Y € V,x_1}). It follows from the nodal closure
property that 7 = {ONK : O € Ox(U)} is a discrete closed family.3

With the set Ay = (Ag, <) of indices «v of the k-nodes well ordered, the
closed family F shrinks the open canonical G = (F,U) collection, i.e., for
each a=a;---a € Ay, O CUy =Ug, N---NU,,. Soeach O, N K C U,,.
Moreover, since Fj, N O, = 0 for each such «, each O, N K C U, \ F;. Now
let o = g be the first a € Ai. Then there exists an open set Y, such that

O,NKcY,cY,cU, \ (Fk U (Uﬁ<aYg))
9) Yo F=0=B(Y,)N X,
Fo ={Fr} U{Ys}p<a U{Os N K} g4 is closed discrete

where Ug<oY 3 = ) when o = ap. To finish, use the format of the “j = 1
inductive step” and the following substitutions: Substitute Ay for A; « for a;
oy for agp; ay for ay; B for b; Fy, for Fy; X, for Xq; O, NK for Oy; OgNK for
Op; the canonical (O, U) collection for U; and (9) for (8). Thus the desired
Vi ={Y,:a € Ay} exists, and by finite induction we are finished.

38.6 EXAMPLE. Consider Lemma 38.5 where n = 0 and where X = X is
the subspace of rationals in the unit interval. Then since I/ is a locally finite
ordU = 1 open cover of X, we have each B(U) = () and F; = () because
O1(U) covers X. In this case, we may simply define V| = U.

38.7 Definition (property P,_1 and separated families) Let n > 0. Then
the closed subsets Fi,...,F,11 of X satisfy the property P,_; whenever
dim (Fj, N---NFj,) < n—k for distinct ji,...,j, A family N' = {Nj :
b € B} is a separated family or separated collection whenever (N an Nb) U
(Na N Nb) = () for each distinct pair N, and N, of sets in N .*

For an example of a separated family that is not a discrete family consider
N =1{(0,1),(1,2)} containing “adjacent” open intervals on the real line.

3The nodal closure property yields O N K = O N K when O € O, which makes O N K
closed because K is closed. Then (3) shows that O is locally finite, making F discrete.

41f a separated family N' = {N,}p of subsets of a metric space (X, p) is also locally
finite, then there exists a pairwise-disjoint open family M = {M,}p of sets M, = {z €
X : p(z, Ny) < p(z,Ua~pNa)} that puffs-up N and satisfies M, = () whenever N;, = 0.
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38.8 Lemma (refinements whose j-nodes avoid given F;) Letn > 0; let
dim F < n for the closed subspace F' of X; let the closed Fi,...,Fp,i+1 C F
satisfy Pn—1; and let U = {U, : a € A} be a faithfully-indezed locally finite
open cover of X. Then there is a locally finite open refinement Y of U that
covers X ; satisfies

(10)  FcC mt(U{0:0eU0}), FN0=0uwhenOeO0,

for the nodal families O; = O;(Y), 1 < j <n+1; and has size |Y| < |A|.

ProOF. For n = 0, an application of Lemma 38.2 provides the desired
result: In detail, let F, X, and U be as specified in Lemma 38.8, and let
H = X. Then the desired ) is the )Y produced by Lemma 38.2, which
is a precise locally finite open refinement of I/ that covers X and satisfies
ord, Y <n+1 =1 for each z € G where G D F is open. So when z €
GNY,, then x ¢ Y, for each b # a, i.e., x is in the 1-node O, C Y,. Thus,
GNY, C int(O,), which yields the left side of (10). For the right side of
(10), since n + 1 = 1 the lone F| = F, 1 satisfies P,,_1 = P_q, i.e.,, Fy = 0.
Thus, case n = 0 is valid. Now suppose that Lemma 38.8 is true for values
less than n > 1, and let us focus on the nth case. Define

E=F1U'~'UFn+1, EjZUk{FkﬂFjlj<k§n+1} (IS_]STL)

Then dim £ < n — 1 (use each dim F; < n — 1 and the Sum Theorem)
for the closed subspace E of X; the closed E, ..., E, C F satisfy P,_s; and
the given U covers X. Thus, with the inductive hypothesis satisfied, there is
a locally finite open refinement V of U that covers X; satisfies

(11) EcC int(U{O:0 € CIJO;C(V)}), E;NO =0 when O € O;(V)

for the nodal families O;(V), 1 < j < n; and has size |V| < |4|.

Since V has size < |A| we may assume that V = {V}, : b € By}, |B1| < |A4],
is the nodal indexing that satisfies (11). Letting 8 € B; whenever [ has
length |8 = j and Og € O;(V), we define B = U} B;, and let

n+1

N = LlJ./\/j Wherej\/j = {05 NFj: Op € Oj(V)} = {Nﬁ :0p € Oj}.
Then N' = {Ng : 8 € B} is both locally finite and separated. (See 38.8.1
below for the proof.) So there exists a locally finite pairwise-disjoint open
family M = {Mp : 8 € B} that puffs-up V. Let G = {Gp : 3 € B} be the
canonical (N, V) collection. Then G is locally finite and A shrinks G.

Continuing the spadework, we introduce the family £ = {Lg : 8 € B}:®
Since each list § € B has a unique length j € {1,...,n+ 1}, the set

Ls=[MsnGgnint(U{0: 0 € DO ] \ [ U F,U(U{0:0 €U0,
1 j+1 1

SIntuitively, we desire a cover whose j-nodes do not meet F; (as in (10)). Since we
cannot be sure that V has this property, we construct N, a family of “trouble spots” (i.e.,
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where O = O (V), is well defined. The family £ is an open collection and
N shrinks £. (See 38.8.2 below for the proof.) So |£] < |A].

To distinguish sets in £ from those of V (these families may not be dis-
joint), we let By — V and B’ — L be indexings where B’ = {#’ : § € B}
with 8 = {'} x {8} # f and Lg = Lg. So By N B’ = (). Then, forming the
disjoint union B; U B’, we define

(12) V' =VuL, V ={V]:AeB UB}.

As families of sets, since £ shrinks G, we see that £ is a locally finite
refinement of V. And since £ refines V, and, V refines U, the family V'
refines Y. Furthermore, since both V and L are locally finite, and since V
covers X, the union VU £ =V’ is locally finite and covers X.

The nodal families of V' = {V] : A € B;UB’} satisfy the right side of (10).
(See 38.8.3 below for the proof.) So next, we modify V' outside of U} ™ F} to
obtain the desired ) that satisfies both statements in (10).

The modification involves yet another application of Lemma 38.2: We
shall use V' ={V] :a € A}, A= B;UB’, for the U required by Lemma 38.2,
and develop F’ and H for the required F and H. First, an application of
(11) and the indexing of V' show that

FU-UF, 4 =EcC int(U{0:0¢e U0;(V)}).
1
(See 38.8.4 for the proof.) Second, choose an open set D such that
EcDcDC nt(U{0:0e 00,0},

Third, for the “F required by Lemma 38.2” we use F' = F N (X \ D), and
for the “H required by Lemma 38.2” we use H = X \ E. Then F' C H, F' is
closed, H is open, and dim F’ < n. So for V' ={V!:a € A}, A= B,UDB,
we apply Lemma 38.2, obtaining our desired ). (See 38.8.5 for the proof that
Y satisfies (10).)

The triple indexing of “38.8.k” of the following five observations (k =
1,2,3,4,5) is used to remind the reader that each was applied in the proof
of Lemma 38.8.

38.8.1 PROOF THAT N IS A SEPARATED FAMILY. If for each 3 € B we have
Ng = 0, then we are finished. Otherwise, suppose O N F; and P N F}, are
distinct members of A/. First, note that

(OﬂFj)ﬂ Cl(PﬂFk)C(OﬂFj)ﬂPﬂFk:(Oﬂp)ﬂFkﬂFj.

a family of “Og N F;” where Og is a j-node of V). So we puff up these “spots” with the
open sets in £ and form the open cover V' = VUL with a nodal indexing that preserves the
indexing of both V and £. The hope is that since z € Og N F; implies 2 € Og € O;(V),
then z € Oy € O;j41(V’) because z is also in Lg. As I now remember, however, the
selection of £ was nonintuitive and evolved from an iterative process of adjustments to
arguments that eventually became the proof 38.8.3 given below.
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If j = k, then since ON F; and PN Fj, are distinct, ONP = (). Consequently,
the Nodal Closure Property yields O N P = (). And from this equation we
may show that if j # k, then

(ONP)NF,NF; CONPNE,, =0 where m = min{j, k},

because, if j < k, then m = j, O € O;(V), and, (11) shows E; N O = 0.
On the other hand, if j > k, then P € O,(V), O € O;(V), and, the Nodal
Closure Property yields O N P = ). It follows that in every case the desired
result holds.

38.8.2 PROOF THAT L IS AN OPEN FAMILY AND THAT N SHRINKS L. Now
Ut Fy, is closed, and Corollary 37.6 shows that U{O : O € WOk} s
closed. So each Lg is open. For the AN shrinks £ proof, whenever k > j + 1
and each O € Oj, the right side of (11) shows that ONF; N F, C ONE; = .
Thus, U;-Lfrrlle and Ng = Og N F} are disjoint. And since the nodal family
O(V) is pairwise disjoint, N C Og € O; and U{O : O € U]"' O} are also
disjoint. Finally, Ng C MgNGpg, and, Ng C F; C E and the left side of (11)
show that Ng C int(U{O : O € UTO4}). It follows that N3 C Lg.

38.8.3 PROOF THAT O(V') SATISFIES THE RIGHT-SIDE PROPERTY OF (10).
Suppose otherwise. Then let 2 € F; NO" where O’ is a j-node of V'. Since £
is pairwise disjoint, either 2 € Og € O;(V) and « is in no member of L, or,
z € Og € Oj_1(V) and z is in a member of L. If the length |3| = j, then
x € OgNF; = Ng C Lg = Lg/, which contradicts “z is in no member of L.”
So we must have |§] = j—1 and x € OgNF;NLy for some A. By the definition
of Ly, however, Ly N Og = () unless j — 1 > |A|. But then j > |\|, and by
the definition of Ly, Ly N F; = 0. So no Ly contains x, which contradicts “z
is in a member of £.” Thus, since all cases yield contradictions, we conclude
that the statement “x € F; N O’ where O’ is a j-node of V'” is false.

38.8.4 PrROOF THAT U™ F) = E C int (U{O : O € Uy O, (V')}). By (11),
xz € E implies z € G, = int (U{O: 0 € UTOk(V)}). But y € G, implies
y € O € Op(V) for some k < n. If y € Lg for some 3, then, since L is
pairwise disjoint, y € Ogp1 € Op1(V'); or, if y ¢ Lg for every (3, then
y €O € Op(V). Sox € Gy Cint (U{O: O € UTOL(W)}).

38.8.5 PROOF THAT ) SATISFIES THE LEFT SIDE OF (10). Note that F' =
[FN(X\D)JU[FND] = F'U(FND) is a partition of F. And also recall that
FFCcGCGCH=X\FEand E C D. (See the graphic on the following
page.) So x € F implies either x € G or x € D. First, suppose z € G: Then
Lemma 38.2 shows that 2 € G C int (U{O : O € U 0k ())}). Otherwise,
x € D: Since Y = {Y, : a € A} precisely refines V' = {V/ : a € A}, each
y ¢ V] must satisfy y € Yy, i.e., each y € X satisfies ord, Y < ord, V’'. So any
y satisfying y € O' € O,,,(V’), must also satisfy y € O € O(Y) for k < m.
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It follows, since D C U{O : O € U™ 0,,(V)}, that D c U{O : O €
UTTOL())}. But D is open so D C int (U{O : O € UTT'Ok(Y)}). Thus,
x € int (U{O: 0 € U OL()}).

38.9 Lemma (U{; decompositions)® Let dim X =n > 0; w(X) = |A| > Ry;
and partition X = U’f“Xj where each dim X; = 0. Let Wi, ..., Wy
be decompositions of X; each |W;| < |A|; each lord W; < 2; and each
Bdry W; = Uper, ' where | F;| < |A] is closed discrete and shrinks an open
family G;. Let Bdry Wh, ..., Bdry Wy 41 satisfy P,—1; and let V be an open
cover of X . Then pairwise-disjoint triplets Ui ,UZ UL, ... s UL U2 US4

of discrete families exist and each decomposition U; = U?MJIC of X satisfies:
(13) lord U; <2;

(14)  clU] refines V and nL;JlZ/{} covers X ;

(15) =« € Bdry U; implies distinct Uy, Us € U; where x € B(U1) N B(Us);
(16) U; covers X;;

(17)  Bdry U; N Bdry W; = 0;

(18)  Uj UU} refines Wj;

(19) U} VU is a discrete collection; and

(20) U5 puffs-up Fj in Gj and cl U3 shrinks G;.

PrOOF. Apply Lemma 38.8: Let F; = Bdry Wy,..., F11 = Bdry W,
where F' = X; and let Y = {U, : a € A} in the hypothesis of Lemma 38.8
be a locally finite open cover of X such that {U, : a € A} refines V. Then
the conclusion of Lemma 38.8 provides a locally finite open refinement ) of
U that covers X and satisfies (10). And since F' = X, ord Y < n + 1. Using
Y, the X, and the F; = Bdry W;, we apply Lemma 38.5 and thereby obtain

6Recall that “w(X)” denotes the weight of X; if W is open, then boundary B(W) = W'\
W for an open family W, Bdry W = U{B(W) : W € W}; the definition of decomposition
(footnote 1 of this chapter); and for any family S of subsets of X, cl1 S = {S : S € S},
UcS=U{cl(S): S eS8} =U{S:5 €S}
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discrete open families Vi,..., V!, each of size < |A| such that
(21) YNF=0=BY)nX; (Y e,

and the union U’f“)i} covers X and refines ). Each of these n+1 collections

y} yields a corresponding offspring, namely, the open family
(22) Uy ={Ynw:Y ey; WeWw;}

Each U] has size < |A], is discrete, and satisfies (Bdryl;) N X; = 0. (See
38.9.1 and 38.9.2 for the proofs.) Also, Y NW C Y shows that Ucl Z/{jl C
U{Y : Y € Y}}. Thus, (21) yields each (Ucl U}) N (U{F : F € F;}) = 0.
Now assume that G; is pairwise disjoint.”

Then puff up F; in G; to a discrete open family Z/{jz, i.e., for each F' € Fj
and corresponding G'r € G; there is an open Ur such that

23) U} ={Up:FeF;}where FCUr CUr CGpN(X\UcU}).
J J J

Thus each Z/{j2 has size < |A|, covers Bdry W;, and, since dim X; = 0, we
may assume that U € U7 implies B(U) N X; = (). From (23) we also have

(24) (Udlj)nUcdl)=0.
Next, for each j, 1 < j <n+ 1, define
(25) Uy ={Wn X\ (Udl] Uucdl)]: W eWw;}.

Then each |U/?| < |A]. With the triplets U}, U3, U3 defined, let U = UUY.
The proofs that the U; satisfy (13),...,(20) appear in 38.9.5, ..., 38.9.9.

38.9.1 PROOF THAT EACH Z/{} IS DISCRETE. From (21) and F; = Bdry W;,
(26) WY : Y € Yj}n Bdry W; = 0.

IfreG,=X\U{Y:Y ¢ y;}, then G is a neighborhood of x that meets
no member of L{jl. Otherwise, z € Y, € yjl. Then by (26), x € W, € W).
Since y} is discrete there is a neighborhood G, that meets only one Y € y},
namely Y,. So G, N W, meets only one member Y, N W, of Lljl.

38.9.2 PROOF THAT EACH (Bdry Uf) N X; = 0. Let x € Bdry U}. Since
L{jl is discrete there is a unique Y € y; and unique W € W; such that

xe€BYNW)=cd¥Y nNW)\(YNW). Soze (Y nNW)\ (Y NW) shows
that z € Y = B(Y) UY, which implies z € B(Y) or x € Y. But z € Y and

"Since Fj is a separated family, we may use the “M construction” in footnote 4 of this
chapter, and then replace each Gp O F with Mpr N Ggr where FF C Mp N Gp for each
F € Fj and corresponding Gr € G;.
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r €Y NW imply z ¢ W. Thus € Bdry W;, which contradicts (26). So we
are left with z € B(Y'). Then (21) shows z ¢ X.

38.9.3 PROOF THAT EACH U; IS A DECOMPOSITION. The open family U/;
is pairwise disjoint because Z/{jl is discrete (38.9.1); Z/{j2 is discrete (use (23)
where Fj is discrete and G; pairwise disjoint), and, U] and U7 satisfy (25);
and U3 satisfies (25) where W; is pairwise disjoint. Also, cl U; covers X
because x € (UclU} U UclU?), or, z € U € U3

38.9.4 PROOF THAT Bdry U C Bdry U}U Bdry U?. For any open sets W
and R, we have BOW N R) C (B(W)N R)U (W N B(R)). In particular,
this formula holds for B(U) C Bdry U3 if U = W N R where W € W; and
R=X\(UclUj U UcllU). Theset (B(W)N R), however, is empty because
B(W) is covered by a union of members of Z/{f. So

B(U)=B(WNR)C(WnNB(R) C Bdry U] U Bdry U
because B(R) N R = () and R meets no member of U} UU?.

38.9.5 PROOF OF (13). Since U; is a decomposition, z € U, € U; implies
lord, Uj = 1. So let € Bdry U; = Bdry U} U Bdry U where equality follows
from 38.9.4. Since Bdry W; is covered by Z/{j2, we conclude that z € W for a
unique W € W;. So select an open G, C W that contains x and meets at
most one member of L{jl U L{jQ. Then lord, U; < 2.

38.9.6 PROOF OF (14). Using “A < B” to denote “A refines B,” we recall

X paracompact
1 38.9 1 ntlg 38.5 38.8 X normal
(27) U, < Y, < Uy, <Y < U<cdl < V
1

where the “data above <” indicates the assumption/lemma producing the
refinement. Thus, (27) shows that cl Z/{} refines V. To see that U’f*ll/{jl
covers X, let x € X. With Lemma 38.8, and i/ and F' = X as input, ) exists
and ord YV < n+ 1. Using ) as the locally finite cover in the hypothesis
of Lemma 38.5, we produce n + 1 families y} whose union covers X and
refines ). So z is in some k-node of Y, ie., z € Y, € y} for some j. Then
from (7), ¢ F; = Bdry W;, and so must be in some W, € W,;. Thus,
zeY,NW, e Z/{jl.

38.9.7 PROOF OF (15). We show how to ensure that (15) is true. The
idea is motivated by a simple example. Consider the decomposition U =
{(0,1/2)(1/2,1]} of the unit interval I = [0,1]. Then Bdry U = {0,1/2},
but only one of these boundary points satisfies (15). The solution? Replace
(0,1/2) with [0,1/2), thereby creating D = {[0,1/2), (1/2,1]} that does sat-
isfy (15). In general, for U € UJ, k =1,2,3, define

D=Dy=X\U{V:U#VelU;} € DY, D;=D}uD?UD.
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Since U; is a decomposition, for D = Dy, we have

Then the D; families satisfy (13), ..., (20) whenever the U; satisfy (13), (14),
and (16), ..., (20):

First, (i) yields that cl D; covers X whenever cl U; covers X. And the
open family D; is pairwise disjoint because U is pairwise disjoint. So each
D; is a decomposition of X. Second, let us consider properties (13), ..., (20):

For (13), lord, U; < 2 implies that z meets at most two members
of cl Uj, so (i) yields lord, D; < 2. For (14), apply (i) and (ii).

For (15), let # € B(Dy) C Bdry D;. Then by (iii), z € B(U),
and there must exist a another Uy € U; such that x € B(Un).
(Otherwise, x has a neighborhood G, that does not meet V for
each V # U in U;, which places « € int(Dy)). Sox € B(U)N
B(Uy). Moreover, © € Dy, because U # Uy, x € U, and U N
Dy, = 0. But € Dy, because x € U; and (i) holds. Thus
x € B(DU) N B(DUl)-

For (16) and (17) use (ii) and (iii), respectively.

For (18), “Bdry U; N Bdry W; = 0" coupled with “Z/{jl UZ/{j3 refines
W;” implies “cl (Lljl UL{?) refines W;.” Then apply (i).

For (19), note that if Z/{jl U Z/{j2 is discrete, then cl (Z/{Jl U Z/{f) is
discrete. Then apply (i). For (20), use (ii), and then (i) with “cl
U3 shrinks G;.”

38.9.8 PROOF OF (16). The comments following (22) and (23) show (Bdry
Uj) NX; = 0 and, since U discrete, (Bdry U7) NX; = (. Then by 38.9.4,
Bdry Z/{f - BdryU} U Bdryuj?. So the decomposition U; covers X;.

38.9.9 Proors oF (17), (18), (19), AND (20). Statement (17) follows

because U7 covers Bdry W;. The definitions of U}, U7, and U} yield (18)
and (20). Claims 38.9.1 and those surrounding (23) and (24) yield (19).

We close this section with an abstract illustration of a /; decomposition.
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839 The Decomposition Theorem

In this section, we state and prove the Decomposition Theorem.

39.1 Theorem (Decomposition Theorem for Finite-Dimensional Spaces)
For n >0, let X = X1 U---UX,41 be a partition of the n-dimensional
weight |A] > Ro metric space X where each dim X; = 0. For each closed
subset F C X, let {GF i > 1} be a countable collection of open sets such
that F = M;GE. Then there exist decompositions W;j = {W, :a € A}, i > 1,
1 <j<n+1, with the following properties: For each i > 1,

for each j, lord W;; < 2;

for each x € X, x € Wy € W;j; for some j where dia( W) < 1/1,
and, for each k <i, a Wi, € Wy, exists such that W, C Wy;

if x € Bdry W;j, then x € BOW) N B(W') for W # W' in W;;;
each W;; covers X;;

for k < i and each j, Bdry W;; N Bdry Wy; = 0;

if BU)NB(V) #0 for U#V in W,j;, then W € {U,V} exists
where W C Wi, € Wy, for each k < i;

for k <i and each j, W € W;; meets at most two members of Wy;,
and, for all but at most one of the k <1i, W C Wi, € Wy

for k < i and each j, if BWU)NB(V) #0 for distinct U,V € Wy;,
then W € Wi; exists such that B{U)NB(V) CW C Gf(U)mB(V);
for k <i and each j, W € W;; meets Bdry Wy, only if a unique
distinct pair U,V € Wy, exists such that B{U)NB(V) C W.
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PrROOF. The proof is by induction on the index i. For ¢ = 1 we apply
Lemma 38.5: Let U be a size < |A| locally finite order < n+ 1 open cover of
X such that mesh & < 1. Let F} = --- = F,,;1 = (), and suppose that the
X are as specified in Theorem 39.1. Then Lemma 38.5 provides the discrete
open families Vj of size < |A| that satisfy (7) and the covering properties in
Lemma 38.5. We define

Wi =Y u{X\(UdY))} (1<j<n+1).

Then (32)1,...,(36); are vacuously satisfied; and (28)1, (29);, and (31);
follow from those of the y; and the definition of Wy;. Property (30); may
be obtained by modifying each W, as in the proof of (15) within 38.9.7.%
Thus, Theorem 39.1 holds for ¢ = 1.
Now suppose i > 1 and that Theorem 39.1 is true for each £k <i—1. We
shall construct the W;; by applying Lemma 38.9: Let V be an open cover of
X whose mesh is < 1/i. Then define

Wi={Win---NWi_1: W € Wyy; 1<k <i—1} (1<j<n+1).
Each W is a size < |A| decomposition of X such that
(37) Bdry W, = U{BdryWy,; : 1<k <i—1},  lord W; < 2.°

Further, from (31); for 1 < k <i— 1, and the Decomposition Theorem (see
8A6.2), Bdry Wy, ..., Bdry W,,41 satisfy P,_1. For each j, define

Fi={BU)NB(V): forsome k<i—1, UV €Wy and U # V}.

Using (30) for 1 < k < i — 1, and applying (37), we may also show that
Bdry W; = U{F : F € F;}. In addition, for 1 < k <i—1, (28); implies

{(B{U)NB(V): U #V;U,V € Wi}

is a discrete collection. Then we may use (32);_1 to show that for each j, the
closed family F; is discrete. (Note that |F;| < |Al.)
Continuing, we now define the G;: For k € {1,...,7 — 1} fixed, let

Fyy=F; " =BU)NB(V)eF; UV eW,.

81In “38.9.7 PROOF OF (15)” replace U; with Wy;, and define Dy = X \ U{W’ : W #
W’ € Wi;} € Dj. Then for the W j-induced decomposition D;, the argument that yielded
(13) yields (28)1; dia(W) = dia(W) and W = Dy yield (29)1; and W C Dy yields (31);.

9 The proof that Bdry Wj is a subset of the right-side set in (37) is straightforward. For
the reverse inclusion, let € Bdry Wj,; for some k <i— 1. By (30)%, 2 € B(W) N B(W’)
for distinct W, W’ & Wi;. Then since Wiy,;, m < i — 1, is a decomposition of X, use
(32)y for £ = max{m, k} to specify (for m # k) Wy, € Wp,; such that © € W,. So for
Wi, e {W,W'}, & € BW1N---NW;_1). Next, lord W; < 2: For x € B(W)N B(W') C
Bdry Wy, an open G, © € Gz, meets only the two W, W/ € Wy;. With the W,, above,
zeG=WiN---NWr_1 NGz NWgyqN---NW;_1, and G meets only two sets in Wj.
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If i =2, let

(38) Wij = X D Fyj.

If i >3and k=i — 1, use (32);_1 and (33);_1 to determine a unique*’
(39) Wij =W :1<m<i—1=kWpn€eWn} D Fi.

If i >3 and k <i— 1, use (34);—1 and (35);_; to determine a unique'!
(40) Wi =Wy : 1 <m <i—1;m#k;Wy, € Wiy} O Fij.

Also, since lord Wy; < 2 an open set H exists where Fy; C H and H meets
at most two members of Wy;. Then, for F' = Flg’v =BU)NB(V), let

GFZHﬂGf‘ﬂij

For each j, define G; = {Gp : F € F;}. Then each F; shrinks G;. Thus, we
may now apply Lemma 38.9, and the U; thus produced yield

Wy =U;  (1<j<n+1).

(For the proof that these W;; satisfy (28);,...,(36); see 39.1.1.) Thus, with
the induction step complete, we are finished.

39.1.1 PROOF THAT THE W;; SATISFY (28);,...,(36);. Note that each
Wi = U; = U?Lljlc and U; is a decomposition. Now consider the following
properties:

For (28);, apply (13).

For (29);, (14) provides that Uf U} covers X. So # € X implies
x € W, €U} C W for some j. And (14) also provides that each
cl U} refines V, making dia(W,) < mesh V < 1/i. In addition, by
(18), Uj refines W, and so the definition of W; shows that for
each k < i, a W), € Wy, exists such that W, C W.

For (30); and (31);, apply (15) and (16), respectively.

For (32);, apply (17) and (37).

For (33);, if B({U)N B(V) # 0 for U # V in W;j, then from (19)
we may assume that either U € Z/{jl and V € Z/{f, or, U € Z/{j2 and

Ve L{f. In either case, (18) and the definition of W; show that
for each k < 4, a W), € Wy, exists such that V' C Wj.

0By (33);—1, W € {U, V} exists where W C Wy, € W,y for each m < i — 1. Further,
by (32);—1, W C Wy, for each m < i — 1 and a fortiori, F; C W is a subset of each Wp,.

1By (35);_1, W € Wi—1); exists such that Fy; C W. Furthermore, (34);—1 shows
W C Wi, € Wi for each m < i — 1 except m = k.
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For (34);, (18) shows that each member W of Uj UU} C Wi;
is a subset of a member of W;, and hence for all £ < i, W C
Wi € Wyj. So suppose W € Z/{j2 C W;j. Then by (20) there is
a unique ' = B(U) N B(V) C W where F' € F; and for some
k<i—1 UV € Wy and U # V. Moreover, this particular
F = Fy; = F;"" € Wy; where Wy; is given by one of (38), (39),
or (40). If Wy; = X is given by (38), then i =2 and k = 1. By
(20), F c W Cc W C Gr = HNGY where H meets at most
two members of Wy;. So W meets at most two members of W ;.
Since ¢ = 2, we are finished. The argument for the cases where
Wiy, is given by either (39) or (40) is similar.

For (35);, we apply (20) with W € Z/{j2 C W;j because Bdry W; =
UW{F:FeF;j}and W C Gp C GF where F = B({U)N B(V).
For (36);, we may apply (18) and (20) because W € W;; meets
Bdry W, for k <4 implies W € Z/{jz.

39.2 EXAMPLE. Let X =TI = [0,1] be the unit interval, X; C I the rational
reals, and Xy = I'\ X; the irrationals. Then Figure 39.3 provides an instance
of W11 and Wjs as constructed in the proof of Theorem 39.1.

Assumptions (X,= rationals, X.= irrationals, X=[0,1])

1=1
O 1
X
Va
Vi ° oV
Oa o o
o) ] “ [
Y., X\(Ya be) Y,
Wi A 2
y11 = { Yo, Ys }
Fri={{z1}, {z=2}}
X1, T2 irrational K= X\(Ya UY[,)
L] L]
. Yab
Vi ={Ya} ° ©
Y.,
Wiz 3 " s

Wiz={Yat, X\Yab }
Fo={{y1,y2}}

Y1, Y2 rational

Fig. 39.3 The first step in the proof of the Decomposition Theorem.

Property (28); is obvious; (29); is satisfied because these decompositions
refine Vy; (30); is satisfied at Bdry Wiy = {21, 22} and Bdry Wha = {y1, 42 };
and (31); is satisfied because x; and x5 are irrational, while y; and ys are
rational. The other properties are vacuously satisfied.
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Turning to the inductive construction, we provide a graphic instance of
the step from ¢ = 1 to ¢ = 2. In Figure 39.4, we focus on Bdry W; =
Bdry Wy1 = {21, 22}, whose representation throughout the construction is
indicated with dotted lines. Similarly, in Figure 39.5 we focus on Bdry W, =
Bdry Wiz = {y1, y2}-

Assumptions (Wii, Wiz, Fi, Fa)

1=2,73=1
0 x1 X2 1
W1 (o] o
Vi
o o
V2 Va o o Ve
O Oq ] Ope O

O(V2) “ ] b (7] b [ ‘
Vi(V2) Ye o o Y o o Ye
ui Ua o o U o o Ue
u Ua.bo Ocho

u; oo oo oo 0O

Woq oo oo oo 0O

Fig. 39.4 Constructing W in the proof of the Decomposition Theorem.

Assumptions (Wii, Wiz, F1, Fa)

1=2,5=2
0 1 1
" v Y2
o Vo o
Va Va o o Ve
OWs) O, 1 Oup [ Oy ] Ope [ O¢
Vi(V2) Yo o o Y o o Ye
K=X\Ua i o o . .
yh o Ya g o Y g
u} ° Uap ° ° Upe °
u;
u3 o o o o o o
Wao o o o o o o o o

Fig. 39.5 Constructing Whse in the proof of the Decomposition Theorem.
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0 1 z2 1
Wll o o
Ml1 Ua () [e) Us o) o) U,
Z/l12 .................
Z/l13 [eXe} OO OO oo
W21 oo oo oo ©0oO0

Fig. 39.7 Viewing members of W;; for j = 2.

39.8 EXAMPLE. The W;; constructed in Figures 39.4 and 39.5 provide models
for the properties listed in the Decomposition Theorem 39.1. In particular,
within Figure 39.6 we see Wy with three members, Bdry Wy; = {21, 22},
Wa1 with eight members (the union of the two segments in the interior of the
dotted ellipse is one member of U C Wa1), and the points in Bdry Wa; are
represented as circles.

Similar observations hold for Figure 39.7: We note from Figure 39.3 that
Wha = {Yap, X\ Yap} contains only two members, which accounts for the right
and left halves of a dotted ellipse at the top of Figure 39.7. In other words,
using the three segments [0,v1), (y1,y2), and (y2,1] displayed at the top of
Figure 39.7, we may represent the decomposition Wiz as the family {[0,y;)U
(y2,1], (y1,y2)}. In addition, the definitions of triplets Us, U3, U3, given,
respectively, by equations (22), (23), and (25), show that U3 contains two
members, U; one member, and Us two members — the “dotted full ellipses
and the dotted half ellipses” serve to indicate the unions of the intervals that
form the members of these families. It follows that Why = U?Uﬁ“ contains five
members.

With this graphical understanding of the four collections Wy1, Wia, Wh1,
and Who, we are in a position to show that these families satisfy the properties
listed in the Decomposition Theorem 39.1:
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For (28); and (28)2, we may simply inspect the graphics.

For (29)1, observe that (trivially) the mesh Wi; U Wio is < 1,
and the statement “... for each k <1 ...W, C W}” is vacuously
satisfied.

For (29)2, note that Z/lll UL{21 = {Ua, Uy, Ue, Ugp, ch} C Wo1 UWao
covers X, the mesh of U} UU3 is < 1/2 (this family refines Vs),
and, U] refines Wy; and U} refines Wis.

For (30);, we may simply inspect the graphics.

For (31);, notice that the points in Bdry W;; may be selected as
irrational (X is the subset of rationals) and those in Bdry Wi
as rational.

For (32)2, observe that Z/{j2 C Whj covers Bdry W;;.
For (33)2, observe that Z/{jl LJZ/{J3 C Wy, and that Z/ljl UZ/{]3 C Wyj.

For (34)s, note that L{j2 C Wha; covers Bdry Wy, and Lljl U L{j3
refines Wi ;.

For (35)2, note that B(U) N B(V) equals either {z1} or {z2}
for distinct U,V € Wiy, and then note that F; = {{z1}, {z2}}
precisely refines U C Wa. Similarly, the lone B(U) N B(V) =
{y1,y2} because the only two distinct members U = Y, and
V = X\ Y in Wiy serve to define Fo = {{y1,y2}}, which
precisely refines U3.

For (36)2, the two members of U7 are the only members of Wa;
that meet Bdry Wi1 = {1, z2}, and each meets two members of
Wi1. Similarly, the one member W of U3 is the only member of
Waa that meets Bdry Whia = {y1, 92}, and W meets two members
of ng.

For (32)1, (33)1, (34)1, (35)1, and (36)1, we note that each is
vacuously satisfied.

840 Comments

The “diml function” (§36) and the “nodes of covers” (§37) were introduced in
Lipscomb [1973]. The lemmas (§38) and the Decomposition Theorem (§39)
were introduced in Lipscomb [1975].

Within physics, it was the study of “coordinate systems” and “change
of coordinate systems” that eventually led to the intuitive statement that
the laws of physics must be independent of coordinate systems. Roughly, but
also analogously, I view the mathematics of this chapter in a similar vein,
i.e., as an example that the laws of decompositions of metric spaces must be
independent of nodal indexings. Indeed, as illustrated in Figures 37.2 through
37.8, one cover of three sets may be nodally indexed in distinct ways, each
yielding a “coordinate system” for related decompositions. A study of such
indexings appears in §37 and §38. And that study yielded one law (the
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Decomposition Theorem 39.1) concerning decompositions of metric spaces
that is independent of nodal indexings.

So as one might suspect, the idea of nodes and nodal indexings has taken
a back seat to the Decomposition Theorem. In fact, applications, extensions,
modifications, and enhancements of Lemma 38.9 and the Decomposition The-
orem appear in the works of Milutinovi¢ and also in the works of Ivansi¢ and
Milutinovié: For example, see Ivansi¢ and Milutinovié¢ [2002], [2003], [2005],
and [2007]; and Milutinovié¢ [1992], [1993], and [2006].

The material in this chapter is a greatly expanded and augmented version
of the original presentation, and is a direct result of comments made by the
referee of Lipscomb [1975]: In June of 1974: I received a letter from Steve
Armentrout, who quoted the referee:

I believe that all of the proofs are correct, and that this paper is
an outstanding contribution to dimension theory. The author’s
style is rather terse, and I have included a few comments for him
to consider in case he wishes to do any revision of his manuscript.

The original presentation contained neither graphics, nor examples, nor
the proofs that appear in the footnotes of this chapter, nor proofs 38.8.1
through 38.8.5, nor proofs 38.9.1 through 38.9.9. In addition, the precise
idea of a “nodal indexing” was introduced in this chapter to add precision
to the original arguments. And with the goal of making the ideas more
accessible, even the original arguments were adjusted.

An understanding of the ideas presented in this chapter should serve as a
gateway to all of the very substantial research referenced in this section.

It should be noted that §A6.2 Lemma (covers at points in dim < n closed
subspaces) was used to prove §A6.2 Theorem (refining covers of dim < n
subspaces), which was used to prove Lemma 38.2 (refining covers in a neigh-
borhood of a dim < n closed set). The idea for this sequence was initiated
by the author’s study of Ostrand [1971] — within §A6.2, see the paragraph
in the middle of page 202.



CHAPTER 8

The J;*! Imbedding Theorem

The Classical Imbedding Theorem states that any n-dimensional separable
metric space may be imbedded in the subspace of I2"*! whose tuples contain
at most n rational coordinates.

In this chapter, we construct a proof of the J "1 Imbedding Theorem that
states that any n-dimensional weight |A] > Vg metric space may be imbedded
in the subspace of JZ“ whose tuples contain at most n rational coordinates.
The proof rests on an application of the Decomposition Theorem 39.1 that
yields a commutative diagram that contains the imbedding.

841 Mappings and the Commutative Diagram

In this section we outline the mappings and methods that produce the desired
imbeddings into JZH. We begin with a commutative diagram.

7 A1y Azj Asj

) l ’ < N\ o
N(A)+! Y ! X ,
Ayj Asy Aszj
et gl ;%: of ! <« ><
J1741+1 o

Fig. 41.1 Decomposition map ¢; ancestor map h; and imbedding ).

Within Figure 41.1, X is any weight |A| > R metric space of dimension
n > 0. The mapping p"*! : N(A)"*1 — J4*! denotes the product map
that has the natural map p : N(A) — Ja as each of its factors. Since p
is perfect, p"*! is perfect (Theorem A5.9). In addition, the two unlabeled
arrows Z — N(A)"1 and Y — N(A)"*! denote inclusions.

The decomposition map q : Z — X and ancestor map h : Z — Y shall be
defined below (both mappings are induced from an application of the Decom-
position Theorem 39.1). The decomposition map ¢ is both continuous and
quotient, while the ancestor map h is a homeomorphism. The notations “q”
and “h” are mnemonics, respectively, for “quotient” and “homeomorphism.”

The homeomorphism h has an important property: For each x € X there
isawvy € JX“ that has at most n rational coordinates and h maps the ¢-
fiber ¢~!(z) C Z onto the p"*!-fiber (p"*1)~!(v,) C Y. This correspondence
x +— v, is denoted 1, and 1) is the desired imbedding.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 8, (© Springer Science+Business Media, LLC 2009 83
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As indicated in the diagram, 1 = gf~! where f is given by f = q(h™!)
(since h is one-to-one, f is well defined). Moreover, f is both continuous and
quotient because h is a homeomorphism and ¢ is quotient. The map g is the
restriction of p™*! to Y, which is closed because Y is a p"*! inverse set and
p"t1 is perfect. With these aspects of f and g exposed, an application of
Theorem A4.3 shows that ¢ = gf ! : X — (X) is a homeomorphism. And
finally, it follows that ¢ = gf ! = g(hq™!) = p" vy (hg™ ).

842 The Decomposition Map ¢

Since X is a weight |A| > R n-dimensional metric space, we may use the
(dimension theory) Decomposition Theorem (§A6) to select, for each j =
1,...,n + 1, zero-dimensional subspaces ¥; C X such that X = U?HYJ-.
Then using the Subspace Theorem (§A6), we define X; = Y7 and, for j > 1,
X; = Y; \ (Uk<;Y%) C Yj to obtain a partition X = U X; of X into
zero-dimensional subspaces X;. With these X;, we apply the Decomposition
Theorem 39.1 and thereby obtain W;;, i > 1 and 1 < j < n + 1, that satisfy
(28)4, ..., (36); of the Decomposition Theorem 39.1.

Since each Wi; is of size < |A] > Ry, we may partition A into sets A;;
such that W;; = {W, : a € A;;} is a faithful indexing of W;.

Next, each a = (al,...,a"™!) € N(A)""!, where o/ = ajjas; - is a
sequence in A, may be Viewed as an Ny x (n + 1) matrix [o;;] whose entries
ai; are members of A. It may happen that each ay; € A;;.

In general, suppose x € X. Then since each W;; is a decomposition of
X, we may select, for each 7 and each j, a W, € W;; such that x € W, and
then define a;; = a. The corresponding matrix [a;;] has n 4+ 1 columns o7,
and each column o/ may be viewed as a sequence in A4, i.e., the matrix o]
corresponds to the (n+1)-tuple a = (al, ..., a""1) € N(A)”Jrl induced from
the containment z € N{W, : a is an entry of the matrix [o;]}.

42.1 Definition (the decomposition map ¢ : Z — X) Let X and the
corresponding W;; = {W, : a € A;;} be as constructed above. Then define
a € Z C N(A)" and the decomposition map q: Z — X by

a€Z, qla) =2z ifandonly if {x} =n{W,, i>1;1<j<n+1}.

The decomposition map ¢ : Z — X is well defined because of (29); in Theo-
rem 39.1.

As we shall see in the following two theorems, (28);, ..., (36); of Theo-
rem 39.1 expose key aspects of ¢: Z — X.

42.2 Theorem Each fiber ¢~ (x) of ¢ : Z — X s finite.

Proor. Either z is in no Bdry W;;, or, = is in some Bdry Wy,,. In the
first case, since each W;; is a decomposition, g(a) = ¢(f8) = « implies the
matrices [a;;] = a and [;;] = (3 are equal, making ¢~ '(z) a singleton set.
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In the second case, (32) and (32); for ¢ > k show that if x € Bdry Wim,
then x ¢ Bdry W;, for all i # k. So there are only two choices for the mth
column of any [a;;] such that g(o) = x. (Property (30); shows that there
are distinct U, V' € Wy, such that € B(U) N B(V); then (28)) shows that
U and V are the only members of Wy, whose closures contain z; and every
other entry ,, in the mth column has x interior to W,,,, € Win.) Thus,
since there are only a finite number of columns, there are only finitely many
members of the fiber ¢~!(z).

42.3 Theorem The surjection q : Z — X is both continuous and quotient.

PROOF. The argument in the paragraph preceding Definition 42.1 shows
that ¢ is surjective. So let us show that ¢ is continuous: For o = [a;;] and
B = [Bi;] in Z, we say that « is (1/€)-close to § whenever the first £ rows of
[a;;] are identical to the first £ rows of [8;;]. Then from (29), the distance
between g(«) and ¢(f3) is less than 1/¢ whenever « is (1/¢)-close to 3. The
continuity of ¢ therefore follows. For the quotient aspect, suppose ¢~ 1(G) is
open. We shall show that G C X is open by showing that each z € G is in
the interior of G. Indeed, for a € ¢~ 1(z), let (ay) be the basic open set

<O¢g> = <a11, RN Ozg1> X e X <a1(n+1), ey Oze(n+1)> - N(A)nJrl.

Also recall that, as was shown in the proof of Theorem 42.2, if z € Bdry
Wim, then x & Bdry W, for every ¢ # k. Thus we may choose ¢ > k for
every k such that z € Bdry Wy, for some j. Further, since ¢~!(z) is a finite
set and ¢~ (@) is open, we may assume that £ is large enough so that

(1) U{{ar) s a € ¢ H(a)} C ¢~ (@),
Now define

Vo= [NM{W:izeWeW,;; 1<i<land1l<j<n+1}]
N[U{W 12 € B(W) and W € Wy, for some k and m}].

Then (30); and (28)), show that V,, is a neighborhood of z. Further, fory € V,
and ¢(B) = y, we have 3;; = ay; for each j, forcing y € N TH{W, : a = ay;}.
Then (34), shows that 3 is a member of the left side of (1). So 3 € ¢~ }(G),
which shows that ¢(8) = y € G, i.e., the neighborhood V, of  must be a
subset of G.

843 The Ancestor Map h

We now turn to the definition of h : Z — Y, where it is assumed that we use
the same decompositions that were used to define ¢ : Z — X. First, however,
we need the concept of ancestors.

43.1 Definition (ancestors of a;; € A;;) Let j € {1,...,n+1} be fixed; and
let ay; € Ay for K =1,...,4 be such that ﬁ};:lWakj # (). Then whenever
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Wa,,N Bdry Wi; = 0 for each k < i, we say that a;; has no ancestor with
respect to auj, ..., a(i—1)j. Otherwise, as proved in the following paragraph,
there is a unique ¢ < ¢ and a unique §¢; € Ag; such that By; # oy and
Wa,; N B(Wa,,) N B(Wpg,,) # 0. This 3y; is called the 1st ancestor of
with respect to aij, ..., ai_1)j. The 2nd ancestor of «;; with respect to
Qij, ... (i—1); is the 1st ancestor of fBy; with respect to ayj, ..., a_1);-
The process of determining ancestors of «;; terminates after at most ¢ — 1
steps, and we call the final ancestor so determined the last ancestor of oj
with respect to ayj, ..., a—1);-

A few comments concerning no ancestor, 1st ancestor, ...,last ancestor
are in order. That “no ancestor” is unambiguous is obvious. In contrast, the
argument that “lst ancestor” is well defined is not so obvious. To address
the subtlety, we prove the following: If

(1) Miey Way, #0  and (i) Wa,, N Bdry Wy, # 0 for £ < i,
then £ is unique, and, a unique Bej € Ay exists such that Bej # oy and
(lll) Waij N B(Waej) N B(Wﬁej) 7é 0.

Indeed, (ii), and then (30); of Theorem 39.1 show that W,,,,NB(U)NB(V) # 0
for distinct U,V € Wy;; and (34); of Theorem 39.1 shows that £ is unique.
Next, suppose Wy, ¢ {U,V'}. Then using W; and W, to denote, respectively,
Wa,, and W,,,, and, B; and By the corresponding B(W;) and B(W;), we
consider

wWw,nwW, = (Bi @] Wl) n (Bg @] Wg)
= (Bi n Bg) U (Bl n Wg) U (WZ n Bz) U (WZ n Wg).

But reading left-to-right, (B; N By) C Bdry W;;N Bdry Wy; = () because of
(32); of Theorem 39.1; (B; N W;) = 0 = (W; N By) because (34); implies
W; cUUV and (UUV)N W, = 0; and (W; N W,;) = 0 because (34); says
that W; meets at most two members of W;;. Thus, W; N W, = (), which
contradicts (i). So Wa,, € {U,V}, the unique 8,; € Ay; exists, By # oy,
and (iii) is true.

To show that “2nd ancestor” is also well defined, we prove the following:
If Bej € Aygj is the 1st ancestor of ayj with respect to vy, ..., ax—1y;, then

(iV) mi;ll Wakj N Wﬁe]‘ 75 0.
Indeed, from (iii) we may infer that

(35); yields (v) B(Wa,,) N B(Wg,,) C W,
and (34); yields (vi) Wa,; C Wy, (1<k<(-1)).

So from (vi), W, C Nt W a,,;, and coupled with (v), we have

0 # B(Wa,,) N B(Ws,,) C Wa,, C N Wa,,, which yields (iv).
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In short, it should now be clear that the inductive construction of ances-
tors is well defined, and in particular, the concept of “last ancestor” is well
defined.

With the spadework of “ancestors” complete, we are ready for the defini-
tionof h: Z — Y.

43.2 Definition (the ancestor map h: Z —Y) Let a € Z. Then o = [ay;]
is induced by = ¢(«) and the W;;. For each ¢ > 1 and each j < n+1,

define, with respect to ayj, ..., agi_1);,
] oy if o;; has no ancestor;
i last ancestor of «;; otherwise.

The correspondence «;; +— 7;; induces the mapping h : Z — h(Z) =Y C
N(A)"*! given by o — h(a) =~ = [y;].

Since “no ancestor and last ancestor of a;; with respect to ayj, ...,
a(i—1);” are well defined, h : Z — Y is well defined; and since Y = h(Z)
by definition, h is surjective.

To see that h is also continuous, recall (from the proof of Theorem 42.3)
that 8 (1/¢)-close to a implies 8;; = v for alli < fand all j, 1 < j <n+1.
Since these «;; determine the corresponding 7;; where h(a) =+, and these
same «;; = [;; determine the corresponding d;; where h(8) = §, we have
0ij =i foralli < Zandall j, 1 <j<n+1,ie., h(F)is (1/¢)-close to h(c).
It follows that h: Z — Y C N(A)"! is continuous.

43.3 Lemma (an m exists where o, = h(a)im for any ¢ in an infinite R)
Let (o) = x € X. Then there is anm € {1,...,n+1} and an infinite subset
R C {1,2,...} such that i € R implies h(a)im = im; qla) € Wy,,.; and
dia(W,,,) < 1/i.

PROOF. Property (29); of Theorem 39.1 holds for every i € {1,2,...} and
any © € X. So for every i > 1 and z = ¢(a), a j € {1,...,n+ 1} exists that
makes (29); true. Consequently, since j ranges over finitely many values, at
least one j < n+ 1, say j = m, and an infinite R C {1,2,...} exist such
that (29); is true for each ¢ € R. The inclusion condition in (29); for i € R
and the definition of no ancestor show that i € R implies h(a)im = Qim-
Moreover, since i € R implies that (29); holds for j = m, z = q(«) € Wa,,,
where dia(W,,,,) < 1/i.

Xim

43.4 Lemma Let o, B € Z; let ayy # Puv for some u and some v; let
i > u; let g(o), q(B) € W € Wy, and let § # B(W,,,) N B(Wg,,) C W.
Then h(a)iy # h(B)iv-

PRrROOF. Since ¢(a), ¢(8) € W € W;,, we have aj, = [Bi,. Since 0 #
B(Wa,,) N B(Wg,,) C W where ay, # Buw, (34); of Theorem 39.1 shows
that (., is the 1st ancestor of ay, (With respect to ayy,. .., (—1),) and that
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Qup 18 the 1st ancestor of (3, (with respect to Biu, ..., Bi—1)»). By (33); of
Theorem 39.1, either ay,, or By, has no ancestor, so h(@);, # h(8)iy-

43.5 Lemma Let «, 8 € Z with h(a)im = h(8)im = qim. Then Bim = Qim .-

PROOF. By definition of the ancestor map h, with respect to Bim, - -, Bi—1)m
h(B)im = Bim if Bim has no ancestor;
™ 71 last ancestor of B, otherwise.

Note that “h(8)im = Bim” is equivalent to “h(5);, is an index in A;,." (A
last ancestor of 3;,, would be an index in Ay, where £ < i and Ag,,NA;, = 0.)
It follows that h(83)im = Qim € A implies Bim = Qim.

43.6 Theorem The ancestor map h : Z — Y is a homeomorphism.

PrOOF. From the comments following Definition 43.2, h is both surjective
and continuous. So it suffices to show that h is one-to-one and that h~!
is continuous. To see that h is one-to-one, let «, 8 € Z and assume that
Quy # Bup for some u and some v. If ¢(a) = ¢(3), then

q(a) = q(B) € BWa,,) N BWpg,,) #0

and we may use (35)(,+1) of Theorem 39.1 for j = v to see that there is a
W € Wiyt1)o such that B(W,,, )N B(Wp,,) C W. Then Lemma 43.4 shows
that h(a)+41)e 7 P(B)us1)e- So we are left with the case where g(a) # q(0).
In this case, Lemma 43.3 provides an m € {1,...,n+ 1} and an infinite set
R C {1,2,...} such that i € R implies h(@)im = im; q(a) € W,,, ; and
dia(W,,,,) < 1/i. Since ¢(a) # ¢q(08), we let ¢ > 0 denote the distance

Xim

between ¢(a) and ¢(5). Now choose ¢ € R such that
(1/1) <(/2);  qla) € Way,,; h(@)im = im; - dia(Wa,,,) < 1/i.

Then ¢(8) & W,,, and consequently, h(5)im # qim = h(Q)im.

To see that A~ is continuous, we shall use the “(1/i)-close” terminology.
(See the third sentence in the proof of Theorem 42.3.) So let @ € Z and
¢ > 1. Then we shall show that ky exists such that h(3) (1/ke)-close to h(a)
implies 8 (1/¢)-close to «. First, however, as in the third sentence of the
proof of Theorem 42.2 shows, we may assume that if ¢(o) € B(W,,,,) for
some i and some m, then ¢ < ¢. Now consider

(2) G={Wy, i<l j<n+1; and q(a) € Wy, }.

Then G is open and ¢(«) € G implies (by Lemma 43.3 for an m and an
infinite R) that there is a ky € R such that ky = k > 0; h(@)pm = Qrm;
and ¢(o) € W,,,, C W,,,, C G. (The inclusion W, C G follows because
q(a) € G; dia(W,,,,) < (1/k); and k € R may be arbitrarily large.)



§44 MATCHING ¢-FIBERS WITH p"!-FIBERS 89

Consequently, if we suppose that h(53) is (1/k¢)-close to h(c), then h(3);; =
h(c); for all i < ky = k and all j < n+1. In particular, A(8)km = h(Q)km
Qkm, Which shows (by Lemma 43.5) that Bim = agm. So

q(ﬂ) € Wﬁkm, = Walwn C G

It follows from the definition of G that 3;; = a;; foralli < /and all j <n+1
such that g(a) € W,,,;. Now consider those pairs in

(3) {(u,v) : q(a) € B(W,,,) for u < £ and v <n+1}

where the constraint © < ¢ may be replaced by u < ¢ because of the constraint
placed on ¢ in the statement preceding (2).

We shall finish the proof that 2! is continuous by showing that o, # Bus
for (u,v) in the set defined in (3) contradicts h(83)w+1)0 = h(Q)(ug1)w for
u+ 1< €< kg: Indeed, suppose auy # Buy. Now for each i, u < i < ¢, (32);
(of Theorem 39.1) for j = v shows that g(a) € W, € W;,. Also, for each 1,
1<i<u</, (32), yields ¢g(a) € Wy,,. So q(8) € G implies ¢(3) € Wy,
for each ¢, 1 <14 </ such that ¢ # u. In other words,

a1y = Broy ooy Q1w = Bu—1)vs Yutri)w = Bty -5 Qv = Beo.
Also, q(a) € B(W,,,,), (30), for j = v, and (34), for j = v imply
B(Wa,,) N B(Wg,,) #0 because vy # Bup-
Further, (36)(,41) for j = v shows that

0 # B(Wa,,) N B(Ws,,) € W.

X (u+1)v

€ W(u+l)va

which yields (Lemma 43.4) h(a)uy # h(B)ww. Thus, h~! is continuous.

§44 Matching ¢-Fibers with p"*'-Fibers

The adjacent-endpoint relation ~ C N(A) x N(A) was introduced within
Definitions 2.2 as the p : N(A) — Ja induced equivalence relation. Now,
however, we are concerned with N(A)"T! where n may be strictly greater
than zero. So we extend the adjacent-endpoint relation as follows: For
7,6 € N(A)"™, we write “y ~y 6" whenever each pair 4/ and ¢’/ of
corresponding components are ~-related. This “product relation” ~,C
N(A)"HL x N(A)"+! is the p"*l-induced equivalence relation.

44.1 Lemma (h matches g¢-fibers with p"*!-fibers) Let q: Z — X be the
decomposition map; h : Z — Y the ancestor map; and o € q~*(z). Then
h(c) ~x v implies that there is a 3 € ¢~ *(z) such that h(3) = 7.
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PROOF. It suffices to prove the claim for the case where h(a) and ~ differ at
exactly one component.?

To begin, let h(a) and ~ differ at only their jth components. We show
below that a unique ¢ > 1 and a unique (B¢; € Ag; exist such that g # ay;
and

(4) B(Wa,,) N B(Ws,,) = {Wa,, 1i>1}.

Since g(a) = x is given by {2z} = N{W,,, : ¢ > 1; j < n + 1}, equation
(4) shows that g(a) € Bdry W;;. Next, introduce 8 € N(A)"*! such that
Bej is given in (4), but is otherwise given by iy, = @im. Then from (4),
a(B) = q(a).

Using an argument similar to the proof of Lemma 43.4, we may show that
the jth components of h(a) and h(8) are unequal. In addition, equation (8)
below and the definition of the ancestor map h show that h(a)? ~ h(B).
Then h(3) = 7 because the size of any ~ equivalence class is at most two.

With these remarks, it suffices to show that (4) is true: So let h(a) ~x v
where h(a) and v differ only at their jth components. Then let ¢ be the tail
index of the sequence h(a)1;h(cr)2; - - -, and consider the 1st ancestor §;; of
Q(141); With respect to aqy, ..., ayy.

Sol<t+1and W, N Bdry Wy, #0, ie., fori=t+1,

(t+1))
Waij N B(Walj) n B(Wﬁzj) 7é (Da

which is statement (iii) in the first paragraph following Definition 43.1. Then

with this statement (iii) again, we may use the argument in the second para-

graph following Definition 43.1 to obtain (v) (in that second paragraph) for
i=1t+1. We index “(v)” as

(5) 0 7& B(Waej) N B(Wﬁej) - WOtij'

Now let » > i =t + 1 be arbitrary but fixed. An argument that is analogous
to the ¢ = t+1 argument that produced (5) tells us that c..; has a 1st ancestor

€uj With respect to ayj, ..., a(._1); such that
(6) 0 # B(Wa,,) N B(W.,,) C Wa,,.

I'When h(a) and v differ at exactly two components, we may construct a § € N(A)?T1
such that § ~x h(a) and § ~x ~ where ¢ differs from each of h(a) and v at exactly one
component. For example, if h(a) = (61,02,63,0%) and v = (v1,62,603,~4%) are such points
in N(A)%, then consider § = (y1,62,603,0%). In such a case, the desired 8 € ¢~ *(x) may
be obtained by applying the “differ by exactly one component” result twice. The general
case, where h(a) and v differ at exactly k components, then follows from an induction
argument.

2 To see that a(t+1); has an ancestor, suppose otherwise. Then a;1); has no ancestor,

ie, h(a)41); = @@t1);- Thus, A(Q)(41);h(Q)(142); -+ is a constant sequence whose
first term is c ;4 1);. So for k > 1, the last ancestor h(a)(y4x); of @ (44x); With respect to
Q1jy- ey Qeq1)js - - - Xt k—1)5 1S ¢(¢41)5- But this is a contradiction because no ancestor

can be a member of the “with respect to list.”
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It turns out that u < i =t + 1.3
Then from u < i =t + 1 < r and the inclusion in (6), we find that (34),
of Theorem 39.1 shows that for it =t +1

(7) W

Otrj

C W,
Consequently, for i =t + 1, (5), (6), and (7) show that for i =¢ 4 1

(D 7é B(Walj)mB(W ej)
@#Bm@ﬂmBaéw)}CW@f

Then for ¢ =t + 1, (34); of Theorem 39.1 shows that v = ¢. Moreover, since
the corresponding arguments for each i > ¢t + 1 yield (5), (6) and (7) for
i>t+1,

(8) B(Wa,,)NB(Wg,;) C Wy, foralli>t+1.

¢
Then (4) follows from the constraint
Waij CG; (B(Wae]‘) N B(WBZJ'))

on the Wy, in (35); of Theorem 39.1, and the equality
B(Waej) N B(Wﬁej) = t—rDlGi (B(Waej) N B(Wﬁej))
in the hypothesis of Theorem 39.1.

§45 Proof of the J;*' Imbedding Theorem

Using the lemmas and theorems in the preceding sections of this chapter, we
prove the J4 ™! Tmbedding Theorem.

45.1 Theorem (J,' Imbedding Theorem) A metric space X of weight
|A| > Ng is of dimension < n if and only if it can be imbedded in the subset
of 4T whose tuples have at most n rational coordinates.

PRrROOF. Suppose X — Jzﬂ(n) is an imbedding. Then since Theorem 34.2
for £ = n + 1 shows that the subspace

Jit (n) = {z € J4' : 2 has at most n rational coordinates}
3If w > i =t + 1, then again oy has a 1st ancestor with respect to aij, ..., _1);-
So by (33)y, €y; has no ancestor, i.e.,
We,; N Bdry Wy; =0 Q1<k<u-—-1).

Thus, (6) tells us that h(a),; = eyj € Ay; where u > i = t 4 1, which contradicts
h(a)rj = h(a)(41)j, i-e., contradicts the fact that the last ancestor h(a)(41); of @41y,
belongs to Ay; for some k </ <t+1 < u.
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of JZH has dimension n, the Subspace Theorem shows that dim X < n.
Conversely, suppose dim X < n. Then we shall use the mappings and com-
mutative diagram in Figure 41.1. That is, v = gf~'. From the claims in
841, and their proofs in §42, §43, and §44, we may deduce that 1 is indeed
an imbedding. So it only remains to show that each tuple ¢(z) € J3 "' has
at most n rational coordinates. To specify at least one irrational coordinate
in each v(x) we apply Lemmas 43.3 and 44.1. In detail, let o € ¢ *(x).
Then ¢(a) = z, and, ¥(z) = p"*(h(a)). (Use f~(z) = hg '(z) and
Lemma 44.1, which shows that h maps the g-fiber ¢~!(z) onto the p"*!-fiber
(p"T1)~14p(x).) Then an application of Lemma 43.3 for this particular a
shows that there is a component, say h(a)™, of h(a) and an infinite subset
R c {1,2,...} such that i € R implies h(a)in = im. Consequently, since
Aim N A = 0 when i # k we see that the mth component of h(«) contains
an infinite number oy, (i € R) of terms, i.e., the mth component of h(w)
has no constant tail. Thus, the mth component of p"T!(h(a)) = () is
irrational.

Finally, we may compare the statement of the J4 Imbedding Theorem
with its classical counterpart.

45.2 Theorem (Classical Imbedding Theorem) A metric space X of weight
|A] = Vg is of dimension < n if and only if it can be imbedded in the subset
of I*"+1 whose tuples have at most n rational coordinates.

846 Comments

For an excellent account (along with relevant references and proofs) of the
classical universal space theorems see Engelking [1978, Section 1.11, pages
118-133].

As discussed in §4.3, Karl Menger [1926a] showed that any compact metric
space of dimension < 1 may be imbedded in the unit cube I3.

The universal space constructed in Menger [1926a] is a well-known frac-
tal called the Menger sponge (Figure 49.2). Additional insight into Menger
[1926a] may be obtained by reading Edgar’s [1993] English translation, where
one finds historical perspective, a color picture of the Sponge (Plate 3), and
additional editorial comments. For example, at the end of the translation,
Edgar points out that, “... any separable metric space is homeomorphic to a
subset of a compact metric space with the same topological dimension.” He
also provides references to Menger [1928, Chapter I1X, §1] along with Hurewicz
[1927], Kuratowski [1937], and Hurewicz and Wallman [1948, page 65].

Edgar also states:

Menger suggests — but does not prove — that the set R5, . is
universal for (separable metric) spaces with topological dimen-
sion n. In Menger [1928], Chapter IX, Menger still provides only
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a ‘sketch’ of the proof. The proof is carried out by S. Lefschetz
[1931].

Four years after Menger’s 1926 work on his “fractals as universal spaces,”
his student Georg Nobeling [1931] proved Theorem 45.2, the Classical Imbed-
ding Theorem. N&beling’s universal space is the subspace of tuples in I2"+!
that have at most n rational coordinates, which is distinct from the “fractals”
used by Menger.

Then three decades later, Jun-iti Nagata [1960] introduced a space that
is universal for the class of general (not necessarily separable) metric spaces
of dimension < n. In more detail, Nagata [1960] states:

Although dimension theory for non-separable metric spaces has
been greatly developed, it still seems that no universal n-dimensional
set for non-separable metric spaces is known. Thus it will be
of some interest to find a universal n-dimensional set for non-
separable metric spaces in a generalized Hilbert space. This paper
is devoted to this purpose.
Nagata then calls f : @ — R a finite function if ord f = [{a: f(«) # 0}] is
finite; defines F'(Q2) = {f : f is finite} with metric
1
2
A(f,9) = [Saca (f(@) — g(@))’]
and, for “f” now denoting “(f1, f2,...)” where each f; € F(Q) defines
H'(Q) = {f : Sia (fi(@))® < +00} with metric

\/21 flagz

Nagata also specifies the fundamental cube F'(2) C H'(2) as
F'(Q)={f:0<fi <(1/i); ord fi > ord fiy1;i=1,2,...}

and uses F'(Q) to construct the desired universal space.

46.1 Theorem (Nagata [1960]) A metric space has dimension < n if and
only if it can be topologically imbedded in

F.(Q) ={fe€F(Q):at most nof fi(a),i=1,2,...and o € Q,
are rational and nonvanishing}

for some Q2.

Three years later, Nagata [1963] introduced another such universal space:

Once [previously] we have constructed (Nagata [1960]) a univer-
sal n-dimensional set for general metric spaces which is a rather
complicated subset of C. H. Dowker’s (Dowker [1947]) generalized
Hilbert space. In this brief note we shall show that we can find
a simpler universal n-dimensional set in a countable product of
H. J. Kowalsky’s star-spaces.
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Then, to demonstrate and compare the two applications of star spaces, he
states Kowalsky’s [1957] Theorem and Nagata’s [1963] Theorem. (For precise
statements of the Kowalsky and Nagata theorems, see Theorems 18.1 and 18.2
in Chapter 3, respectively.)

More than a decade later, the JX“ Imbedding Theorem (which is also
more simply called the “J4 Imbedding Theorem”) appeared. Ironically, like
the Menger-Nobeling two-step, i.e., Menger [1926a] (dim < 1) and No6beling
[1931] (dim < n) publications, the corresponding J4 results occurred in two
steps — Lipscomb [1973] (dim < 1) and Lipscomb [1975] (dim < n).

There is also some history (and overdue thanks) regarding the term ances-
tor: It was Charles Alexander, my 1969-70 thesis advisor at the University
of Virginia, who suggested the term ancestor. In fact, the reason for his
suggestion was simply to intuitively convey the rather technical idea of the
ancestor map h : Z — Y. The context was his reading of the proof of the
JZH Imbedding Theorem for n € {0,1} that is contained in my University
of Virginia thesis.

Looking back at the basics that led to the JZH Imbedding Theorem, I
originally had the idea (in my minds eye) of somehow associating each point
2 in a metric space X with either one or at most two sequences of indices
on members of appropriate decompositions of X. If there were two such
sequences, then they were to differ at exactly one index (see the top of the
right-side graphic in Figure 4.1). In such a case, these two sequences had to
be mapped (via the appropriate component A7 of ancestor map h) to adjacent
endpoints in N(A) (see the bottom of the right-side graphic in Figure 4.1).

Eventually, the (at most two sequences)-to-(each point x € X) idea was
realized as a result of (32);, (33);, and (36); in the Decomposition Theo-
rem 39.1 and the Definition 42.1 of the decomposition map ¢g. Then the
change of two such sequences to adjacent endpoints in N(A) was realized
by the appropriate idea of “ancestors” in Definition 43.1. The rest of the
development consisted of filling in the gaps and adjusting definitions.



CHAPTER 9

Minimal-Exponent Question

The J4 Imbedding Theorem tells us that any metric space X of weight |A| >
Ny and dimension n > 0 may be imbedded in JZH. It is natural to ask,
for n > 1 at least, “Could JZH be replaced with J%?” And at first blush,
since the 1-sphere S! may be imbedded in J3 = Ji, and since Kuratowski’s
forbidden graphs may be imbedded in the 4-web J5 = J} (see §50), one may
be tempted to guess that the answer is yes. It turns out, however, that JXH
cannot be replaced with J% because the 2-sphere S? cannot be imbedded in
the product of two one-dimensional spaces.’

In this chapter, after reviewing a few basics from Borsuk [1967] and Hock-
ing and Young [1988] on Vietoris homology, we recall the homology group
H>(S5?%) and present the proofs in Borsuk [1975]. Borsuk’s result was mo-
tivated by Nagata’s [1965, page 163] statement of an open problem which,
along with a brief review of the minimal-exponent question in the context of

the Classical Imbedding Theorem, is detailed in §50.

847 Vietoris Homology

Following a review of basic definitions and terminology presented in Bor-
suk [1967, pages 36-43], we provide a summary of Vietoris [1927] homology
by quoting Hocking and Young [1988]. We learn that on a finite polytope,
the Vietoris homology groups coincide with the simplicial homology groups.
Throughout, we consider only integer coefficients. One of our main goals is
that of precisely defining a true cycle, which is fundamental in Borsuk [1975].

47.1 THE C,(X,Z,e) Groups. Let X = (X, p) be a metric space and
let € > 0. Then an n-dimensional oriented e-simplex o = (ag,...,a,) is a
set of vertices a; € X with indices i € N,, = {0,1,...,n} such that each
p(a;,a;) < e. Each oriented e-simplex ¢ is a mapping from N,, into X, and
these mappings determine either a “lo” or a “—10” e-simplex according to
the following rules: If at least two of the vertices of o are equal, then define
0 =10 = —1o0 = —o and call ¢ a degenerate simplex. Otherwise, for n > 1,
o = (ag,.-.,a,), and each permutation i — ¢i of the set N,,, define

lo if i+ ¢iis even
—1o if i — ¢i is odd;

(a¢0,...,a¢,n) = _0'

g

I This result is due to Borsuk [1975], where he remarks that Miss H. Patkowska observed

that an obvious modification of his proof shows that the n-sphere S™ is not homeomorphic
to any subset of the Cartesian product of n one-dimensional spaces.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 9, (© Springer Science+Business Media, LLC 2009 95
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for n = 0, define —o = (—1,a0); and for the (—1)-dimensional case, define
two (—1)-dimensional oriented e-simplexes as the numbers “1” and “—1.”

For each pair o and —o, select one member of {0, —c} and call it posi-
tively oriented. The other simplex is then called negatively oriented. Further,
denote the collection of all n-dimensional e-simplexes of X as 3"(X,¢); the
subfamily of those that are positively oriented as X7 (X, €); the subfamily of
those that are negatively oriented as X" (X, ¢); and the subfamily of degen-
erate simplexes as

Yo(X,e) =X0(X,e)NX" (X, €).

Let Z = (Z,+) be the Abelian group of integers under the usual addition,
and define an n-dimensional e-chain in X over 7Z as a function

XXX, o)\ Eh(X,e) — Z; where
x(—=0) = —x(o), x(o)#0 for finitely many o.

Those o such that x(o) # 0 are the simplezes of x and the vertices of the
simplexes of x are called the vertices of x.

Since all such chains have a common domain and common co-domain Z,
we define the addition “x1 + x2” of chains x1 and x2 by

(X1 +x2)(0) = x1(0) + x2(0), o€ X"(X )\ X (X, e).

With respect to this addition, C,, (X, Z, ) denotes the Abelian group of all n-
dimensional e-chains. Moreover, for n < —1, C,,(X,Z,¢) denotes the trivial
group.

To develop representations of members of C,, (X, Z, ), we introduce some
concise notation: For a non-degenerate n-simplex ¢ and a k € Z, we shall
use “ko” to denote the chain x : ¥"(X,e) \ Tf(X,e) — Z given by

keZ ift=o;
X(T) = Xko(T) = —keZ ifr= —0;
0eZ ifr+o.

And for a degenerate n-simplex o and a k € Z, we use “ko” to denote the
zero of the group C,(X,Z,¢).

In passing, note that the constraint y(—o) = —x(o) is consistent with
the “ko” notation because

Xko (=0) = =k = =Xk (0).
The “ko” notation allows us to represent any chain x as a linear combination
(1) X =kior + -+ knom for k; € Z and o0; € £"(X, ¢).

And in reverse, any such combination is a chain in C), (X, Z,€). The represen-
tation (1), however, is not unique, as 20 = 1o + 1o demonstrates. Moreover,
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the notation (1) allows us to write 0 — o = 1o + (~10) = X160 + X(=15) = 0
where the “0” is the zero in C\, (X, Z,¢).

47.2 THE BOUNDARY MAP 0 : C,(X,Z,e) — Cp_1(X,Z,e). For n > 0 and
any n-simplex o = (ao, ..., ay), we define the boundary do of o by

n

(2) 80:Z(—l)i(ao,...7ai,1,ai+1,...,an).

0

So do is an (n — 1)-chain. In particular, when o is a degenerate simplex, one
may show that do is the zero in C,,_1(X,Z,¢). For example, d(aop, a1, as) =
1(a1,a2) + (—1)(ap, a2) + 1(ap, a1), and if (ag, a1, az2) is degenerate, say a; =
ag, then d(ag, a1, a2) = 1(a1,ar) which is the zero in C,_1(X,Z,¢) because
(a1,a1) is degenerate.

For n = 0, we define d(ag) = 1 and 9(—1,a9) = —1. And finally, for the
case where n < —1, we define do to be the zero of Cy,—1 (X, Z, ).

To specify dx for each chain x € C, (X, Z,¢), we let

14

(3) ox=>_ m;(da))

0

where m;(0o;) is the chain derived by multiplying m; by each of the coeffi-
cients in an expansion (2) with o = ;.

It is straightforward to show that 0 : C,(X,Z,e) — Cn_1(X,Z,¢) is a
homomorphism. The kernel Z,,(X,Z,¢) of 0 is the set of n-dimensional -
cycles in X over Z; and the image B,,_1(X,Z,e) = 0C,,(X,Z,¢) of J is the
set of the (n — 1)-dimensional e-boundaries in X over Z.

One may also show that B,,_1(X,Z,¢) C Z,(X,Z,e), which amounts to

00x =0 x € Cn(X,Z,¢).
For example,

86(&0, ai, ag) = (‘9(@1, CLQ) + 8(—1)(a0, ag) + 8(a0, al)
= (a2) — (a1) — (a2) + (ao) + (a1) — (ao) = 0.

47.3 INFINITE CHAINS IN X. Let {¢;} be a sequence of positive numbers that
converges to zero, and for each i, let x; € C,,(X,Z,e;). Then the sequence
x = {xi} is an infinite n-dimensional chain in X whenever there exists a
compact subset Xy C X such that every vertex of every y; is an element of
Xo.

The majorant and carrier of x is the sequence {e;} and the Xy, respec-
tively. Any convergent-to-zero sequence {e}} such that each £ > ¢; is also a
majorant of x. And any compact X C X that is a superset of Xy is also a
carrier of xy. We shall denote the infinite chain each of whose components is
the zero chain as 0.
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For infinite n-dimensional chains x = {x;} and x’ = {x}}, the sequence
x+x’ = {x: + X} is an infinite n-dimensional chain in X. Similarly, x — x’
denotes the infinite chain {x; — x}}.

47.4 INFINITE, HOMOLOGOUS, ESSENTIAL, AND TRUE CYCLES IN X. An
infinite chain v = {~;} is an infinite cycle whenever each ~; is a cycle. Thus,
for any infinite n-dimensional chain x = {x;}, we have an infinite (n — 1)-
cycle Ox = {0x;}. Two infinite cycles v and 4/ are homologous in X, written
v ~ ~', when there exists a chain x in X such that Ox =~ —+'.

An infinite cycle - is an essential cycle if it has a carrier in which it is
not homologous to the cycle 0. And an infinite cycle v = {v;} in X is a true
cycle if the infinite cycle 4" = {731 — 7} is not homologous to 0 in X.

47.5 THE HoMoLOGY (OR BETTI) GROUPS H,(X) = H,(X,Z). The set
Zn(X) = Z,(X,Z) of all n-dimensional true cycles in X over Z under the
addition given by

{vi} + {7} = {v + i}
is an Abelian group. The elements in Z,(X) that are homologous to 0
form a subgroup B, (X) = B,(X,Z) of Z,(X). The factor group H,(X) =
Z,(X) /By (X) is the n-dimensional homology (or Betti) group of X over Z.

47.6 Maps X L Y INDUCE HOMOMORPHISMS H,(X) £ H,(Y). Let
o = (ag,...,a,) be an n-dimensional simplex in X. Then f(o), given by

f((T) = (f(ao),-.-,f(an)),

is an n-dimensional simplex in Y. Since f may not be injective, f(o) may be
degenerate even when o is not degenerate. And the formula for f(o) induces
an f-assignment of n-dimensional chains given by

X=kior 4+ A+ knom = f(x) =kif(o1) + A Enf(om).

Since f may not preserve distances, x may be an e-chain while f(x) is not
an e-chain. Nevertheless, f(x) does belong to Cy,(Y,Z,n) where 1 depends
on f and e. And since f is uniformly continuous on any compact set, any
sequence {f(x;)} associated by f with an infinite chain x = {x;} is also an
infinite chain f(x) in Y and has a carrier f(Xy) where X is a carrier of x.
One may show that 0f = f0, which yields the fact that f maps infi-
nite, true, and homologous cycles in X to, respectively, infinite, true, and
homologous cycles in Y. It follows that f induces a homomorphism

fe: Hy(X) — Hy(Y).

Having reviewed the most basic concepts 47.1 — 47.6 of Vietoris homology
theory, we turn to a short summary of the theory by quoting pages 346 and
347 of Hocking and Young [1988]. Our goal is to recall that we may calculate
the Vietoris homology groups of the 2-sphere by using the simplicial homology
theory on finite polytopes. (The reference numbers in the following quotation
match those of this book.)
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THE VIETORIS HOMOLOGY GROUP Hy(S?)

Vietoris homology theory. The Vietoris homology theory was
the first of the éech—type homology theories to appear. It was
introduced by Vietoris [1927] and in this form applies only to
metric spaces. While this theory has been used in many research
papers, it has not been discussed so extensively as has the more
general Cech theory. Again, for the sake of brevity, we consider
only compact spaces in this presentation. ...

Let M be a compact metric space, and let € be a positive number.
We construct the simplicial complex K. = {V,3}, where the
vertices in V are the points of M and where a finite subcollection
of vertices po, ..., pn forms an n-simplex in ¥ if and only if the
diameter of the set U ({p;}[= max d(pi,p;)] is less than e. It
is easy to prove that for each ¢ > 0, K. is a simplicial complex
... Therefore, for each ¢ > 0 and each integer n > 0, we may
construct the simplicial homology H,(K.) of K. with integral
coefficients.

Given €1 > g9 > 0 it is evident that each simplex of K., is also a
simplex of K., and hence that there is an identity injection je, ., of
K., into K., : This injection then induces a homomorphism . j., -,
of H,(K.,) into H, (K., ). Furthermore, if £, > €9 > €3 > 0, then
the induced homomorphisms satisfy the relation

xJereaxJeses = *Jeres-

Since the positive real numbers constitute a directed set, the col-
lection {H,(K.)} together with the injection-induced homomor-
phisms {,jes} form an inverse limit system of groups and homo-
morphisms. The inverse limit group of this system is the nth
Vietoris homology group Vi, (M).

Clearly the complexes K. are much too large for convenient ma-
nipulation (they can certainly have a nondenumerable number of
simplexes and infinite dimension). The usual technique in using
Vietoris theory involves discussing the existence or, more often,
the nonexistence of certain essential (nonbounding) cycles. In this
way, one studies the connectivity properties of the space M with-
out becoming involved with the complexes K. It is known that
the Vietoris groups, the singular groups, and the Cech groups
coincide if the underlying space is sufficiently well-behaved. For
instance, all these coincide with the simplicial homology groups
on a finite polytope.

§48 The Vietoris Homology Group H(S5?)

Since the Vietoris homology groups coincide with the simplicial homology
groups on a finite polytope, we may calculate the second Vietoris homology
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group of the 2-sphere S$? by viewing S? as the finite polytope induced from
the 2-skeleton (the union of all dimension < 2 simplexes) of a 3-simplex, and
then calculate the simplicial homology group Hs(S?).

To calculate H2(S?) in the context of simplicial homology theory, we may
consult almost any book on algebraic topology. For example, in Munkres
[1984, §8], where a complex whose reduced homology vanishes in all dimen-
sions is said to be acyclic, and where H, (X)) denotes the nth reduced homol-
ogy group of X, we find the following theorem.

48.1 Theorem (simplicial reduced homology groups of spheres) Let o
be an n-simplex. The complex K, consisting of o and its faces is acyclic.
If n > 0, let E”*i denote the complex whose polytope is the boundary of o.
Orient o. Then H,_1(X"~1) is infinite cyclic and is generated by the chain
do. Furthermore, H;(X""1) =0 fori #n — 1.

Using Munkres [1984, Theorem 7.2], which provides the exact relation

between the reduced simplicial homology group EIO(K ) and the nonreduced
group Ho(K) for the complex K, we may compare the reduced homology

groups “H,(S™)” of the n-sphere with those of the simplicial homology groups
“Hg(S™).” The binary relation symbol “2” denotes group isomorphism:

n>0 Hy(S")=0ifqg#0,n Ho(S") =0, H,(S")=Z,
n=0 HyS%)20ifq+#0, Hy(S%) = 7.
n>0 Hy(8")=0ifqg#0,n Hy(S") =Z, H,(S")~Z,
n=0 HyS%)=0ifq+#0, Ho(S")=2Z 7.

It follows that the reduced homology sequence differs from the simplicial
homology sequence only at dimension zero. And H,(S?) = Z because our
coefficient group is Z.

So the Vietoris homology group Hs(S?) 2 Z is certainly nontrivial, which
ensures that there exists a 2-dimensional true cycle v that generates the Betti
group Hy(S?).

849 Borsuk’s Theorem

In this section, we show that the 2-sphere S? is not topologically contained
in the Cartesian product of two one-dimensional spaces. The presentation
follows Borsuk [1975].

49.1 Lemma (Borsuk [1975]) Let each of the polyhedra C and D be of
dimension < 1; let v be a true 2-dimensional cycle that is a generator of
the Betti group Ha(S?); and let f denote any continuous map S*> — C x D.
Then f(vy) ~0in C x D.
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PrOOF. Since f is continuous, we may assume that each of C' and D are
connected. Further, since we are only considering homologous cycles in C'x D,
we only need to consider the homotopy type of C' and D. Thus we assume
that C' and D are finite bouquets of circles, i.e.,

C=C1U---UCy, D=DyuU---UbD,

where each C; and each Dj is a circle and there exist points c € C and d € D
such that

C;iNCy = {C} when i # i D;NDj = {d} when j # jl.

Now let «; denote a 1-dimensional true cycle in C; that generates H;(C;)
and let 3; denote a 1-dimensional true cycle in D; that generates H;(Dj).
It is well known (by a special case of a theorem of Kiinneth, see Alexandroff
and Hopf [1935, page 308]) that the true 2-dimensional cycles ; x §;, where
i=1,...,mand j = 1,...,n, generate the Betti group Hy(C x D). It follows
that there exist integers k;; such that

fly) ~ Zkij(ai x () in CxD.
%]

Next, consider the retractions ¢; : C' — C; and %; : D — D; such that
$i(Cy) =c for i#4d and Y;(Dy)=d for j#j.

Define
rij(z,y) = (¢i(2),¥;(y)) (z,y) € C x D.

Then each r;; : C x D — C; x Dj is a retraction such that
rij(oi x ) = a; x B;  and  rij(ay x B5) ~0 for (i,7) # (i'5').

It follows that for each pair (ig,jo), where 1 < iy < m and 1 < jo < n, we
have
Tiojof('}/) ~ Z kijTiojo (TR ﬁ]) ~ Kigjo (TR ﬁjo)'
4,J
But 74, , f maps S? into the surface C;, x D;,, and it is well known that the
degree of such a map is zero. Hence k;,;, = 0 and consequently f(y) ~ 0 in
C x D, which finishes the proof.

In his proof of Theorem 49.5, Borsuk uses the Menger sponge M, which
is universal for compact metric spaces of dimension < 1.2

2For more background on M, and to view M as the attractor of an iterated function
system, see §50.



102 MINIMAL-EXPONENT QUESTION CHAPTER 9

Level-0

o‘:o‘
%%
¢

ST 777
XY A7 7
X7 777

[ 7577 7 T 257
&

"'"""I

Fig. 49.2 Levels of approximation to fractal known as Menger’s Sponge.

In passing, we note that since the Menger sponge M is the intersection of
the nested sequence level-0 D level-1 D level-2 D .- of approximations, we
have a sequence Py D P} D P> D --- of 1-dimensional polyhedra that may
be used to “approximate” M — for P, consider the union of the edges of
the cube, for P;, the union of the edges of all the subcubes at level-1, - --.
With this sequence of 1-dimensional polyhedra, we may “approximate M” in
the following sense: Using “||x — y||” to denote the usual distance between
z,y € R3, we see that for any ¢ > 0, an N > 0 exists such that for each
n > N, the polyhedron P, satisfies “x € M implies there exists y € P,, such
that |jz —y|| <e.”

In addition to Menger’s sponge M, Borsuk applies a few concepts con-
cerning continuous mappings: Recall that a continuous surjection f : Y — Yj
is a retraction (Borsuk [1967, page 10]) if f(y) = y for each y € Yy. When a
retraction f : Y — Y} exists, we shall say that Y, is a retract of Y.

A closed subset Yy of a space Y is a neighborhood retract in the space Y
(Borsuk [1967, page 14]) if there exists an open set U D Yj in Y such that
Yp is a retract of U. Moreover, if a compact metric space X has the property

that each homeomorphism X 2, h(X) =Yy C Y such that Y} is closed in
Y produces a neighborhood retract Yy in the space Y, then X is called an
absolute neighborhood retract (Borsuk [1967, page 100]), which we denote as
“X € ANR.

For a proof of the following lemma, see Kuratowski [1968, page 354].

49.3 Lemma Let X be a separable metric space. Then dim X < n if and
only if for each closed F C X, each continuous mapping F — S™ has a
continuous extension X — S™.

49.4 Corollary Let Z be a separable metric space where dim Z < 2, and
let S C Z be homeomorphic to the 2-sphere S?>. Then there is a retraction
s:Z—S.

PrOOF. Let F = S and consider the continuous identity map ' — S. Since
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52 is compact, F = S is closed in Z. An application of the previous lemma
shows that there is a continuous extension s : Z — S, which is the desired
retraction.

49.5 Theorem (Borsuk [1975]) The Cartesian product X XY of any two
metric spaces X andY where each of X andY have dimension < 1 does not
contain any subset S homeomorphic to the 2-sphere S?.

PROOF. Suppose such an S C X x Y does exist. Setting
p(z,y) =z, q(z,y)=y for each (z,y) € X x Y,

we get the two projections p: X XY — X and ¢: X XY — Y. Then X, =
p(S) and Yy = ¢(5) are continua of dimension < 1 such that S C Xy x Yp.
Thus we may limit ourselves to the case where X and Y are continua. Since
every continuum of dimension < 1 is contained in the universal curve M of
Menger [1926b], we may assume that X =Y = M. Now let us observe that
to every € > 0 we may assign a retraction

re : M — A®
where A° is a polyhedron and
plr,re(z)) <e forevery zeM=X=Y.

Since dim(X x Y) < 2, Corollary 49.4 shows that there exists a retraction
s: X xY — S. Letting, for each € > 0,

fele,y) = (re(a),re(y))  (z,9) €8

and
gE(xvy) = Sfa(ﬁvy) (x,y) €5,

we obtain mappings f. : S — A® x A® and ¢g. : S — S. It follows from
Lemma 49.1 that the true cycle v generating Hs(S) is mapped by f. onto a
true cycle homologous to zero in A° x A°. So g.(7) ~01in S.

Now observe that for every nn > 0 there is a positive number ¢ < 7 such
that

pfe(@,y), sfe(z,y) <n  (z,y) €S
because s is the identity on S and for ¢ sufficiently small and (x,y) € S the

distance fe(z,y) from S is arbitrarily small.
It follows that

p((@,y), ge(x,9)) < p((z,y), fe(z,y)) + p(fe(z,y), sfe(z,y)) <e+n < 2n.

But S € ANR and consequently for ¢ sufficiently small the map g. : S — S
is homotopic to the identity map is : S — S. Hence g.(y) ~  in S, which
contradicts the relations g.(7) ~ 0 in S and v % 0 in S.
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8§50 Comments

Borsuk’s Theorem (Theorem 49.5) was motivated not by the J4 Imbedding
Theorem, but by an open problem cited by Nagata [1965, footnote on page
163]:

. it is an open problem whether every n-dimensional metric
space can be topologically imbedded in the topological product
of n one-dimensional metric spaces.

Nagata’s motivation for citing this open problem was natural because
of his proof (Nagata [1958]) that every n-dimensional metric space can be
topologically imbedded in the topological product of (n + 1) one-dimensional
metric spaces.

Borsuk’s Theorem answered Nagata’s question in the negative — the 2-
sphere cannot be imbedded in any Cartesian product of two one-dimensional
spaces. Nevertheless, Borsuk’s result shows that the J4 Imbedding Theorem
cannot be improved in the sense of reducing the index (n + 1).

In the proof of his theorem, Borsuk used the Menger sponge. From the
iterated function system (IFS) viewpoint, Menger’s sponge is the 3-space gen-
eralization of Sierpinski’s carpet in 2-space, which in turn is a generalization
of Cantor’s set in 1-space.

In detail, the Cantor set may be viewed as the attractor of the IFS {w,}
where y € {0,1} is on the boundary of the unit interval I and w, is the
é—contraction of T toward y. Analogously, the Sierpinski carpet (Menger
sponge) is the attractor of the IFS {w,} where y lies in the boundary of the
unit square I? (unit cube I3) and ranges over the eight points in {0, ;, 1} x

{0, 3,1} (the 20 points in {0, }, 1}?) that have at most one component equal

to ;; and each w, denotes the %—contraction of I? (I*®) toward v, i.e.,
wy(@) =y + 3z —y) = Jo + 3y,

Each of these three fractals, i.e., Cantor’s set, Sierpinski’s carpet, and
Menger’s sponge, are universal spaces for certain subclasses of separable met-
ric spaces: Cantor’s set is universal for zero-dimensional spaces. Sierpinski’s
carpet, as is shown in Sierpiriski [1916], is universal for compact subspaces
of the plane that have an empty interior; and, as shown in Sierpiriski [1922],
his “assumption of compactness” was not necessary. Menger’s sponge, as
is shown in Menger [1926a], is universal for the class of all compact metric
spaces of dimension < 1. For additional comments concerning various “uni-
versal space” developments, see Engelking [1978, Section 1.11], especially his
“Historical and bibliographic notes” on his pages 128 and 129.

Nobeling’s [1931] Classical Imbedding Theorem shows that if X is an n-
dimensional separable metric space, then X can be topologically imbedded
in the product I?"*! of 2n + 1 copies of the one-dimensional unit interval I.

To address the “minimal-exponent question” for the Classical Imbedding
Theorem, consider a related theorem concerning polytopes (see Hocking and
Young [1988, page 215]).
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50.1 Theorem (imbedding n-dimensional polytopes in R*""') Let |K| be
an n-dimensional polytope with a triangulation K. Then |K| may be imbedded
rectilinearly in R*"+1,

In the polytope case, Flores [1934] showed that the complex consisting
of all faces of dimension < n (the n-skeleton) of a 2n + 2-simplex cannot
be imbedded in R?". (For a proof of Flores’ result using the Borsuk-Ulam
Antipodal Theorem, i.e., for every continuous mapping g : S™ — R" there
exists a point € S™ such that g(z) = g(—x), see Problem 1.11.F on page
132 of Engelking [1978].)

As an obvious corollary to Flores’ result, we see that the exponent 2n + 1
of I?"*1 in the Classical Imbedding Theorem is minimal.

The n = 1 case is of interest in its own right: Flores’ [1934] result implies
that the 1-skeleton of the 4-simplex, which has five vertices, and is well known
in graph theory as the complete graph K5 on five points, cannot be imbedded
in the plane R?" = R2. (For a proof using the Jordan Curve Theorem, see
Example 1.11.8 on page 127 of Engelking [1978].)

Four years prior to Flores’ [1934] result, however, Kuratowski [1930]
showed that neither the complete graph K5 nor the complete bipartite graph
K3 3 can be imbedded in the plane. (Recall that the graph K33 has as its
vertex set a union of two disjoint size-three sets A and B whose size-nine edge
set consists of all 1-simplexes with one endpoint in A and the other in B.)
Any 1-dimensional metric space X, in particular any graph, that contains a
topological copy of either K5 or K33 cannot be imbedded in the plane. In
addition, however, Kuratowski [1930] also showed that a graph that cannot
be imbedded in the plane must contain a topological copy of either K5 or
K3 3. Today, these two graphs are often referred to as Kuratowski’s forbidden
graphs.

K373 imbedded in K5 is a
a level-1 4-web level-0 4-web

Fig. 50.2 Imbedding Kuratowski’s Forbidden Graphs K3 3, K5 in Js.

From Figure 50.2, it is clear that Kuratowski’s forbidden graphs K5 and
K33 may be imbedded, respectively, in level-0 and level-1 4-webs.



CHAPTER 10

The J7° Imbedding Theorem

Every separable metric space may be imbedded in I°°, and those of dimension
< n may be imbedded in I?"*!. Moreover, every general (not necessarily
separable) weight |A| metric space may be imbedded in a countable product
S(A)*° of star spaces S(A), and those of dimension < n may be imbedded
in an n-dimensional subspace of S(A4)*. Finally, as was shown in Chapter 8,
every weight |A| > Ry metric space of dimension < n may be imbedded in
J4. The remaining question is, “Can every metric space of weight |A| be
imbedded in a countably infinite product J3° of copies of J47”

In this chapter we show that J3° is indeed universal for the class of weight
| A| topological spaces that are metrizable. The proof shows how to view S(A)
as a subspace of J4. The presentation follows Lipscomb [1976].

851 Imbedding Theorems

In this section we provide detailed statements of six imbedding theorems that
have appeared over approximately half a century — 1925 through 1976. Each
theorem specifies a universal space, and the theorems fall naturally into three
pairs. One member of each pair provides the description of a universal space
in the n-dimensional case, while the other member provides a universal space
for the general (not necessarily finite-dimensional) case.

As usual, “I” denotes the unit interval; “J4” the image of the perfect
mapping p : N(A) — Ja (as detailed in Chapter 1); and “S(A)” the star
space (hedgehog with | A| prickles).

We shall use the “standard metric” of the star space S(A): A star space
is a metric space (S(A), d) where the set S(A) = U,I, is the star-shaped set
obtained by identifying the zeros of a disjoint union of |A| > Ny unit intervals
I, (the ath arm), and the metric d is given by
(1) d(z,y) = { |z —y| if x and y belong to the same arm

’ |z +y| if x and y belong to distinct arms.

The introduction of star spaces, as well as the imbedding theorems that
use them as base spaces, predates the introduction of Jy4, and the chronology
is preserved in the following list — the three pairs of theorems given below
appear in chronological order.

51.1 Theorem (Urysohn [1925a]) A topological space of weight Xq is metriz-
able if and only if it can be imbedded in I>°.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 10, © Springer Science+Business Media, LLC 2009 107



108 THE J3° IMBEDDING THEOREM CHAPTER 10

51.2 Theorem (Nobeling [1931]) A topological space of weight Rg is metriz-
able of dimension < n if and only if it can be imbedded in the subspace of
I?"*1 whose tuples contain at most n rational coordinates.

51.3 Theorem (Kowalsky [1957]) A topological space of weight |A| > Rg is
metrizable if and only if it can be imbedded in S(A)>.

51.4 Theorem (Nagata [1963]) A topological space of weight |A| > Vg is
metrizable of dimension < n if and only if it can be imbedded in the subspace
of S(A)*> whose tuples contain at most n nonvanishing rational coordinates.

51.5 Theorem (Lipscomb [1975]) A topological space of weight |A| > R is
metrizable of dimension < n if and only if it can be imbedded in the subspace
of JXH whose tuples contain at most n rational coordinates.

51.6 Theorem (Lipscomb [1976]) A topological space of weight |A| > Ng
is metrizable if and only if it can be imbedded in JF°.

852 The Lemmas and Proof

From the hypothesis of Theorem 51.6, it is assumed throughout that A is an
infinite set. And since A is infinite, for z € A fixed and A" = A\ {z}, it is
clear that S(A) and S(A’) are homeomorphic.

So to prove Theorem 51.6, it suffices to prove that S(A’) may be imbedded
in Ja. It then follows that S(A)> may be imbedded in J$°. Thus, the
necessary part of Theorem 51.6 follows from the necessary part of Kowalsky’s
Theorem 51.3. The sufficiency part of Theorem 51.6 follows easily from the
fact that a product of countably many metric spaces is metric. With these
observations, it only remains to prove that S(A") =, X C Ja.

To imbed S(A’) into Ja, we shall use the following theorem (see A4.3).

52.1 Theorem Letp : F — X be surjective and quotient, f : F — S
continuous, and fp~': X — S single valued, i.e., f is constant on each fiber
p~t(x). Then fp~! is continuous. Moreover, fp~' is closed if and only if
f(H) is closed whenever H is a closed p-inverse set (H = p~1p(H)).

To apply Theorem 52.1, we begin by defining FF C N(A): For a =
ajaz--- € N(A), let C(a) = {a; : ¢ = 1,2,...} € A. We call the mem-
bers of C(a) the characters of o, and whenever C(«) is finite, we shall say
that « is of finite character. With this terminology, we define

(2) F={aeN(A):|C(a)|=1, or,|C(a)| =2 and z € C(a)}.

And if each F(a) = N({z,a}), we may show that F' = U{F(a):a € A'}.
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S(A) =S

Fig. 52.2 Diagram underlying the imbedding of S(A’) into J4.

To define f : FF — S = S(A4’) as indicated in Figure 52.2, let x be the
characteristic function of A’ defined on A, ie., x(a) = 1 if a € A’, and
x(a)=0if a =z. Then f: F — S(A’) = Ugea I, is given by

3) flo)= ix(ai)/Qi el, a=ajag--- € F(a) for some a € A'.

52.3 Lemma (f is continuous) Let f : F — S = S(A’) be the mapping
specified in (3). Then f is continuous.

PROOF. Then given the topologies on F' and S(A’), it suffices to show that
for any two points « = ajas---,8 = biby--- € F such that a; = b; for
i =1,...,k we necessarily have d(f(«a), f(3)) < 1/2¥~1. The proof of this
fact breaks into two cases: First, suppose there is an a € A’ such that both
a, B € F(a). Then from the definition (3) of f and the definition (1) of the
metric d, we see that

oo

d(f( Zxal/zl ZX )2 < > 1/2t =128 <1/28

1=k+1

Second, suppose there is no a € A’ such that both a, 8 € F(a). Then a; = b;
for 1 < i < k implies that these first k characters satisfy a; = z = b;, which
shows that the corresponding x values satisfy x(a;) =0 = x(b;). Thus,

d(f(), f(B)) = Y x(a)/2"+ Z bi)/2'| < 1/28 +1/2F = 1/2"7%,
i=k+1 i=k+1

Therefore, from the first statement in this proof, we are finished.

52.4 Lemma Let H C S(A’), let “0” denote the “zero” in S(A’), and
suppose that either 0 & H or 0 € H. Then H N 1, closed in I, for each
a € A’ implies H is closed in S(A').

PROOF. Suppose H is not closed in S(A’). Then x € S(A’) exists such that
x € H\ H. Since either 0 ¢ H or 0 € H, it follows that « # 0. Thus,
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x € I, \ {0} for some a € A’. However, since I, \ {0} is open in S(4’), we
see that if 0 ¢ H, then 0 ¢ H and

xe c(HN{I,\{0})= (HNI,)=HNI,
because H N I, is closed in I,. Further, if 0 € H, then
ze cd(HN({I,\{0})C cl(HNI,)=HNI,

because (again) H N1, is closed in I,. Thus « € H if either 0 € H or 0 € H,
which contradicts the definition of x.

52.5 Lemma Let z ¢ K C F where K is closed in F. Then f(z) & f(K).

Proor. If K is closed and z ¢ K, then an m exists such that whenever o € F
and a; = z for each i < m, then o ¢ K. Tt follows, since {a : d(f(2), f(a) <
1/2™} is disjoint from K, that f(z) ¢ f(K).

52.6 Theorem (f is closed) The continuous f : F — S(A’) is also closed.

PROOF. Let K be a closed subset of F'. Then there are two cases: First,
suppose z € K. Then since K N F(a) is compact and f is continuous
(Lemma 52.3), f(K N F(a)) = f(K)NI, is a compact subset of I, for each
a € A'. Tt follows that for H = f(K), we have H N I, closed in I, for each
a € A'. By Lemma 52.5, we have f(z) =0¢ H = f(K), and then an appli-
cation of Lemma 52.4 shows that H = f(K) is closed in S(4’). So the case
z ¢ K is finished.

Second, suppose z € K. Then f(z) = 0 € H = f(K). Again, since
K N F(a) is compact and f is continuous we see that f(K) is a compact
subset of I, for each a € A’. Then again H = f(K) is closed in S(A’)
because 0 € H allows an application of Lemma 52.4.

52.7 Theorem (Ja contains a star space S(A)) Let |A| > Rg. Then the
star space S(A) can be imbedded in Ja.

PRrROOF. Since A is infinite, we may select and fix a point z € A, define
A’ = A\ {z}, and obtain a homeomorphism S(A) — S(A’). Thus, it suffices
to show that S(A’) may be imbedded in J4. For the proof, we shall apply
Theorem 52.1 with the notation in the commutative diagram in Figure 52.2:
We use (2) to define F C N(A) and (3) to define f : FF — S = S(A’). We also
let p: FF— X = p(F) C Ja denote the restriction of the perfect (adjacent-
endpoint identification) mapping p : N(A) — J4. Then from Lemmas 52.3
and 52.6, we see, respectively, that f is continuous and closed. Turning to
the mapping p : F — X = p(F), we note that F' = p~1(p(F)), i.e., that
F is a p~l-inverse set. It follows, since p : N(A) — Ja is closed, that p
restricted to an inverse set is also closed, and a fortiori quotient. Moreover,
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since p : N(A) — Jy4 is continuous, p restricted to F' is continuous. It is also
clear that f is constant on each fiber p~!(x). Thus, fp~! : p(F) — S(4’)
is well defined and continuous. To see that fp~—' is also closed, we may
invoke the equivalence stated in the last sentence of Theorem 52.1 because,
by Lemma 52.6, f is closed.

8§53 Comments

One should note that the six theorems (in §51) that span half a century
(1925-1976) of constructions of universal spaces may be, from a topological
viewpoint, unified. Indeed, the base spaces, i.e., the unit interval I, the
star space S(A), and the space J4 are, respectively, topological copies of
N({0,1})/~, F/~, and N(A)/~. Said differently, the adjacent-endpoint
relation “~”, as introduced in Lipscomb [1973], provides an “abstract method
for constructing quotient spaces” that yields I, S(A), and Ja as examples.
(Recall that the relation “~” appears in Definitions §2.1 of Chapter 1.)

The proof, as given in this chapter, of the J°° Imbedding Theorem dodges
the need for constructing “decompositions of metrizable spaces” and ana-
logues of “ancestor maps” which were key to proving the JZH Imbedding
Theorem. And it is an open problem to obtain a proof that J° is univer-
sal for metrizable spaces of weight |A| > N, using such decompositions and
ancestor mappings.

In the finite-dimensional case, however, the decompositions of metrizable
spaces that are fundamental to the proof of the JX“ Imbedding Theorem
were extended and modified in Ivansi¢ and Milutinovié [2002] — for |A| = Rg
the base space J4 in the JZH theorem may be replaced by Js, yielding a
Ji?*l Imbedding Theorem for separable metric spaces.

One very nice aspect of J3 serving as both a fractal and a base space for a
universal space in dimension theory is that of visualization. The same can be
said for the unit interval — it is certainly easy to visualize, and even though
it is not a fractal, it is the attractor of the F; IFS.

In the J3 case, its most popular representation is the Sierpinski triangle.
And J4 has appeared in textbooks on fractals as the Sierpinski cheese. That
brings us to Js, the 4-web. In our attempts to visualize the 4-web, we have
already presented several approximations (Chapter 2). All of those approxi-
mating representations, however, do not expose Js as one-dimensional.

In Figure 53.1, the one-dimensional aspect is exposed. The representation
is a level-6 J5. It has 5% x 10 = 156,250 “organized segments,” each a cylin-
drical representation of the unit interval. And for 0 < ¢ < 5, the segments
(pictured as cylinders) at level-i have a larger diameter than those that first
appear at level-(i + 1). So at the scale of the figure, the “forming clouds-
of-segments at level-6” grow darker at level-7 (with 781,250 segments), still
darker at level-8, ... .
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Fig. 53.1 Chris Dupilka’s graphic representation of Js.



CHAPTER 11

19922007 J4-Related Research

The introduction of J4 (Chapter 1) and the first proof of the JZH Imbed-
ding Theorem (Chapters 7 and 8) appeared during the first five years of the
1970s. Moreover, it was 1975 when, independently, both the JZH Imbed-
ding Theorem and the term “fractal” first appeared in the literature. Slightly
more than a decade later, following Hutchinson [1981] and Barnsley’s [1988]
popular book Fractals Everywhere, the notions of fractal, attractor, IFS, and
Hutchinson operator became well known.

In this chapter we consider the emergence (over the 15 years 1992-2007)
of mathematics that relates either directly or indirectly to J4.

854 Key Publications

From Cantor [1883b] to Miculescu and Mihail [2008],! certain publications
have served to merge the mathematics of fractals and universal spaces as
they relate to J4. In this section, we begin with an overview of only a few
— mainly those that directly relate to J4 and also contain new mathematics
that has not previously appeared in any book.

54.1 Independently, Milutinovié [1992][1993], and, Lipscomb and Perry [1992]
imbedded J4 in [?(A) (generalized Hilbert space). Both approaches were
centered around infinite IFSs, and Milutinovié¢ [1992] is discussed at length
in this chapter.

54.2 Milutinovié [1992] extended the adjacent-endpoint relation (defined on
the infinite product x$°A; where each A; = A) to finite products X} A;.
He then used his (finite-product) “adjacency relation” to index the decom-
positions W;; provided by the Decomposition Theorem 39.1, subsequently
obtaining the second proof of the J4 Imbedding Theorem. In this chapter,
the second proof is compared with the original.

54.3 Klavzar and Milutinovié¢ [1997] used the adjacency relation to introduce
a new class of graphs that this author calls KlavZar-Milutinovi¢ graphs. These
graphs represent a variant of the classical “Tower of Hanoi” problem.

54.4 Perry [1996] was the first to attempt to view J4 entirely within fractal
theory — as a fixed point of an appropriate Hutchinson operator. While
he was unable to show that J4 was such a fixed point, he did introduce
an attractor w of an infinite IFS (a fixed point of a Hutchinson operator).
Perry’s space w” was obtained by modifying the topology of J4. In addition,

c

'Miculescu and Mihail’s [2008] article was published in 2008, but was posted in 2007.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
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Perry’s [1996] research set the stage for Miculescu and Mihail [2008], who
showed that J4 is a fixed point of a Hutchinson operator. (Miculescu and
Mihail’s work is detailed in Chapter 5. For Perry’s space w see §31.)

54.5 Perry and Lipscomb [2003] showed that J5, viewed as a subspace of the
4-simplex Ay in 4-space, could be moved, via an isotopy that preserves fractal
dimension, into 3-space. That is, we can see J5. (Graphical approximations
to Js appear in §7 and §10. The isotopy that moves J5 into 3-space —
graphically approximated in the color plates — is the topic of Chapter 12.)

54.6 Lipscomb [2005][2007] considers the problem that is inverse to con-
structing fractals: For fractals, we start with a manifold and then recursively
cut (via an IFS) holes in the manifold. The inverse problem assumes that an
IFS of a fractal is given. The problem is to extend the IFS to one that has
the manifold as its attractor. The [2005] article extends the 2-web w? =; J3
IFS to a 2-simplex IFS, and the [2007] article extends the 3-web w? =, J4
IFS to a 3-simplex IFS (Chapters 13 and 14).

54.7 From 2002 to 2007 Ivansi¢ and Milutinovi¢, and, Milutinovi¢ working
alone produced a plethora of new Jyu-related publications (§60). In their
joint [2002] article we find the Jy*' Imbedding Theorem, i.e., the subspace of
tuples in J; ' with at most n rational coordinates is universal for the class
of n-dimensional separable metric spaces.

855 Chronological and Historical Context

Figure 55.1 provides context for the merging of fractals and universal spaces
as they relate to J4. The acronyms translate as follows:

B = Bing K = Kowalsky N = Nagata

Ba = Barnsley Ka = Katétov N6 = Nobeling
C = Cantor Kl = Klavzar Os = Ostrand

D = Dowker 1?(A) = gen. Hilbert space P = Perry

DT = Decomposition Theorem L = Lipscomb Pa = Parisse

E = Engelking Le = Lefschetz Pe = Pears

F = Falconer M = Milutinovié Petr= Petr

H = Hutchinson M4 = Milutinovié’s space Po = Pontryagin
Hi = Hinz Ma = Mandelbrot S = Stone

Hu = Hurewicz Me = Menger Smi = Smirnov
I = Ivansi¢ Mi = Miculescu T = Tolstowa
IT = Imbedding Theorem Mih = Mihail US = universal space
IFS = Iterated Function System Mo = Morita W = Wallman

In addition, within Figure 55.1 a line segment indicates that the publication
at the top endpoint depends on, or is related to, the one at the bottom.
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2007 ©Ja as an attractor of infinite IFS, Mi&Mih[2008];
o Js IFS to A IFS, L[2007]; o Closed Imbeddings I1&M][2007]

2002-2006 oImbeddings in J4 and J3 " (n), I&M[2003][2005], M[2006]
0 Js in 3-space, P&L[2003]; J3 IFS to A; IFS, L[2005]
o Graph Theory: Hi&K1&M&Pa& Petr[2005]; Kl&Mohar[2005]
0 7+ (n) US, 1&M][2002]

1997/2002 o KI-M Graphs, KI1&M[1997]; KI&M&Petr[2002]

1996 o Perry’s w? attractor of co-IFS, w® complete P[1996]

c

1992 0 J4 = w?Cl?(A) L&P[1992]

0 Ja=¢ MaCI?(A); M4 complete M[1992]

1983/85/88 o~ Fractals: Ma[1983],
F[1985],Ba[1988]

1978/81 o Dimension

Fractals H[1981]
Theory: E[1978§]

Self-similarity

1976 0 J%¥ US, L[1976]

1975 0 Dimension o Borsuk[1975] 0 J3t(n) US, L[1975] o Fractals
Theory: Pe[1975] Ma[1975]

1973 o J3(1) US, L[1973]

1971 Covering Dimension, Os[1971] O/

1965/67 o Dimension Theory
N[1965](Book) N[1967](Survey) o

1960/63 o F,(Q) US 0S(A)%° US N[1963]
N[1960]

1955/57 0 S(A)> US K[1957] 0 Mo[1955]

1952/54 O Dimension Theory for
general metric spaces

Ka[1952],Mo[1954]
1950/51 O Metrization Theorems
N[1950],B[1951],Smi[1951]
1947/48 0 [?(A), US OCovers O Book
D[1947] S[1948] Hu& W [1948]

Use of function spaces and Baire Category
Theorem (Category Method) Hu[1931]

1931 o+ IT or*"ti(n) US,
Le[1931], Po&T[1931], Hu[1931] NG5[1931]
1925/26 0 oo US Sponge, US o
Urysoi'ln[1925a] Me[1926a]
1916 Carpet,US o
S[1916]
1875/83 o Cantor’s set O
C[1883b](c—1) Sm|[1875],C[1883a]

Fig. 55.1 References that provide context for J4-related research.

For instance, Cantor’s 1983 identification of adjacent endpoints C — I, a
mapping from his set C onto the unit interval I, was fundamental motivation
for this author’s introduction of “adjacent endpoints” in N(A), the goal being
the construction of a one-dimensional analogue of the unit interval.
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8§56 Early History of J4 and M4

To view J4 as a subspace of [2(A), Milutinovié¢ [1992] extended Sierpifiski’s
original 2-space construction of Sierpinski’s triangle to generalized Hilbert
space [2(A). The result of the extension was the construction of a subspace
M 4 of the standard simplex A4 in [2(A).

He then showed that M4 is homeomorphic to J4. His approach general-
izes the fact that Ms, the Sierpinski triangle, and J3 are homeomorphic.

In particular, for A = {0,1,2} the homeomorphism x : J3 — Mjs is
diagramed below, where, for each member w,, of the iterated function sys-
tem Wy, the mapping q(ajaz--+) = NPw,, o -+ 0 w,, (A?), the map p :
N({0,1,2}) — Js is the natural mapping, and x(p(aiaz---)) = NFCwg, 0+ -0
W, (A?).2

N({0,1,2})

p q

Js X Ms

Milutinovié¢’s view of M4 was within dimension theory — he neither men-
tioned nor considered the mathematics required to solve the open (1992-2007)
problem of showing that M4 is a fixed point of an appropriate Hutchinson
operator. Nevertheless, guided by Sierpinski’s [1915] recursive construction
of the Sierpinski triangle, in 1992 Milutinovi¢ used the infinite IFS W4 to
define his space M 4.3

Similarly, Lipscomb’s [1973] introduction and view of J4 was within
dimension theory. At that time, he was unaware of Sierpinski’s triangle.
Working within topology, he was motivated by Nagata’s [1967] quote (§4.3),
Morita’s [1955] Theorem (Theorem 1.6), and Cantor’s classical identification
of adjacent endpoints mapping C — I. (For Cantor’s classical work with
references, see §4.3.)

Prior to 1973, following his formulation of the adjacent-endpoint relation
in Baire spaces N(A) for arbitrary non-empty A, Lipscomb was obviously
very curious about geometric representations of the quotient spaces J, for
finite n. Beginning with J3, a homeomorph of Sierpinski’s triangle, Lipscomb
deduced the J5 structure by using various (topological) views of the classical
Cantor mapping C — I as indicated below:

The identification of adjacent endpoints in Cantor’s space yields

2The corresponding general diagram (for |A| > 1) appears in Milutinovié [1992]. For
the corresponding “fractal diagram” (for A = {0, 1,2}) where M3 is replaced by its home-
omorph w? (i.e., the attractor w? of the IFS F3), and q is replaced with the corresponding
address map ¢, see Theorem 8.5.

3For Sierpiriski’s construction see §21; for the construction of A# see Appendix 2; and
for the definitions of the Milutinovi¢ space M 4 and the infinite IFS W4 see §22.
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the unit interval I, i.e.,
I=C/~= N{0,1})/~= Jo.

The next problem? Find a geometrical representation of Js. Lip-
scomb obtained the solution as follows: Since a representation
of J5 is a line segment [ug, u1] with endpoints uy and uq, for J;
consider using three points ug, u1, and us in the plane that are
vertices of a triangle,

[wisu] =¢ N({i,j})/~ = Jo, [{i, 5} = 2 and {i,j} € {0,1,2}.

So the edges of the triangle are obtained by identifying adja-
cent endpoints of character two — ajas--- € N({0,1,2}) has
character two if it is a nonconstant sequence in one of the sets
{0,1}, {0,2}, or {1,2}. The next problem? Find a geometrical
structure that corresponds to identifying adjacent endpoints in
{i} x N({j, k}) where {7, j, k} = {0,1,2}. It is straightforward to
show that the substructure consists of the geometric line segments
(without endpoints) that connect the midpoints of the edges of
the triangle [ug, u1,u2]. And so on ad infinitum.

In fact, it was not until the 1980s, during a Michael Barnsley presentation
on fractals, that this author became aware of the classical Sierpiniski triangle
— Professor Barnsley suddenly showed a slide of (an approximation to) the
Sierpinski triangle. After the lecture, this author asked Barnsley if he had
heard of the space J4 used in the theory of universal spaces in dimension
theory. As I now recall, Barnsley’s response was that he had not heard of
the space J4.

857 Adjacency Relation

The adjacent-endpoint relation “~” (Definitions 2.1) is defined on the Baire
space N(A) whose underlying set is the countably infinite product set x§°A;
where each A; = A. It is therefore natural to consider finite-product sets
A" = xTA; and an analogous “adjacency relation,” which we shall also
denote as “~”.

57.1 Definition (Milutinovié¢ [1992]) (adjacency relation ~ C A™ x A™)
Let |A| > 1, let n be a positive integer, and let A™ = xTA; where each
A; = A. Then for points a = a1---a, and b = by ---b, in A", we may
write “a ~ b” if either a = b, or, for distinct members x # y of A, we have
a=aj---a—1xyy---yand b=ay - - a_1yxx - - - x. If distinct a and b satisfy
a ~ b, then the unique index ¢ > 1 is called the tail index of a and b. The
relation ~ C A™ x A™ given by “a ~ b” is called the adjacency relation, and
whenever “a ~ b” we may say that a is adjacent to b.
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57.2 Theorem Let n > 1, let |A] > 1, and let A™ = xTA; where each
A; = A. Then the adjacency relation ~ is an equivalence relation on A™ with
the property that each equivalence class contains at most two members. In
addition, the only points in A™ that occupy singleton equivalence classes are
the constant points, i.e., the length n strings a = ay - - - a, of members of A
such that a1 = -+ = a,,.

PrOOF. One may essentially copy the proof of Theorem 2.2. The only new
aspect is the claim that only the constant points occupy singleton equivalence
classes. But this follows because if a ~ b where a is a constant, then distinct
x,y € A cannot exist such that a = a; ---a;_1zyy - --y. Thus a = b.

858 Indexing the Decompositions

For an n-dimensional metric space X of weight |A| > R, the decompositions
of concern are the W;; = {W, : a € A}, i > 1,1 < j < n+ 1, whose
existence and properties are specified by the Decomposition Theorem 39.1.
In this section we provide an example of the first two steps (i = 1,2) of
Milutinovié’s [1992, §5] indexing scheme.

To demonstrate the basics, we shall use the decompositions W;;, i,j €
{1,2} described in Example 39.8 and illustrated in Figures 39.6 and 39.7. For
1 = 1,2, these four decompositions are decompositions of the unit interval
and they satisfy all of the properties listed in the Decomposition Theorem.

First two steps in indexing scheme (Milutinovié¢ [1992, §5]) Select
a partition of A = U;;A;; where each |A;;| = |A| and well order each A;;.
Then

(1) let Wi ={Wa:ae Ay} = {Wyg:[a] € A/ ~};

(2a) if W € Wy satisfies WN Bdry Wy; # 0,
then for the unique distinct pair W,, W, € W,; that meet W,
let Wigp = W where [ab] = {ab,ba} € (A1; U Ay;)?/~; or

(2B) if W € Wy; satisfies WN Bdry Wy; = 0,
then for the unique W, such that W C W, € Wy, select (the
smallest non-previously selected) b € Ay; and let Wy, = W.

The following example uses only finite index sets. For the transition to
the infinite case and the recursive construction that yields an indexing for
each i =1,2,..., see Milutinovi¢ [1992].

58.1 EXAMPLE. For index sets, consider the following finite sets with their
natural orderings:

All = {CL,b, C}, A12 = {dae}a
AQl = {gvhai7j7k7l}a A22 - {man7oap}'
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Let Wh1, Wia, Wh1, and Whs be the decompositions defined in Example 39.8.
So Wi1 has three members, and we index Wy; = {W,, W, W.} as illustrated
at the top of Figure 58.2. Next, W5 has two members that we index as Wy
and W, as illustrated at the top of Figure 58.3.

0 W, o Wy o W,
Wi o A
) Wag W, W
Z/ll O W[ab] o o W[bc] (0]
u? o o . °© 0
u; oo oo Wy oo oo
W, e W,
Woq oo oo oo oo

Fig. 58.2 Indexing the members of W;; for j = 1.

For the ¢« = 2 cases, note that the graphics in Figure 58.2 immediately
below Wi, display nine segments, two of which are interior to a dotted ellipse.
The ellipse is used to indicate that the union of those two segments forms
one member of Way = USUF. So [Wai| = 8. Thus, applying (2a) and (203),
we have

War = USU = {Wag, Wan, Wias), Wi, Waj, Wine)s Wer, Wer b

which is illustrated (within the unit interval) at the bottom of Figure 58.2.

Finally, turning to Wha, we begin with the graphics in Figure 58.3 where
Wis is indexed with the members of Ao = {d, e}, namely Wi = {Wy, W, }.
At first blush, since the graphic shows the unit interval as three segments,
one might think that three indices are required. However, the construction
of Wig is graphically illustrated in Figure 39.3, where we see that

Wiz = {[0,y1) U (y2,1], (1, 92) },

so we may define Wy = [0,y1) U (y2, 1] and W, = (y1, y2)-

The construction of Why = UUY is graphically illustrated in Figure 39.5.
The decomposition Whs is also illustrated in Figure 39.7, where the “dotted
ellipses” appear. Further, detailed observations concerning Wsy are provided
in Example 39.8. With this background, the indexing scheme applied to Wha
is given by

W22 = {de7 W[de]a Wena Wem Wep}7

where the sets are illustrated in Figure 58.3.



120 1992-2007 J4.-RELATED RESEARCH CHAPTER 11

oWa We ve Wi
W12 O O .................
Weo Wep
u; o o o o
Uz o
- Wam
us 0
Wao o o o o o o o o

Fig. 58.3 Indexing the members of W;; for j = 2.

That is, Way, is the union of the two segments in U3 that contain the points
“0” and “17, and W, is the other member of Us. The set Wige) is the
lone member of U3. And W, and W, are the two members of 3. These
indexings of the W;; for 4,5 € {1,2} complete the example of Milutinovié¢’s
indexing scheme.

In passing, note that in this section we are only attempting to provide an
intuitive understanding behind some of the key concepts presented in Miluti-
novi¢ [1992]. The nuances that concern various modifications or extensions
of the decompositions W;;, the notations used to intuitively describe the
families Z/{j’-’“, k=1,2,3, and the detailed proofs are not addressed here.

For example, to complete the indexing scheme, Milutinovié¢ [1992] lists
seven properties satisfied by the (1), (2«), and (2/) indexing. He then uses
induction on ¢ = 1,2, ... to prove the existence of an indexing of the W;; that
satisfies the seven properties.

§59 Proofs of the J,"' Imbedding Theorem

In this section we provide an overview that compares and contrasts the ap-
proaches of Milutinovi¢ [1992] and Lipscomb [1975] to proving the J4™!
Imbedding Theorem.

From the beginning, as detailed in §56 “Early History of J4 and M4,”
the spaces J4 and M4 were introduced for two distinct reasons — the for-
mer as a one-dimensional generalization of the unit interval, the latter as a
generalization of Sierpinski’s triangle.

As for proving the JXH Imbedding Theorem, however, both approaches
apply the Decomposition Lemma 38.9 at the inductive step in a construction
that yields an Rg x (n 4+ 1) matrix [W;;] of decompositions.

59.1 LipSCOMB’S APPROACH. Lipscomb indexed the decompositions as in
8§42, namely W;; = {W, : a € A;;} where UA;; is a partition of A such that
each |A;;| = |A|. With this (nonspecial) indexing, Lipscomb focused on the
Ng x (n 4+ 1) matrices [a;;] where W,,,, € Wy;. That is, since the indexing of
the members of the decompositions is rather arbitrary, each matrix o = [av;5],
which is naturally a point in N(A4)"*! may or may not be of interest — it
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is of interest if N;;Wa,, # 0. The points a € N(A)"™! of interest define a
set Z C N(A), which is given in Definition 42.1, i.e.,

a€ZC N(A)™ ! if and only if {zo} = {We,, 11> 151<j<n+1}.

The problem with Z is that it may happen that for distinct «, 3 € Z we have
Zo = xg where corresponding columns «; and [; are not adjacent-endpoint
related. In other words, Lipscomb does not consider the adjacent-endpoint
indexing at the point in the proof where the non-empty N;; W, are first con-
sidered, i.e., when Z is defined. Then after Z is defined, Lipscomb addresses
the “adjacent-endpoint indexing” by introducing the ancestor map h given
in Definition 43.2 — the homeomorphism h : Z — h(Z) C N(A)"*! essen-
tially shows that the adjacent-endpoint relation is encoded in the members of
Z such that, whenever z, = 23, the columns h(a); and h(3); are adjacent-
endpoint related. In short, in the Lipscomb approach, the “adjacent-endpoint
indexing” is addressed only in the final phase of constructing the imbedding,
i.e., the adjacent-endpoint indexing may be viewed as the last piece of the
puzzle.

59.2 MILUTINOVIC'S APPROACH. Similarly, for the given n-dimensional
weight A metric space X, Milutinovi¢ begins with applications of the De-
composition Lemma 38.9 to define an Ry x (n 4 1) matrix of decompositions
W;j. Then he applies his indexing scheme (the initial steps illustrated in Ex-
ample 58.1), which is tantamount to the construction of Lipscomb’s mapping
f = qoh~! where h is the “ancestor map” and ¢ the “decomposition map-
ping.” (see Figure 41.1). That is, instead of creating something equivalent to
q in the first step and then something equivalent to h in the second step, he
presents an indexing scheme that dodges the need for the separate steps of
constructing the “¢” and “h” maps. Nevertheless, his indexing scheme also
requires proofs for its construction and its properties. The observation here
is that in contrasting the Lipscomb and Milutinovié¢ approaches, the major
distinction occurs in the indexing schemes, and in both cases the proofs are
rather technical.

For more details about Milutinovi¢’s approach, consider that he merges
his two kinds of indices — those with brackets “[a; - - - a;]” and those without
brackets “a;---a;.” To use only bracketed strings, he adopts the dodge of
saying that those indices that have brackets have both members legitimate
— the “brackets” tell us that he is concerned with the finite adjacency re-
lation. Otherwise, for an index “a;---a;” the class [ay ---a;] may contain
another member by ---b; ~ aj---a; which he calls illegitimate. He is care-
ful to precisely keep track of his convention, and he describes several of its
attributes.

Once the indexing scheme is fully understood and its properties detailed,
for a fixed j € {1,...,n 4 1} he uses the j superscript to indicate that he is
only considering families from the jth column of the Xy x (n 4+ 1) matrix of
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decompositions. He then specifies the function ¢; : X — M4 =, J4 by

T e ﬂ(fOWfal___ai] implies  ¢;(z) = [a1a2---] = plaraz---)

where p : N(A) — J4 is the natural mapping, and, most importantly (to
quote Milutinovié¢ [1992]):

... with the left-side indices chosen in a coherent way, i.e., in such
a way that the representatives of shorter ones are always initial
segments of the representatives of longer ones.

He then proves that

= (b1, Pny1): X — J4T!
is an imbedding.
860 Ivansi¢ and Milutinovi¢ Theorems

In this section, we state and briefly discuss some of the main J4-related
theorems that were introduced by Ivansi¢ and Milutinovié.

Ivansié and Milutinovié [2002] construct an Rg x (n + 1) matrix of decom-
positions V;;. These decompositions are related to, but distinct from, the W;;
used in Milutinovi¢ [1992]. They obtain the V;; decompositions by modifying
other decompositions, which they overview as follows (with substitutions of
mathematical notation and references used in this text):

For a given metrizable separable space X of dimension < n, we
shall construct n + 1 sequences of decompositions Vi, i>1, j=
1,...,n+1, of special type. These sequences of decompositions will
mimic the behavior of finer and finer triangles in the Sierpinski
curve — see Example 2 — then we shall use an indexing of their
elements in order to describe an embedding of X into J§ ! (n).
That indexing will be a generalization of the standard coding of
points in the Sierpinski curve M 4.

They construct the V}; by modifying corresponding decompositions “V;;.”
The V;; are constructed inductively (with respect to the index i = 1,2...)
using the Decomposition Lemma 38.9 at the inductive step:

L 38.9

Vi T Wig = Vi
The technicalities are rather extensive (there are 14 properties that the de-
sired decompositions must satisfy, and there are also four properties that the
indexing satisfies); the result is impressive.

60.1 Theorem (Ivansi¢ and Milutinovié [2002]) Letn > 0, and let J?:H'l(n)
denote the subspace of (n+1)-tuples in Jg“ that have at most n rational co-
ordinates. Then J;H(n) is universal for the class of separable metric spaces
of dimension n.
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Thus in the separable case, the classical fractal known as Sierpinski’s tri-
angle is the base space for a universal space.

For the next result, we consider the question of relative imbeddings, “If
X is a closed subspace of X, and fy: Xy — Y is an imbedding of X, then
is there an extension f: X — Y of fy that is an imbedding of X7?”

With respect to

Ja(0) = J4(0) = {x € J4 : 2 has at most zero rational coordinates}
= {x € J4 : z is irrational},

we have the following theorem.

60.2 Theorem (Ivansi¢ and Milutinovié [2003]) Let dim X = 0 where X
is a metric space of weight |A| > Rg. Let Xy be a compact subspace of X.
Then any imbedding fo : Xo — Ja(0) of Xo has an extension f : X — J4(0)
that is an imbedding of X .

Ivansi¢ and Milutinovié¢ [2003] pose the following open problem:

For Xo € X and fy : Xo — Ja(0), find other conditions on
Xo, and perhaps on fo(Xp), that guarantee the existence of an
embedding f: X — J4(0) of X that extends fo.

They show that “compact subspace of X” in Theorem 60.2 cannot be
replaced with “closed subspace of X.” In particular, let Xo = J4(0) and let
X{, be a singleton set with trivial topology. Then consider X = Xy V X
as the disjoint union of Xy and X, observe that Xy = J4(0) C X, and let
fo : Xo — Ja(0) be the identity mapping.

For the next result, we consider the case where X is now n-dimensional
but the subspace X, is only finite and the co-domain Y = J; ! (n).

60.3 Theorem (Finitely Pointed Imbedding Theorem) (Ivan$i¢é and Mi-
lutinovié [2005]) Let X be an n-dimensional metric space of weight |A] > R,
and let Xo C X be finite. Then any imbedding fo : Xo — J3 7 (n) of Xo has
an extension f: X — J4 T (n) that is an imbedding of X.

And from Theorem 60.3, we have the following obvious corollary:

60.4 Corollary Let |A| > R and let yo € J; ' (n). Then the pointed space
(J4T1(n), yo) is a universal object in the category of pointed metrizable spaces
of dimension < n and weight |A|.

In discussing their approach to the proof of their Finitely Pointed Imbed-
ding Theorem, Ivansi¢ and Milutinovié state the following (with substitutions
of mathematical notation and references used in this text):

This general strategy consists of constructing certain finer and
finer sequences of decompositions and then indexing them in such
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a way that the mappings defined by
I‘H [aln-.akx‘yy.-.] e [al...akyxx...]

(when z belongs to the boundaries of the sets indexed by the ini-
tial segments of the sequences a;- - -apzyy--- and ai- - -apyxx: - -)
or

i fay - ag -]

(when 2 belongs to the sets indexed by the initial segments of the
sequence aj ---ag - -- and belongs to no boundary of elements of
the decompositions) will be the n + 1 coordinate functions of an
embedding into MZH. This means that one may interpret the
indexing of the decompositions as a sort of coordinatization of

the space that mimics the coordinates of MZ“.

For the next result, we consider the density of the set of imbeddings into
JXH. In this case, there is a classical counterpart, “the density of the set of
imbeddings into R?"*1” in the n-dimensional separable metric theory.*

At the beginning of Milutinovié¢ [2006], we find the following (with sub-
stitutions for mathematical notation and references used in this text):

Results on density of the set of embeddings in the space of maps
abound in topology. Recall the classic results on Ncébeling and
Menger spaces (Engelking [1978], Hurewicz and Wallman [1948],
Nagata [1983]). Most of the proofs in the literature are based on
the Baire category theorem. Because of the topological complete-
ness of Lipscomb’s space (Milutinovié [1992], Perry [1996)), it is
possible to prove analogous results for Lipscomb’s space using the
same approach.

Our proof is different. It is based on geometric properties of M4
(which is homeomorphic to Lipscomb’s space). It is done in such
a way that a similar geometric structure is imposed on any metric
space of appropriate dimension and weight (via certain sequences
of decompositions of the space), thus obtaining a more explicit
and graphic description of the approximation.

In the following theorem, Jy4 is identified with M 4, which has the metric
“d” inherited from the generalized Hilbert space [?(A) that contains M4.

Thus, we may assume that JXH is equipped with the metric

d(z,y) = max{d(z;,y;) :j=1,2,...,n+1}.

4See Figure 55.1 where Hurewicz [1931], Hurewicz and Wallman [1948], and the “Cat-
egory Method” are listed. The method involves applications of function spaces and the
Baire Category Theorem.
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60.5 Theorem (Milutinovié [2006]) Let X be an n-dimensional metrizable
space of weight < |A|. Let f : X — J4! be a continuous mapping and let ¢ be
a positive number. Then there exists an embedding v : X — JX“(n) C JX“
such that d(f,v) <e.

For Ivang§i¢ and Milutinovié¢’s most recent result, we consider closed imbed-
dings. The topic and corresponding theorem are introduced by Ivansi¢ and
Milutinovié in their 2007 article (with substitutions of mathematical notation
and references used in this text):

If a topological space is embedded into a topologically complete
metrizable space (i.e., into a space that can be endowed by a
complete metric) as a closed subset, it must be topologically
complete metrizable itself. On the other hand, if a topologi-
cally complete metrizable space is embedded into another such
space, the embedding need not be closed (embedding R as an
open interval in itself, or N as {1/m : m € N} into R, are
easy examples for this claim). The problem of the existence of
closed embeddings of topologically complete metrizable spaces
has been extensively treated in the theory of universal spaces.
Tsuda [1985a][1985b], Wasko [1986], Hattori [1989], Olszewski
and Piatkiewicz [1992], and Nagérko [2006] have proved results
about existence of closed embeddings of complete metric spaces
into several universal spaces. This often required special modifi-
cations of the previously known universal spaces. Also, in all cases
the proofs were obtained by the use of the Baire category theorem.
For Lipscomb’s universal space no results on existence of closed
embeddings have appeared yet. In this paper we prove that the di-
rect approach of obtaining embeddings into Lipscomb’s universal
space, developed in Milutinovié [1992][1993] and later exploited in
Ivansi¢ and Milutinovié¢ [2002][2003][2005] and Milutinovié¢ [2006]
yields closed embeddings with no further changes made, in the
case when the embedded space is topologically complete.

For the following theorems, keep in mind that the set of tuples in JZH
n+1

that have at most n rational coordinates is denoted J} " (n).

60.6 Theorem (Ivansié and Milutinovié [2007]) Let (X, p) be a complete
n-dimensional metric space of weight |A| > Ro. Then there is a closed em-
bedding of X into J4 T (n).

60.7 Theorem (Ivansié and Milutinovié [2007]) Let (X, p) be a complete
n-dimensional metric space of weight < |A|, and let [ : X — JZH be a
continuous mapping. Then for any € > 0 there is a closed embedding ) :
X — J4T(n) such that for each x € X we have d(f(z),(x)) <e.
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8§61 Comments

Because the goal in this chapter is that of surveying the J4-related mathemat-
ics that has expanded the theories of fractals or universal spaces in dimension
theory either by merging the theories or extending the individual theories,
the Js-induced graph theory was not discussed.

As for the Klavzar-Milutinovi¢ graphs, they first appeared as a result
of Milutinovi¢’s knowledge of the adjacency relation (~ on finite products)
together with Klavzar’s knowledge of graph theory (i.e., Klavzar proposed
that together they apply ~ to study an induced class of graphs). The class
was introduced in 1997, and its members were defined as follows:

For £k > 1 and any n > 1, the KlavZar-Milutinovi¢ graph K My is the
graph that has vertex set Vi, = x™ ,{1,...,k}; where each factor equals
{1,...,k}; and edge set E,j, whose members are given by

[a/l “ .. at*lxyy e y7 a/l “ .. at*lyl.x P x] OI’
a1 an—1z,a1 - Gp_1Y] or
[zy -y, yz- -]

where z,y € {1,...,k} and = # y. For example, in K Ms 4 we see that each
of [11,12], [11,13], and [11,14] is an edge of K M> 4, while [11,22] is not an
edge. The KM 4 graph is pictured in Figure 61.1:

Fig. 61.1 The KM, 4 graph.

It turns out, for example, that the graphs KM, 3 are isomorphic to the
graphs of the Tower of Hanoi Problem, and that for all values of n and k,
the graphs K M, are Hamiltonian. (See Klavzar and Milutinovié¢ [1997].)

The four research articles, listed at the top of the “tree” in Figure 55.1
— Hinz, Klavzar, Milutinovi¢, Parisse, and Petr [2005], Klavzar and Mohar
[2005], Klavzar, Milutinovi¢, and Petre [2002], and Klavzar and Milutinovié
[1997] — represent a natural and relatively recent newly constructed class of
graphs.®

5Tt is interesting to note, however, that the Klavzar and Milutinovié¢ [1997] article was



Illustration of Chapter 12 Isotopy
That Moves J; into 3-space!

The J4 subspace of J5 is the Sierpinski cheese, which lives inside of 3-space
and is illustrated below at the start (¢ = 0) of the isotopy (0 < ¢t < 1).
The variation in color, ranging from red to magenta, is a coloring of the
points of J5 in 4-space at the start of the isotopy. The coloring scheme serves
to indicate distance from 3-space — red-colored points are at distance zero
from 3-space, while those with the magenta color are at a maximum distance
from 3-space. With the colors fixed, note that the isotopy gradually moves
the nonred points from 4-space into 3-space, and that the magenta-colored
points only enter 3-space when ¢t ~ 1.

L Chris Dupilka generated these color plates using Pov-Ray software to encode the math-
ematics of Chapter 12.
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So as we climb the tree in Figure 55.1, looking at the dates from 2005
through 2007, we see two other articles (Lipscomb [2005] and Lipscomb
[2007]) that pose yet another general problem, the problem that is inverse to
creating fractals from manifolds. Indeed, fractals were viewed historically as
the residual of an infinite process of cutting holes in manifolds. The prime
example is the Sierpinski triangle obtained by cutting holes in a 2-simplex
manifold.

The reverse problem is that of starting with a fractal, and then (in a sense)
reconstructing the manifold. The idea is that the fractal is the attractor of
an IFS acting on a manifold. Can we extend the given IFS to one whose
attractor is the containing manifold? Special cases of this problem are the
topics of Chapters 13 and 14. The mathematics follows Lipscomb [2005] and
[2007].

Another piece of mathematics listed in Figure 55.1 that has not been
addressed in this chapter is the mathematics of moving J5 from 4-space into
3-space with its fractal dimension preserved. That result is due to Perry and
Lipscomb [2003] and is the topic of Chapter 12.

To motivate the material of Chapter 12, however, we first present eight
pages of color plates that show what one would see if he were watching J;
move into 3-space.

received by the Czechoslovak Mathematical Journal in 1994. So one may rightly say
that this new contribution to graph theory, whose roots date back to Cantor’s [1883b]
identification of adjacent endpoints, actually sprouted in 1994.



CHAPTER 12

Isotopy Moves J; into 3-Space

For finite n = |A|, the space J4 = J,, is a one-dimensional separable metric
space. And for small n, it is natural to represent J,, 1 inside of 3-space as
a union of n 4+ 1 congruent just-touching scaled—by—% copies of itself. For
example, we know that Jo is represented as the unit interval w! = [0,1/2] U
[1/2,1] = fo(w) U fi(w!), J3 as Sierpiriski’s triangle w? = U fi(w?), and Jy
as the Sierpiniski cheese (3D-gasket) w?® = U3 f;(w?).

In 2003, the homeomorph of J5 that lives in 4-space, namely the 4-web
w?*, was moved into 3-space via an isotopy that preserved the w* 5-fold
self-similarity. In other words, the isotopy preserves the fractal dimension
D(w*) =In(4+1)/In(2) of w*. Intuitively, this allows us to “see” Js, just as
we “see” Jo, Js, and Jy.!

In this chapter we construct the desired isotopy. The mathematics also
yields the fact that for each n > 4, the n-web w™ may be represented in
(n — 1)-space. The presentation follows Perry and Lipscomb [2003].

862 Representing J,., in 3-Space

From the Classical Imbedding Theorem it is clear that the one-dimensional
separable-metric space J,41 may be topologically imbedded in 3-space. But
an arbitrary imbedding may not shed light on the self-similarity feature of
Jn+1 — the natural map p : N({0,1,...,n}) — Jn41 induces n + 1 just-
touching copies p((0)),...,p((n)) of Jo41 (Lemma 5.1).

Nevertheless, from Theorem 8.5 it is clear that J,41 is homeomorphic
to the n-web w™, which is the attractor of the IFS F,, = {fo,..., fn} that
resides in the n-simplex A,, in n-space. In more detail, consider the following
n + 1 vectors u; in n-space R™:

u = (0,...,0), uy =(1,0,0,...,0), ..., u, =(0,0,...,0,1).
Then A,, C R™ is the n-simplex with vertices uy,...,u,, and each member
fi(x) = x/2 4+ u;/2 of F,, is the j-contraction toward u.

Since w™ C R™, we see that n > 4 implies that we can “see” neither w™
nor any of its scaled copies f;(w™). In particular, to “see” w* =; J5, the ideal
imbedding of .J5 into 3-space would be an isotopy that moves w* from 4-space
into 3-space while preserving its fractal dimension. Such an isotopy would
“show” J5 as a union of its five f;(w?) just-touching self-similar copies.

IThe dimension function D used here is the self-similarity dimension (§A14). For ex-
amples, motivation, and a discussion of the self-similarity dimension, see Peitgen, Jiirgens,
and Saupe [1992].

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 12, © Springer Science+Business Media, LLC 2009 129
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To imbed w™ in m-space R™ with its fractal dimension preserved, it is
necessary that the fractal dimension D(w™) < dim R™ = m (Barnsley [1988,
Theorem 2, page 202]). So let us look at the fractal dimension D(w™) =
In(n 4 1)/1n(2) of the n-webs for small values of n:

Dw')=1 < DW?)~158 < D(w?) =2 < Dt =~232 <
< D(Ww’)~258 < D) ~281 < DW')=3 <

Thus, D(w?) > 1 implies that w? cannot be viewed on the real line. However,
D(w?) = 2 = dim (R?) sheds no light on the fact that w?® cannot be viewed
in the plane, as was discussed in §9.

For n =4, 5, 6, 7, and 8 we see that

D(w?) ~2.32<3, DW®)~258<3, D(wW° ~281<3,
D(w") =3 <3, D(w®) ~ 3.16 > 3.

Since D(w®) > 3, we know that the 8-web w® cannot be viewed (with fractal
dimension preserved) in R3. Prior to 2003, it had been an open question as
to whether any n-web w™ for n = 4,5,6,7 can be viewed in R3.

In this chapter, we show that the 4-web can indeed be “viewed” in 3-
space. The self-similarity of w? makes the key observation combinatorial:
Roughly, the 2-web resides in the plane because there exist three congruent
triangles that may be positioned such that each just touches the other two;
the 3-web resides in 3-space because there exist four congruent tetrahedra
that may be positioned such that each just touches the other three; and the
4-web may be viewed in 3-space because there exist five congruent hexahedra
(two tetrahedra pasted along a face) that may be positioned in 3-space such
that each just touches the other four.

863 The IFS and Five Points in 3-Space

In addition to the definitions given above, for 3-space we let v; = u; (i =
0,1,2,3); and for 4-space, we use the insertion (z,y,2) — (z,y,2,0) € R?*
of 3-space into 4-space so that we may also think of each v; € R* We
also define vy as either (2/3,2/3,2/3) or (2/3,2/3,2/3,0), the choice will
be clear from the context. At other times, we denote either the v- or u-
vectors as w-vectors, i.e., w; € {u;,v;}. And we shall also use the notation
“w;” for the terminal point of the vector w;, i.e., the discussion/figures may
concern/illustrate either vectors w; or points w;.

The vectors v, Vi, Va, V3, V4 are the vertices of the hezahedron A3. And
given the hexahedron A C R? as illustrated in Figure 63.1, we associate
the IFS Gs = {g0,91,--.,94}, where g;(x) = x/2 + v;/2. The attractor of
Gs is denoted wj. Our goal is to show that wj is homeomorphic to w* and
that D(w3) = D(w?*). Since several arguments are essentially the same for
F, and Gs, we also use a variable IFS H € {F,, G5} that contains functions
hi(x) = x/2 + w;/2.
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Vi

V3 }
Fig. 63.1 The v-vectors and the hexahedron A3.

864 The Isotopy

Recall (from §17) the no-carry characterization of w™. In particular, w
consists of those points x = xyu; + zous + x3us + z4uy in Ay such that there
exist binary representations of x1, xs, x3, and x4 where the sum of any two
representations induces a “no carry.” In other words, x € Ay is also in w* if
and only if there exists a 4 X Ry matrix [a;;] where the ith row is a binary
expansion of x; and where each column contains at most one “1”.

It follows from this no-carry characterization of w*, and, since the 3-
simplex Az is the face of A, opposite uy, that the 4-web w?* contains the
3-web w3. Intuitively, the isotopy that we construct fixes this 3-web w? while
moving (the terminal point of) the vector uy € R* along the line segment
[ug,vs] = {(1 —t)hug + tvs | 0 < ¢t < 1} C R* to (the terminal point of) the
vector v4 € R*. More precisely, let

H:w*xI—>R*

4

be given by
1 00 2t
01 0 B‘t 4 4
H(x,t) = Hi(x) = 00 1 3 x (xew' CRY tel=]0,1]).
3t
00 0 (1—-1¢

We shall show that H is an isotopy rel w?® (homotopy with each H; a home-
omorphism that is the identity on w?). Since each H; : R* — R* is a linear
transformation with an upper-left 3 x 3 identity submatrix, it is clear that
H is a homotopy and that H fixes A3, a fortiori, fixes w®. When ¢ < 1, then
H; is nonsingular and H; * exists. It follows that H; and H, * are bounded,
and we may conclude (Rudin [1966, Theorem 5.10]) that

1

| =yl < [[Hi(x) = H(y)I] < [[Hel| - [1x = y]l-
t
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Thus, for t < 1, Hy : R* — R* induces an equivalent metric on R* (Barnsley
[1988, page 13, Definition 3]), and from Barnsley [1988, page 180, Theo-
rem 3], H; preserves fractal dimension, i.e., D(H;(w*)) = D(w?*). So linear
algebra and metric space theory suffice to prove that each H; (t < 1) is a
homeomorphism that both fixes w? and preserves fractal dimension.

The proof that H; is one-to-one (on w?) and respects fractal dimension,
however, involves F, and Gs, and that is where the choice of “2/3” becomes
critical. For example, if we replace “2/3” with “17, i.e., if we define

1 0 0 1t
H'(x,t) = 8 (1) (1) ﬁ X (xew' CRY; tel=][0,1]),
000 (1—1)

then for ¢t < 1, an argument similar to the one used in the “2/3” case above
would show that each H (¢ < 1) is a homeomorphism that both fixes w® and
preserves fractal dimension. But for ¢ = 1, consider the two distinct points
X,y € w? whose components are expressed in binary as follows:

x = (.00111---)uy + (.0000- - - )uy + (.0000- - - Juz + (.0100 - - Juy
y = (.10000--)uy + (.0100- - - )ug + (.0011 - - - Juz + (.0000 - - Juy.

Then clearly x # y, but since the binary expansions .b1bs - - - bp0111 - - -
and .biby - - 551000 - - represent the same number, H{(x) = y = Hi(y),
showing that H{ is not one-to-one.

865 The Hexahedron
The 3-simplex

Az ={xeR®: x=uazoug+ z1u1 + Tauy + x3u3; 2; > 0; Ly < 1}
={x€R?® : x =mx1u; + x2uz + 23u3; 7; > 0; Y;1; < 1}

Recall that the face Ty opposite the zero vertex ug = 0 is the 2-simplex

Ty = {X S Ag ! X =x1Uuy + Taug + x3u3; T; > 0; i = 1}

The scalars “z;” that define an x € Ty are sometimes called the barycentric
coordinates of x. For n = 3, the face Ty opposite the origin ug = vg is a
closed equilateral triangle that contains the point p = (1/3,1/3,1/3) at its
barycenter (p is the unique point whose barycentric coordinates are all the
same). By reflecting the 3-simplex Ag through Ty, we obtain its mirror image
AE. Thus, A3 N A% = Ty, and we note that p € Ty and that p = Jvy. It
follows that v4 is the mirror image of the origin vy and consequently a vertex
of the simplex Aff. Thus, AZ is just the cone consisting of Ty together with
all line segments that have one endpoint in Tjy and the other at the point vy4.
The union Az U ALl as a subspace of R3 will be called the hexahedron A3.
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Vo Vo V2

Vi Vi Vi

A T A3
V3 3 V3 0 V3 R

Fig. 65.1 Tetrahedron A®, its face Ty opposite vy, its mirror image AZ.

An algebraic description of A? will be needed. Our approach is standard
and uses the representation of closed convex subsets of R™ as intersections
of supporting hyperplanes. In short, a hyperplane P = {x € R" : a-x = ¢},
where a € R" and ¢ € R! are given, and where “a - x” is the usual inner
product ajx; + -+ 4+ ap,. Each such P induces two closed half spaces,
obtained by replacing the equality in the definition of P by either “<” or
“>.” A hyperplane P is called supporting for a closed convex set K if PN K
is not empty and K is contained in one of the two closed half-spaces that is
bounded by P.

Thus, since the three planes that contain, respectively, the three triangles
with vertices {vo, v;,v;} (where 7 and j are distinct members of {1, 2,3}) are
supporting for A%, we see that (1,22, 73) € A implies the three inequalities
x1,x9,x3 > 0. Using the other three planes that contain, respectively, the
three triangles with vertices {v4, v;, v;}, we obtain another three inequalities,
namely, for distinct 4, j, k = 1, 2,3, we have z; + x; — (1/2)z) < 1. Thus, for
x denoting (z1, 22, z3) € R?, we have

(1) A* ={x € R®:2; > 0; distinct 4,7,k =1,2,3, 2, + z; — (1/2)xy < 1}.
65.2 Lemma Let x = (x1,72,73) € A%, Then 0 < z1 + 22 + 23 < 2, where
x1 + 19+ a3 < 1 implies x € Az, and 1 < x1 + 2 + 3 < 2 implies x € AL,

PROOF. The statement “0 < z1 + 22 + 23 < 2”7 follows from the fact that
the linear functional 21 + 2o + z3 takes on its extreme values at the extreme
points vo, Vi, Vs, vs, vy of A3, The other two inequalities follow from the
same observation with x1 + x5 + x3 restricted to Az and A?]f, respectively.

65.3 Lemma Let x = (x1,x2,x3) € A?]f be such that there exist distinct
indices i and j for which x; +x; > 4/3. Then x =v4 = (2/3,2/3,2/3).

PRrROOF. From the representation of A? given in (1), we see that
4/3—(1/2)x < i+ x5 — (1/2)xp <1

and it follows that (2/3) < xj. But since one of either z; > 2/3 or z; > 2/3



134 ISOTOPY MOVES Js INTO 3-SPACE CHAPTER 12

is true, a similar argument shows all three components are > 2/3. Then,
since 2/3+2/3 4+ 2/3 = 2, Lemma 65.2 provides the desired result.

65.4 Lemma Let x = (21,72, 23) € A3, Then x; = 1 implies x = u;.

PRrROOF. The two inequalities @; + 2 — (1/2)z; < 1 and a; +2; — (1/2)z, < 1
with z; = 1 yield 2z; < x and 2z, < x;, showing that z; = 0 = .

65.5 Lemma Let X = (w1, 22,23) € A%. Then each 0 < x; < 1.

PROOF. The inequality 0 < z; follows from the definition of A%. To see that
x; < 1 for each 7, consider x +— z; as a linear functional, and recall that x;
is maximum at the extreme points of A3, i.e., at (0,0,0), (1,0,0), (0,1,0),
(0,0,1), and (2/3,2/3,2/3).

866 IFSs and the Just-Touching Property

At the beginning of §62 and the end of §63 we defined, respectively, F,, and
Gs. Here we consider their “just-touching property.”

66.1 Theorem ThelFS F,, acting on A, satisfies the just-touching property.

PROOF. Let i and j denote distinct indices in {0,1,...,n}, and let x,y € A,
be such that f;(x) = f;j(y). Then fi(x) = ix+ yu; = 3y + yu; = f;(y).
Thus, x —y = u; — uy, i.e., in terms of components,

(xl — Y1, 7xj - yja vy Tfg — Yiy ooy Tp — yn) = (07 ceey 07 6]7 07 ceey 07 _5i7 07 By 0)

where 6;,0; € {0,1} (65 = 0 iff £ = 0). We have three cases: (a) §; = 0 # J;;
(b) 5j 75 0= 51'; (C) 5j 7& 0 75 51 If (CL), then T —Y; = 5j = 0 and
x; — Y = —0; = —1. So x; = y;, and, since y; < Xpyr < 1 and x; > 0, we
have z; = 0 # y; = 1. The definition of A,, shows that y = u;. It follows
that x = up = u; = 0. Thus,

(2) fix) = fi(wy) = u;/2 +ui/2 = f(w) = f5(y),
showing that the point u;/2+ u;/2 € fi(A,) N f;j(Ay). Turning to case (b),
we see that ; —y; =0; =1 and z; —y; = —6; = 0. So z; = y;, and, since

zj < Xpxrp <1 and y; >0, we have 2; = 1 and y; = 0. And by definition
of A,, we have x = u;. It follows that y = 0 = up = u;. Clearly, (2)
holds in this case also. Finally, for case (c), we have z; —y; = §; = 1 and
x;—Yy; = —0; = —1. As before, it follows that z; = 1 and y; = 0, while z; = 0
and y; = 1. Then Lemma 65.4 implies both x = u; and y = u;, which in turn
shows that (2) holds in this final case. Thus, (2) holds for every x,y € A,
such that fi(x) = £;(¥), Les {w;/2+w/2} = fi(B) 0 f5(An).

Note that the previous theorem provides existence as well as uniqueness
of the “just-touching” points ;(ul + u;). It turns out, in the context of ad-
dressing, that these points have dual addresses, namely ijjj--- and jiii---.
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The idea of constructing five “just touching and congruent” hexahedra
is basic to building a model of the 4-web in 3-space. An example of such a
combinatorial construction is pictured in Figures 7.1, 7.2, and 7.3.

66.2 Theorem The IFS G has the just-touching property on A3.

ProOOF. Consider distinct indices ¢,j € {0,1,2,3,4}, and let x and y be
points in A% such that g;(x) = g;(y). Then

gi(x) =%x/24+v;/2=y/24+v;/2.
Thus, x —y = v; — vy, ie,
(T — y1, 22 — Y2, 23 — y3) = (01,02, 03)

where each 0 € {0,+1,+1/3,4+2/3}. We break the possibilities into those
where j =0 (Case I) and those where j # 0 (Case II).

CaseI (j = 0). In this case x —y = —v; for some 7 € {1,2,3,4}. And the
possibilities are either exactly one component x; — y; = —1 with the others
equal to 0, or x—y = (—2/3,—2/3,—2/3). In the former subcase i € {1, 2, 3},
and then Lemma 65.5 shows that ; = 0 and y; = 1. Then Lemma 65.4 gives
y = v;. It follows that x = vg. Thus, g;(x) = gi(vo) = vo/2 + v;/2 =
v;/2+4v;/2 = g;(y) is the unique point v;/2 + v;/2 that depends only on i
and j, i.e.,

(3) 9i(x) =v;/2+vi/2 = g;(y).

In the latter subcase i = 4, and z, — yr, = —2/3 for each k = 1,2, 3, showing
that yr = @, + 2/3 > 2/3 for each k = 1,2,3. It follows from Lemma 65.3
that y = v4 and (consequently) that x = vo. And so (3) also holds when
j =0 and ¢ = 4. This finishes Case I.

Case II (j # 0). The possibilities correspond to three subcases, namely
i=01<i<3 andi=4 Ifi=0and e {1,2,3}, then z; —y; = 1
and xp — yr = 0 when k # j. Lemma 65.5 then shows that x = v;, and
(consequently) y = vo = v;. So (3) also holds for j € {1,2,3}, and i = 0.
Next, if ¢ = 0 and j = 4, then x —y = (2/3,2/3,2/3), showing that z;, =
yr +2/3 > 2/3 for each k = 1,2,3. Lemma 65.3 shows that x = v4 = v; and
(consequently) that y = vg = v;. So (3) also holds for i = 0 and j = 4. This
finishes the subcase i = 0. We turn to the subcase 1 < ¢ < 3. If j is also
such that 1 < j < 3, then we may assume that z; —y; = 1, x; —y; = —1,
and zp — yr = 0 where i # k # j. Lemmas 65.4 and 65.5 show that the first
of these equations yields x = v;. Then Lemma 65.5 shows that y; = 1, and
then Lemma 65.4 shows y = v;. So (3) also holds for distinct 4,5 € {1,2,3}.
For 1 <i <3 and j =4, we have z; —y; = —1/3, and xx — yr = 2/3 for
k # i. Since there are two values of k that satisfy the last equation, we again
deduce that the sum of two components of x is > 4/3, and then Lemma 65.3
shows that x = v4 = v;. It follows that y = v;, and so (3) also holds when
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1 <4 <3 and j = 4. Finally, consider the subcase i = 4. In this instance
1 < j < 3, and we see that z; —y; = 1/3 and z, — yr = —2/3 for two
indices k # j. Thus, the sum of two components of y is > 4/3, showing (via
Lemma 65.3) that y = v4 = v;. It follows that x = v;. So (3) also holds for
j=1,2,3 and i = 4. This finishes Case II.

Thus, for every x,y € A% such that g;(x) = g;(y), equation (3) holds. It
follows that {v;/2+ v;/2} = ¢;(A3) N g;(A3) for each i # j.

867 Addressing and the Isotopy

In this section, we let A ={0,1,2,3,4}, and use H = {h; : i € A} to denote
one of the iterated function systems F4 or G3. So for each i € A,

o [ x/24 w2 when H = Fu;

For the code space N({0,1,2,3,4}), each 0 € N(A) determines a sequence
{o"}, where ¢™ = o1 ---0,000-- -, that obviously converges to o. And the
continuity of the address map ¢ : N(A) — K shows that the corresponding
sequence {p™ = p,» } in the attractor K of H converges to p,-.

With each address ¢ = o102--- € N(A), we also associate an infinite
matrix My, = [a;j]e (1 < i < 4; 1 < j) of zeros and ones via the nth-
column formula: If o, = 0, then let the nth column contain only zeros; and
if 0, = k # 0, then let ax, = 1 be the only 1 in the nth column. Clearly,
then, the rows of M, induce binary representations that satisfy the no-carry
condition.

67.1 Theorem Let {w;} € {{u;},{v;}}, the choice conforming to the choice
of H € {F4,Gs}. Let K denote the attractor of H. Let o € N({0,1,2,3,4}),
and let p, be the image of o under the address map. Then p, may be written
as a linear combination

(4) Do = A1W1 + AoWo + a3W3 + a4 Wy

where each coefficient a;, 1 < i < 4, has the binary expansion .a;1a;s -
where a;1a;2 - - - 1s the ith row of M, = [aij]o-

PROOF. Let {¢"} and {p™} denote the sequences defined in the next-to-last
paragraph preceding this theorem. Since the m-fold composition (hgo--- o
ho)(K) = K/(2™), since hy, o -+ 0 hy,, is one-to-one, since p™ is the only
point in

M=1(ho, © -+ 0 ho, (K/(27)),
and since {wo} = N°_; K/(2™), it follows that p® = hy, o --- 0 hy, (Wp).
Now certainly the origin py = 0 corresponds to the sequence 000--- € N(A)

of zeros and satisfies the conclusion of the theorem. So inductively, let
o' = 0903---0,000--- and suppose that p,. satisfies the conclusion of the
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theorem. We show that the image p™ of 6™ = o105 --- 0,000 - - - also satisfies
the conclusion of the theorem: Letting o1 = k € {0,1,2,3,4}, we have, in
binary, wi/2 = (.1)wy, and so

p" =hg, 0-0hg, (WO) = hk(po/)
= (1/2) [(-a} @lg) W1 + - + (@l g )Wa] + (1) wy,
_ (.0ad) a]y YW1 + - + (laj ahy )W + -+ (0aly; a)y- )W if k # 0;
n (.0a) @]y )wW1 + - + (.0a);a)y - )Wa if k£ =0.

That is, we may obtain p" and My» = [ajj]sn using p,r and My = [a};].
Indeed, for each i € {1,2,3,4},

i ! N
M (AT Ve, (.0al aly -+ )W; when o1 = k # i;
a;, W; = (.a'LlaiZ )Wl - { ('10"/Lla/iZ .. )W'L when o1 = k=1.
So these “shifted and possibly one added” binary expansions represent the
scalar coefficients a}' of the vectors w; that appear in the sum

4
n o __ n
p = § a; Wi
i=1

which corresponds to (4). Moreover, since the matrix M~ is obtained from
M, by shifting the columns of the latter to the right by one index, and
then determining the first column via the value of oy, it is clear that this
representation of p™ satisfies the conclusion of the theorem.

Turning to p,, we see that ¢ — o in N(A) (term-by-term) implies
that Myn — M, (column-by-column), and so the binary representations
.afal - - a2, 000 induced by the rows of the M,» matrices converge (term-
by-term) to the binary representations .a;ja;o - - “QinGi(n41) -+ induced by
the corresponding rows of M,. That is, a — .a;1a:2---. Now suppose
H = F4: Let p, = Z?Zl b;u; where the “b;” are the unique scalars that
define the point p, relative to the basis {u;} of R*. Then (p" = pon) — Do
implies al* — b;. But a] — .a;1a:2---, and thus the b; scalars have the
corresponding binary representations .a;1a;2 - -+ = a; when H = F4. Finally,
suppose H = G3: Let p, = Zle b;v; where the b; are the unique scalars that
define p, relative to the basis {vy,va,v3} of R3. Then py» — ps together
with

4 3 3 3
Pt =per =Y afwi =Y alvi + Y aj(@/3)vi = Y (af + (2/3)a})vs
1=1 1=1 =1

i=1

implies (a’ + (2/3)a}) — b; for each ¢ = 1,2,3. But al — .a;1a:2 -+ = a; for
each i = 1,2,3,4, showing that p, = a1vy + asve + asvs + a4v4 where the
coefficients a; (i = 1,2, 3,4) have the desired binary expansions.
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67.2 Theorem Let H be given as in the hypothesis of Theorem 67.1. Let
p € K where K is the attractor of H, let O € {A* A3} correspond to the
choice of H, and let each of two distinct sequences o and T address p, i.e.,
P =0ps = pr. Then there is an index I > 0 such that

o = jijo - jrikkk -+ and T = jijo - - jikiii---
where k # i and i,k € A.
PROOF. Let [ be either the max{j : o1 =7, - ,0; =7;} or 0 (if o1 # 7).
Then for ¢/ = oy410142--+ and 7/ = 7 17Ty 2 - -, We see that
P = Do = hj hj, -, (pe) = pr = hyj  hyj, -+ - b, (pr).

Welet i = 0y41 and k = 7541. Then k # i, and p,r € h;(O) while p,» € hi(O).
But since hj, o --- o hj, is one-to-one, p' = p,s = p,s, showing that p’ €
hi;(0O)Nhi(O), and therefore must be the “just-touching” point (w; +wy)/2.
For example, if t =1 and k =2

100 0 1 1
01 1 --- 100
My, =109 00 .. and My =140 0 0
000 - 00 0

By evaluating hj, o---oh;, at p’, we, in effect, move the columns of M,_, and
M,,_, I places to the right and then fill in the first [ columns as prescribed by
the hj;s. The results are M, and M., respectively. Thus, by comparing these
two matrices, the desired relation between ¢ and 7 holds.

67.3 Theorem The homotopy H defined in §64 above is an isotopy that
preserves fractal dimension.

“ 7

Proor. It follows from Theorem 67.2 that the equivalence relation “~
induced on N(A) via the address map (in either case where H = Fy4 or
H = Gs) is the one of identifying adjacent endpoints in N(A) (Lipscomb and
Perry [1992]). Since N(A) is compact, the continuous surjective addressing
map from N(A) to the attractor of H is closed, and hence quotient. It
follows that since each of the attractors w? and wj is homeomorphic to the
quotient N(A)/~, they are homeomorphic to each other. More precisely, the
homeomorphisms (induced from the address maps) o : N(A)/ ~ — w* and
B:N(A)/~ — wi map an equivalence class [0] € N(A)/~ to aju; + azus +
aszuz +asuy in the former case, and to a1vy +asvs +agvs +asvy in the latter
case (the unique 4-tuple (aq,as, as,as) being specified as in Theorem 67.3).
It follows that Soa™!:w* — wj is a homeomorphism that is given by

ajuy + agUg + asus + aquy +— a1vy + az2va + asvs + aqvy

Rewriting v4 = (2/3)v1 + (2/3)va + (2/3)v3 and substituting, we have x =
(a1,a2,as,a4) € w* implies B o a~t(x) = Hy(x). In other words, H; is one-
to-one on w*, and so by previous remarks, it follows that H is an isotopy. To
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see that H; respects the fractal dimension, we recall that F, and Gz contain
the same number “5” of affine transformations, each with the scale factor of
1/2. It follows that both fractals have dimension In(5)/In(2) ~ 2.2319.

67.4 Corollary Let n > 4. Then the n-web w™ C R™ can be imbedded in
R™ 1 with fractal dimension preserved.

PRrROOF. For n = 4, Theorem 67.3 provides the linear transformation H; :
R* — R* whose restriction to w* is a homeomorphism into R® C R* that
preserves fractal dimension. The matrix representation of H; relative to the
standard basis {uy, uz, us, uy} is

10 0 2/3
01 0 2/3
=19 91 2/3
000 O
So we only need to consider the n > 4 case. In this case, let uj,ug,...,u,

denote the standard basis vectors of R™, and let R~ denote the subspace of
R” that has basis {us,us,...,u,}. Identify R” with R* @ R"~* and define
L, : R" — R" as the product map L,, = Hy x1,,_4 where 1,,_4 is the identity
(linear) transformation on R"~*. That is, L,, is given by

Hi X1y y:RER"™™ SRR

It follows that relative to the basis {u;} ;, the “matrix” H; and the (n —
4) x (n — 4) identity matrix I,_4 may serve as blocks in a block-matrix
representation of L,,, namely

H 0
]

With this matrix representation, clearly L, (w™) C {(21, 22, 23,0, z5,...,2,) €
R"}, i.e., essentially, L,(w") C R""!. Since L, is linear, it is continu-
ous; and since w” is compact, it suffices to show that L, is one-to-one
on w™. So suppose that x,y € w™ are such that L,(x) = L,(y). Then
Ln = Hl X 1n—4 implies that Hl(ﬂjl,...,l‘4) = Hl(yl,...,y4) and that
ln—a(zs,...,2n) = lu—a(ys,...,yn). Since each of x and y satisfies the
no-carry condition, each of (z1,...,24), (y1,...,y4) € R* satisfies the no-
carry condition. Hence, they are members of w? C R*. But since H; is
one-to-one on w?, it follows that x = y. To see that L,, preserves the fractal
dimension of w", first extend Gz to the IFS G, = {g0,91,--.,9n} by let-
ting v; = u; for ¢ > 4. Second, define w?_; = L,(w™). Then show that
L, (fi(w™)) = gi(wy_,) for each ¢ = 0,...,n where f; € F,,. Deduce that
wl_ =U;gi(wl_1), i.e., that w_; is the unique attractor of the IFS G,,. As
in the last paragraph of Theorem 67.3, it follows that D(w™) = D(wl_;).
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868 Comments

From the approach used in this chapter, it appears that to solve the open
problems (§62) of determining whether one can visualize (within 3-space) the
self-similarity of the 5-, 6-, or 7-web, respectively Jg, J7, or Jg, one would need
to construct many candidate polyhedra within 3-space. For example, in the
5-web w® case the desired polyhedron would be the convex hull of six points
in 3-space. Suppose Ps denotes such a polyhedron. Then using a computer
and appropriate software, one would contract Pg by 1/2 toward each of its six
vertices and “visually check” for the “just-touching property.” But even if a
candidate Py were found whose level-1 iterates “visually” appear to satisfy
the just-touching property, a mathematical proof would still be required. And
in such a case, the approach in this chapter could serve as a guide.



CHAPTER 13

From 2-Web IF'S to 2-Simplex IFS
2-Space and the 1-Sphere

Sierpinski’s classical construction of his triangle (gasket) begins with a 2-
simplex A? (manifold) and ends with the 2-web w? (fractal) subspace. It
is therefore natural (inverse of moving from manifolds to fractals) to seek a
minimal code-space and address-map extension of the n-web system to an
n-simplex system (a fractals-to-manifolds problem).

In this chapter we consider the n = 2 case, and extend the 2-web IFS
system Fy to a 2-simplex IFS system F5. The extension, when viewed as
identification of certain sequences in code space, yields a representation of
2-space and the 1-sphere. The following chapter provides a solution for the
n = 3 case. Here, however, we follow the presentation in Lipscomb [2005].

869 Overview
The IFS of interest is Fo = {wo, w1, wz} whose affine transformations
wr(x) =uk + (1/2)(x —ug) = 1/2(x + ug) (x € A%k =0,1, 2)

are contractions by 1/2 toward the uj where uy = (1,0,0)”, u; = (0,1,0)7,
and uy = (0,0,1)7 are the standard basis vectors in R? and also the vertices
of A%, (This definition is a variant of the one given (for n = 2) at the
beginning of §8. In this case we use the standard 2-simplex A% C R? instead
of Ay C Rz.)

This IFS F» has w? as the attractor, and the corresponding address
map ¢ : N({0,1,2}) — w? may also be viewed as the natural mapping p :
N({0.1,2}) — J3 (see Theorem 8.4). From the fractal viewpoint, N ({0, 1,2})
is a code space, and w? is Sierpiniski’s triangle/gasket. In topological terms,
N({0,1,2}) is a Baire space and w? is the 2-web (Definition 8.3), which is
homeomorphic to J3.

For A = {0,1,2}, we seek a “minimal” extension of both Baire’s space
N(A) and the adjacent-endpoint relation on N(A) that yields, as a quotient
structure, the entire 2-simplex A2. In particular, we extend N({0,1,2}) to
N({0,1,2,3}), and, ~ on N({0,1,2}) to a relation R D ~ on N({0,1,2,3}).
It turns out that the new relation R induces equivalence classes of cardinal-
ities 1, 2, 3, and 6 only. One of the goals here is to emulate the adjacent-
endpoint approach: In a relatively simple way, recognize the basic forms of
the sequences that when identified yield the 2-simplex A%, From the fractal
viewpoint, we shall define an IFS Fj = {wq, w1, ws, w3} with attractor AZ.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 13, © Springer Science4Business Media, LLC 2009 141
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As an application, using the address map ¢ : N({0,1,2,3}) — A? we
specify ¢-inverse sets F,G = (N({0,1,2,3})\ F) € N({0,1,2,3}) such that
dlp : F — 0A? and ¢|g : G — (A?\ OA?) are quotient maps, the former
onto a copy of the 1-sphere and the latter onto a copy of 2-space.

§70 The F; IFS

The intuitive idea behind the desired iterated function system F3 is that of
using one extra digit “3” to encode an iterated pasting — at each level “ws”
serves to “fill the holes” in Sierpinski’s gasket.

uz

ug u;

Fig. 70.1 Decompositions of A?; scaled by } and | subtriangles.

Recall that when we identify a point x in A? with its column vector
[z0, 71, 22]T in 3-space, we may view the components z}, as either barycentric
coordinates or Cartesian coordinates — our 2-simplex A? is the one where
barycentric coordinates and Cartesian coordinates are equal.

With this background, we extend the IFS F5 by considering the barycen-
ter uz = (1/3)(up + uy + uz) of A2, and the affine transformation?

ws(x) = (1/2)Ix + (1/2)us

where ~1/3  2/3  2/3
L= 2/3 -1/3 2/3
2/3  2/3 -1/3

Since L is not the identity matrix, the affine transformation “ws” is not
a contraction. Nevertheless, ws is the composition of a 180° rotation L (an
isometry) followed by a contraction by 1/2 toward us. That is, the linear
transformation L is a rotation of 180° about the line containing uz that is

IThe phrase iterated pasting is the author’s attempt to intuitively describe what w3 €
F5 \ Fa2 contributes in the context of the iteration process. The iterations of the members
of Fy serve to “iteratively cut holes” in the manifold A2, while on the other hand, the
addition of the function w3 “surgically repairs” the “cuts” at each level of iteration by
pasting just the right size triangles in the holes. For example, the left-side graphic in
Figure 70.1 shows the first level: The hole A2 \ (wo(A?) U w1 (A2?) U wa(A2)) appears.
But ws(A?), the triangle labeled “3” fills the hole. The process is repeated at the second
level where the iterates w; ow; (A?) appear in the right-side graphic of Figure 70.1. Again,
those triangles whose label contains the digit “3” fill all holes.

2Also note that w3 (x) = é(v —x) for v=[1,1,1]T.
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perpendicular to the plane containing A2, and as a consequence, the affine
w3 maps Uy to the midpoint of the edge opposite uy.

The extension Fj = {wq,wi,ws, w3} of Fo = {wp,wi,ws} is an IFS
with contractivity factor 1/2. Furthermore, from the left-side graphic of
Figure 70.1 we see that the 2-simplex A? satisfies

A% = U}Q(AZ) U wy (Az) @] ’wg(AQ) @] ’LU3(A2),

showing that the attractor of 75 is A2. (The 2-simplex A? is the fixed point
of the Hutchinson operator.) Our goal is to show that the point-inverse sets
of the address map ¢

(eR oD R ﬁ(g?il (wm O Wqy O+ "0 Wq;y (AQ))

from code space N ({0, 1,2,3}) onto A? define the classes of a relation R that
is a superset of the adjacent-endpoint relation ~ on N({0,1,2}).
As a result, we obtain representations of the 2-space and the 1-sphere.

§71 The Quotient/Address Map

For a sequence ajas - -+ in {0,1,2, 3}, define the subtriangle Ty, = wa, (A?),
and then, for j > 1, recursively define the subtriangle

Torasa; = Way (Tasag-a;) = Way © Way 0 -+ 0 Wa, (A?).

With this notation, the quotient map (address map) ¢ is given by ¢(a) = x
where {z} = N2 Tay05-a,-

Sequences in {0,1,2}. For i € {0,1,2}, consider y € T;. Then there ex-
ists a z € A? such that y = w;(z). Represent the barycentric coordinates
2z = .Zp1%k2--- of z in binary, i.e., each zy; is a binary digit. Then since
multiplication by 1/2 is a “right-shift of these digits,” yx = .0kizk12k2 -
where 6,; = 1 when k& = 4 and zero otherwise.

Applying this observation to sequences « in {0, 1,2}, we see that x € Ty,
implies that there exists y € A% such that x = w,, (y). Thus,

(1) Tk = Okay Yk1Yk2 * -+

where the second binary digit zo in this expansion is the first digit yx; in that
of yx. Moreover, since X € Ty, 0, = Wa, (Wa, (A?)), there also exists a z € A?
such that y = wa,(z) and x = wq, (y). It follows that yr = Opas2k12k2 - -,
yielding xr = .0ka,Okas2k12k2 - . In general, if x € N521 0y then
Tk = OkoyOkasOkas -~ where k € {0,1,2}. This line of reasoning yields
the following proposition (see Milutinovié¢ [1992, Corollary 8]).

71.1 Proposition Let ajas--- € N({0,1,2}). Let {x} = N521Taraz--ay
and, for each k € {0,1,2} and each j = 1,2,..., let Tx; = Ora;. Then the
barycentric coordinates xj of X are given by xp = E;";lxkj/?,
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Sequences in {0,1,2,3}. Let a be a sequence in {0, 1,2,3}. In particular, it
is illustrative to consider the constant sequence 333---. Then x € T3 implies
x = ws(y) for some y = [yo,y1,y2]7 € A% So for {k,¢,m} = {0,1,2} and

Yp =1 — y, we may use ws(x) = 5(v —x) for v = [1,1,1]7 to deduce that

xy, = (1/2)(yp)-
Thus, ws maps yx = -Yk1Yk2 - - - tO
(2) ok = 0y Yk -

where each binary digit y}cj = 1 — yg;. Continuing, since x € T33 there is
also a z € A? such that ws(z) = y, showing that x = 1/4(v + z). Thus
2k = .Zk1%k2 - -+ maps to

(3) T = .01zk12k2 LR

And x € Ti33 provides a t € A? such that w3 (t) = z; and then tj, = .tg1tgo -
maps to

(4) z = .0108) tho - - .

The upshot? Equations (2), (3), and (4) expose the alternating pattern
of “primed” and “non-primed.” That is, for a composition involving an odd
number of wss, the right-shift is followed by an application of “primes,” while
an even number involves only the right-shift, i.e., (y},,,,) = Ykm.-

Moreover, when « is the constant sequence of 3s, the containment x €
M52 Way O+ Wa, (A?) yields each zj = .01010101 = E?‘;ll/élj = 1/3: The
quotient map maps the constant sequence 333 ... to the barycenter of the
original triangle.

It follows that any algorithm for calculating the jth binary digit zz; of
the coordinate z; must account for the parity of the number of wss appearing
N we, 00 wg, (A?).

The parity of the wss also appears in the basic geometry: While each
subtriangle Ty, T3, T, and T3 in Figure 70.1 has a horizontal edge and cor-
responding opposite vertex, only T3 has the corresponding vertex positioned
below its horizontal edge. (The other triangles “point up.”) However, for two
“3s”, the subtriangle T33 points up. Indeed, a subtriangle T4, a,...a; points
up if and only if the number of v, (in the list a1, o, ..., @;) equaling 3 is an
even integer. In particular, since “zero” is an even integer, all subtriangles
indexed via sequences in {0,1,2} “point up,” allowing us, in the Sierpiriski
gasket case, to dodge the need for “primes.”

8§72 The x;;-Algorithm

Relative to a sequence « in {0,1, 2,3}, we shall say that the subscript j (of
«;) is up whenever the number of a,, 1 < n < j, satisfying a;, = 3 is even.
Otherwise, j is down. Thus, “j is up” if and only if Ty,...o; “points up.”
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In addition, we introduce the “xjj-algorithm,” which allows us to view

the address map as the composition ¢ = no¥: The map ¢ : N(0,1,2,3) —

N(0,1)® maps « to the ordered triple [zg1zo2 -+ , 11212+ , To1T22 |1 €
N(0,1)3 calculated via the algorithm, while  : N(0,1)® — A? maps each
such triple to the pOiIlt [.x()lZIJ()Q e, L1112, . X21X22 7 7 ]T S Az whose

components have the indicated binary expansions.

72.1 Proposition (zx;-algorithm) Let o be a sequence in {0,1,2,3}. Let
{x} = M52 Torasa,s and, for each k € {0,1,2} and each j =1,2,..., let

Oka; J is up and a; # 3

/ Jj is down and aj # 3
jisup and aj =3
0 J is down and o; = 3

Thj = 1kaj

Then the barycentric coordinates xy, of x are given by x, = E;’-';lxkj/Qj.

PrOOF. We begin with an induction argument that shows whenever x =
W, O+ 0 Wq,(y), then the first j values xy1, ..., 2x; output by the x;-
algorithm are the first j digits in a binary expansion of xy, i.e.,

oy = 4 TR kYR J s up; Yx = Yr1Yr2 -
L1 LY Yo - J i dOWn; Yk = YraYko - - -

So we begin with j = 1. Let x = w,, (y) for some y € A%, There are two
cases according to a; = 3 or a1 # 3: In the latter case, “j is up and o # 3,”
so the wj-algorithm output is Zx1 = dxa,, which is the first digit zx; in the
binary expansion .0ga, Yk1yk2 - -+ of zk. (see equation (1)). In the former
case, “j is down and «o; = 3,” so the algorithm output is xx; = 0, which is
the first digit in the binary expansion .0y}, ¥y}, - -+ of zx (see equation (2)).
Thus, the first step in the induction is complete.

Now let j > 1. Let X = wq, 0 ---wq, (2), ie.,

X =W, O+ 0Wa,_,(y) and Y = Wa, (2).
Then by the inductive hypothesis,

Y = { .5k?j21flzk2 s Qg 75 3
0z 259 aj = 3.

The inductive hypothesis also tells us that the first j — 1 values xg1,
Ty(j—1) output by the xy;-algorithm are also the first (j — 1) digits in the
binary expansion

_ ) mp o mpGonyYkYke - J— 1isup
Tk = X ral oo i—T1isd
Tkl Tr(j—1)Yr1Yko Wi 1S down.
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Substituting into these two possible expansions of x; the two possible expan-
sions for y; given above, we obtain

Tl T(— )5k%zklzkg j—1isup and a; # 3
g = TR k(- 1)0ka, 2k %k J — 1is down and o # 3
T g T (- 1)Ozklzk2 X j—1lisup and o;j =3
Tl Th(— 1)0 ZE1Zk2 j —1is down and o = 3.

So there are four possible cases for expansions of xj, depending on whether
aj equals or does not equal 3 and whether “j —17 is “up” or “down.” In each
case, we show that the first j algorithm output-values are the first j digits in
the corresponding expansion: Recall that the induction hypothesis ensures
that the first j — 1 digits are the algorithm output-values, so we only need
to show that the algorithm output for x;; is the jth digit in each of the four
cases: First, suppose “j — 1 is up and a; # 3.” Then «; # 3 specifies that
Yk1 = Oka,- Also, “j —1is up” and “a; # 3”7 imply that “j is up”. Thus,
“j is up and a; # 3,” so the algorithm output is xx; = 0ra, = yr1, which
agrees with the first expansion listed above. Second, suppose “j — 1 is down
and a; # 3.7 Then again yr1 = 0o, Also, “j — 1 is down” and “a; # 3”
imply that “j is down.” Thus, “j is down and «; # 3,” so the algorithm
output is xp; = 520@ = Y1, which agrees with the second expansion listed
above. Third suppose “9—1is up and a; = 3.7 Then yp1 = 0. Also,
“3—11is up” and “aj = 3” imply that “j is down.” Thus, “j is down and
o = 3,” so the algorlthm output is xx; = 0 = yr1, which agrees with the
third expansion listed above. Fourth and finally, suppose “j — 1 is down and
aj = 3.7 Then again y; = 0. Also, “j — 1 is down” and “a;; = 3”7 imply
that “j is up.” Thus, “j is up and a; = 3,” so the algorithm output is
zk; =1 = 0" =y, which agrees with the fourth and final expansion listed
above. This finishes the induction step. It follows that there is a constant
sequence of binary expansions of x; whose jth term has its first j digits x1,

., T calculated via the xy;-algorithm. Since this constant sequence clearly
converges to .x1 Tx2 - - - where all digits are calculated via the xy;-algorithm,
the proof is complete.

With Proposition 72.1 and ¢(a) = x = [z9, 1, 72]T, we may calculate
each z using o as input to the xj;-algorithm. For example, consider the
sequence o = 2,1,0,0,0,---. Then ¢(a) = [1/4,1/4,1/2]7, and the xy;-
algorithm with input « has output z¢p = .0011---, 3 = .0100---, and x5 =
.1000 - - -. But as we shall see, as an application of Proposition 74.1(v), there
is no input sequence that will allow the zj;-algorithm to output the given
equivalent binary expansions xgp = x; = .0100--- and x5 = .1000---. It
follows that even though the quotient map ¢ and the zj;-algorithm have
the same domain N(0,1,2,3) and they are equal when viewed as functions
onto A%, the xj-algorithm cannot produce all “binary representations” of
all points in AZ2.
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873 Binary Representations

To understand the limitations of the xy;-algorithm, we present several propo-
sitions, the first of which may be deduced from the observation that the
equality E}?‘;il/Zj = 1/27" yields the equality .y ---p_2)0111--- =

73.1 Proposition Let xy, € [0,1] have a binary expansion xj = .Xp1Tra - .

That s, x3, = E;?‘;lxkj/y where Tr1Xpa -+ 18 a sequence in {0,1}. Then
xr has another binary expansion .yr1yx2--- if and only if the sequences
Tp1Tpz - and Yg1yYge - - are adjacent endpoints in N(0,1) if and only if
Tp1TEa - -+ has a tail index.

Thus, since each xj € [0, 1] has at most two binary expansions, there exist
at most 8 = 23 distinct representations [zo1 702 - -+ ,¥11T12 T2 T2 -+ |1 €
N(0,1)® whose components are strings of binary digits (in contrast to the
corresponding triple x = [zg, 71, 22]T € A? whose components are the values
of the corresponding binary expansions). We shall refer to any such rep-
resentation as a binary representation of x € A?, and say that for a given
sequence o € N(0,1,2,3), the x;-algorithm produces a binary representa-
tion of ¢(a) = x. To count binary representations of a given point x € A2,
we may use the previous proposition and a simple counting argument.

73.2 Proposition Let x € A2, and let x denote the number of barycentric
coordinates xy that have a binary erpansion whose sequence of digits has a
tail index. Then the number of binary representations of x is 2X.

Our next proposition shows that the x;-algorithm maps N(0, 1,2, 3) one-
to-one onto the binary representations that it can produce.

73.3 Proposition (¢ is an injection) Let ¢ : N(0,1,2,3) — A2 be the
quotient map, and let ¢(a)) = ¢(B) = x = [z, x1,22]T. If the xy;-algorithm
applied to o and 3 gives the same binary representation of X, then a = f3.

ProoF. For the input sequence «, we let .2¢; 2%, - - - denote the output. Then
the jth digit of the output is “xgj .7 Likewise, “xf j” has the obvious meaning.
Note that among the components of the ordered triple (x;, 27}, 25;) there is
exactly “one 17 in the case “j is up and o # 3, or exactly “two 1s” in the
case “j is down and o # 3,7 or exactly “three 1s” in the case “j is up and
o = 3,” or exactly “zero 1s” in the case “j is down and a; = 3.” Likewise,
we may consider the corresponding ordered triple produced with input 5. It
follows, since both inputs « and 3 produce the same binary representation,
that these ordered triples have the “same number of 1s,” and consequently,
by exhaustive analysis, that o; = §;. This finishes the proof.

It follows that Propositions 73.1, 73.2, and 73.3 yield the following.
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73.4 Corollary Let x = [z, 71, 22]T be such that each coordinate x) has a
binary expansion whose sequence of digits in {0,1} has no tail index. Then
for some input sequence o, the xij-algorithm yields the unique binary repre-
sentation of x, and {a} = ¢~ (x).

874 Associated Matrices

Let o and /3 be distinct members of ¢~!(x). Then the zy;-algorithm, with
input a and then input 8, will output distinct binary representations of x
(Proposition 73.3). It follows that ¢~!(x) can contain at most the number
of distinct binary representations of x that the x;-algorithm can produce,
which, according to Proposition 73.2, is at most 8. To count the exact num-
bers of representations for various points x € A2, however, we shall use
certain matrices that will help us understand the algorithm:

Let o be an input sequence to the xy;-algorithm, which then yields zg =
.Xo1Tp2 " " and r1 = .r11T12° " and Ty = .I21%22 " -. A matrix Ma 18
associated with « if

Ter  Te2
Ma = Tml Tm2
Tni Tn2

where {¢,m,n} = {0,1,2}. (The ordering of the rows is not important.) It
is the properties of the columns of these matrices that allow us to better
understand the z;-algorithm, and subsequently the quotient map itself.

Observe that while there is no restriction on a particular column, i.e.,
a column may contain no “1s”, one “17, two “ls”, or three “1s”, the xy;-
algorithm places constraints on which columns can be adjacent. The proof
of the following proposition is straightforward and therefore omitted.

74.1 Proposition Let o be input for the xy;-algorithm, and let M, be as-
sociated with o. Then the columns of M, satisfy the following:

(i) When « is a sequence in {0,1,2}, each column contains exactly one 1.

(i) When r is the smallest index such that o, = 3, each column preceding
the rth column contains exactly one 1.

(1i1) When «,- = 3 and the smallest index s > r such that as = 3 also
satisfies s > r + 1, then each column between the rth and s columns
contains exactly two 1s when r is down, and exactly one 1 when r is up.

(iv) When o, = 3, then the rth column contains only zeros when v is
down and contains only ones when r is up.

(v) Columns with exactly one 1 cannot be adjacent to columns with
exactly two 1s, i.e., these two distinct kinds of columns are separated
by columns of all zeros or columns of all ones.

(vi) Two columns whose entries are all zeros cannot be adjacent, and
two columns whose entries are all ones cannot be adjacent.
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With the aid of Proposition 74.1 and the “matched sequences” introduced
in the following section, we shall be in a position to understand the point-
inverse sets ¢~ 1(x).

In passing, note that Proposition 74.1(7) tells us that for each « in the
code space N(0,1,2) of Sierpiriski’s gasket, the associated matrix M, has
exactly one 1 in each column.

875 Matched Sequences

For a given doubleton subset K of {0,1,2}, we use “a;” and “b;”, for each
i=1,2,..., to denote the elements of K with the constraint that {a;,b;} =
K. In addition, for any such i, we use “c;” to denote the lone element in
{0,1,2} — K, and we use “d;” to denote any member of {0,1,2,3}. The
following definitions concern sequences in {0,1,2, 3}:

Singleton sequences: Constant sequences, sequences with the constant sub-
sequence 33 - - -, sequences with three constant subsequences, or sequences in
a doubleton set K C {0,1,2} with no tail index.

Matched doubleton sequences: Two sequences «, 3 with no tail index, but
with an index r > 1 and a doubleton subset K of {0, 1,2} such that

a = dy--- drflcrar+lar+2 T
B = di--dr—13br1brgo---.

Matched tripleton sequences: Three sequences «, 3,y with a common tail
index ¢t > 1, where a doubleton subset K of {0, 1,2} exists such that

Q@ = a1a2- - at—-10¢ta¢41
B = aiaz---a104410¢
Y = ai1a2-::0t—13Ct41.

Matched hexeton sequences: Six sequences «, 3,7, 0, €, with a common tail
index t > r > 1 where a doubleton subset K of {0,1,2} exists such that

o = di-dp_1CrQrp Q3104441
ﬂ = di-- 'dr—lcrar—i-l c o Ap—1G4-10¢
v = di-dp_1CrQpg1 Qe 13Ci41
0 = di-dp13bpg1 - bi—rapaip
€ = di-dp13bpy1bi1a1as
¢ = di-dr—13bry1--b_13cry1.

(To avoid confusion, note that the form as presented is clear when ¢ > r + 1,
but for the lone case when t = r + 1, we need to remove each instance



150 FROM 2-WEB IFS TO 2-SIMPLEX IFS CHAPTER 13

i i

of “ap41---ar—1” and each instance of “b,iq---by_1”.
t =r+1, then a is simply dy - - - dy_1¢raa141.)

To illustrate and motivate these classes of sequences, first consider rational
points in the 2-web w?. In this case, matched tripleton sequences address
those on the boundary dA? of A? (Figure 75.1):

For example, when

Fig. 75.1 Matched tripleton sequences address a rational p in w? N OAZ.

And as illustrated in Figure 75.2, matched hexeton sequences address points
in w?N (A% — 9A?) :

0211---
0122---

uo

Fig. 75.2 Matched hexeton sequences — a rational in w? N (A% — 9A?).

Second, consider the irrational points in w?. Such a point p on the edge
[ug, ug] of DA? can lie on neither an edge nor a vertex of any triangle T, 3,...3,
where any 3; = 3. Intuitively, it follows that the lone address of p relative to
w? is also the lone address of p relative to A2. (So in this case, a (singleton)
sequence in a doubleton set K = {0,2} C {0,1,2} with no tail index is the
address of p.) But an irrational point p on say the edge common to triangles
Ty and T3 will have a matched doubleton sequence of addresses where r = 1
and K = {1,2}.

876 Point-Inverse Sets
Using mostly Proposition 74.1 and matched sequences, we prove the following
propositions:
76.1 Proposition A singleton sequence o has the property that ¢~ ¢(a) = a.

PRrOOF. First, consider a = kk--- where k # 3. Then Proposition 74.1(1)
shows that M, contains one row of ones and two rows of zeros. Each induced



8§76 POINT-INVERSE SETS 151

sequence of binary digits therefore has no tail index, and Corollary 73.4 then
yields the desired result. Second, if o contains the subsequence 333 - - -, then
Proposition 74.1(iv) shows that the columns of M, containing all zeros are
infinite in number, as are those containing all ones. Again, apply Corol-
lary 73.4. Third, suppose that the sequence o does not contain the constant
subsequence 33- - -, but it does contain the constant subsequences kk - - - for
each k # 3. Then eventually all indices are up or all indices are down. In
either case, each sequence corresponding to a row of M, has no tail index.
Again, apply Corollary 73.4. Fourth and finally, suppose a = ajas--- is a
two-valued sequence in {0, 1,2} with no tail index. Then Proposition 74.1(z)
shows that each column of M, contains exactly one 1. And since « is twoval-
ued, M, has a row of zeros and the corresponding sequence of digits thus
has no tail index. Moreover, since « has no tail index, each of the other
two induced sequences has no tail index. And once again and finally, apply
Corollary 73.4.

76.2 Proposition Let o, 8 be matched doubleton sequences. Then ¢(a) =
&(B), and if p(a) = ¢(B) = x, then ¢~ 1(x) = {a, B}.

ProOOF. Let K = {{,m}, and let {n} = {0,1,2} — K. Since a and S
have the same first » — 1 values dy,...,d,_1, the first (r — 1) columns of
the associated matrices of the matched doubleton sequences define the same
3% (r — 1) submatrix D. Moreover, we assume (for illustrative purposes, i.e.,
the general case is similar) that a,+1 = ¢, a,+2 = m, and a,3 = £. So first,
with this assumption, we suppose that r — 1 is up relative to « (note that
r — 1 is up relative to 3). Then 7 is up relative to « and down relative to 5.
Thus,

010
My=|DO0O 0 1
100

OO =

0 1 0 1
. and Mg=|DO0O 0 1 0 ---
00--- 01 1 1 11---
From inspection of the binary expansions induced by these matrices it is
clear that ¢ maps the matched doubleton sequence to the same point, say
x. Moreover, we see that rows of M, that correspond to ¢ and m have no
tail index and only the row corresponding to n represents a binary sequence
with a tail index r. It follows (Proposition 73.2) that x has only two binary
representations. Thus, Proposition 73.3 shows that ¢~!(x) has size two and
the desired result follows. So second, under the same assumption (a,41 = ¢,
ary2 = m, and a,43 = £), we now suppose that » — 1 is down relative to both
« and B: Then r is down relative to a and up relative to 3. Thus,

r o010 - 1010
My=|D1 1 0 1 - and Mg=|D1 1 0 1
011 1 11--- 1 0 0 0 00---

An argument similar to the one used in the first case shows that the desired
result is again true. Thus, we are finished.
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76.3 Proposition Let «, 3, v be matched tripleton sequences. Then ¢(a) =
B(B) = 6(n), and if p(e) = ¢(B) = ¢(v) = x, then ¢~' (%) = {a, 5,7}

PRrOOF. Let K = {{,m}. Since «, 3, and v have the same first ¢t — 1 values
ai,...,as—1, the first (¢t — 1) columns of their associated matrices (with the
same ordering ¢, m,n of rows) contain the same 3 x (f — 1) submatrix U (a
mnemonic for up) whose entries in the nth row are all zero. Moreover, we
assume (for illustrative purposes, i.e., the general case is similar) that a; = ¢.
Since neither a; nor a;+1 equals 3, the indices t and t + 1 are up relative to
both a and [, while both of ¢ and ¢t + 1 are down relative to . Thus,

M=

100 -
vo 1 1 - |, M=

01 1 --
v1 0 0 - |, Mg~

From the binary expansions induced by these matrices, we see that ¢ is
constant on the matched tripleton sequences. And if we let x = ¢(a) =
?(B) = ¢(y), then since exactly two rows of any of these associated matrices
induce sequences with tail indices, we see (Proposition 73.2) that the image
point x has 4 = 22 binary representations. Three of the four representations
are given by the associated matrices. The fourth representation (matrix) is

But Proposition 74.1(vi) shows that the xjj;-algorithm cannot produce this
matrix. It follows that the size of $~1(x) is three, and this finishes the proof.

We shall need the following matrices in the proof of the next proposition.

0101 100 0101 100
My=|p0 0 1 0 0 1 1 Ms=|p0 0 1 0 0 1 1
100 0 0 0O 0111111
01 01 011 01 01 011
Mg=|p0 0 1 0 1 0 0 M=|p0O 0 1 0 1 00
100 0 0 0O 0111111
01 01 011 0101 100
M,=|p0 01 0 0 1 1 M¢=|ip0 01 01 0 0
100 0 0 0O 0111111

76.4 Proposition Let «, 3, 7, 6, €, ( be matched hexeton sequences. Then
d(a) = ¢(B) = d(7) = ¢(8) = ¢(e) = ¢(Q), and if p(a) = ¢(B) = ¢(7) =
B(6) = d(e) = #(¢) = x, then ¢~ (x) = {a, 8,7,6,¢,C}.
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PRrROOF. Let K = {¢,m}. Similar to the “doubleton sequence case” above,
each of the six associated matrices M, ..., M¢ whose rows are ordered £, m, n
contain the same 3 x (r — 1) submatrix D. We assume (for illustrative pur-
poses, i.e., the general case is similar) that a,41 = ¢, ar12 = m, arq13 =
a;—1 = £, and a; = £. So first suppose that r — 1 is up relative to «. Then,
using a boldface font to indicate the tth column, we have the six matrices M,
Mg, M, Ms, M., and M¢ whose entries were detailed prior to the statement
of the theorem.

From the binary expansions given by these matrices, we see that ¢ is con-
stant on the matched hexeton sequences. And if we let x = ¢(a) = ¢(8) =
o(v) = ¢(6) = ¢(e) = ¢({), then since all three rows of any of these asso-
ciated matrices induce sequences with tail indices, we see (Proposition 73.2)
that the image point x has 8 = 23 binary representations, while the associ-
ated matrices account for only six of the eight. Indeed, the two remaining
representations (matrices) are

0101100 010101 1
DO 01 0 1 0 0 and DO O 1 0 01 1--
100 0 0 0 O 60111111

But Proposition 74.1(vi) shows that the xy;-algorithm cannot produce these
representations. If follows that the size of ¢~!(x) is six, and thus we are
finished with the first case. So second, suppose that r — 1 is down relative to
«. In this case we may calculate the associated matrices by simply changing
each “1” to “0” and each “0” to “1” in the formula for the six matrices listed
above (in the “up” case). (This property is imbedded in the algorithm, e.g.,
when «; # 3, the dka, output may be obtained from the output d;, by
permuting the zeros and ones.) Thus, in the “down case” the two “missing
representations” will once again exhibit either adjacent columns of all zeros
or adjacent columns of all ones, and such matrices do not lie in the range of
the z;-algorithm.

877 The Relation R
The following theorem makes the definition of R obvious.

77.1 Theorem Let ¢ : N(0,1,2,3) — A? be the quotient/address map, and
let x € A2, Then ¢—1(x) is a singleton set containing a singleton sequence,
or a doubleton set containing matched doubleton sequences, or a tripleton set
containing matched tripleton sequences, or a hexeton set containing matched
hexeton sequences.

PROOF. If x is the ¢-image of a singleton sequence, then by Proposition 76.1
we are finished. So suppose x is not the image of a singleton sequence. Since
¢ is onto A?, there exists a sequence « in {0, 1,2, 3} such that ¢(a) = x. Since
« is not a singleton sequence, it is non constant and eventually in a doubleton
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subset K C {0, 1,2}, and whenever all values of o are in K, then « has a
tail index. Consider the last case first. Then o = ajas - --asai41, showing
that « is one among three matched tripleton sequences; and an application
of Proposition 76.3 finishes the proof. So we are left with the case where a
doubleton subset K C {0, 1,2} and a smallest index r exist such that a; € K
when ¢ > r > 1. There are two subcases, according to whether o has or does
not have a tail index. If « has a tail index ¢ > r, then

a = didp1CrQryn s Gr-1040 41 or

o = dy-dp_13Gry1 Q104141
when t > r+ 1, and

a = di--dr_10cra4a41 or

a = dy---dr_13a4a141

when t = r + 1. In other words, when « has a tail index, then « is one
among six matched hexeton sequences; and an application of Proposition 76.4
finishes the proof. So, turning to the last subcase where our « has no tail
index, we see that

a = di---dr_1CrQrp1Qryo - or

a = dy-dr13arp1Gry2 .

In other words, when « has no tail index, then « is one among two matched
doubleton sequences; and an application of Proposition 76.2 finishes the
proof. Since all possibilities for the form of « have been exhausted, and
in every case the theorem was true, the proof is finished.

Since the relation R may be defined as the equivalence relation induced
by the partition {¢~!(x)|x € A2}, Theorem 77.1 shows that the classes of R
contain one, two, three, or six elements.

878 Representations of 2-Space and the 1-Sphere

The boundary OA? of A? is closed in A2 and is a homeomorphic copy of the
1-sphere, while A2 — 9A? is open in A? and is a copy of Euclidean 2-space.

We use these copies of 2-space R? and the 1-space S! together with the
mathematics of the address map ¢ : N({0,1,2,3}) — A? induced by the IFS
F5 to obtain a representation of 2-space and the 1-sphere.

78.1 Theorem Let ¢ be the address map from N(0,1,2,3) onto the 2-simplex
A?. Let F be the ¢-inverse subspace of N(0,1,2,3) that consists of (1) the
constant sequences 0, 1, and 2; (2) the sequences in a doubleton set K C
{0,1,2} with no tail index; and (3) the matched tripleton sequences. Let
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G = N(0,1,2,3) — F. Then G s also a ¢-inverse subspace of N(0,1,2,3).
Moreover,

bl : G — (A% —0A?) and bl : F — OA?

are quotient maps, the former onto a copy of 2-space, and the latter onto a
copy of the 1-sphere.

PROOF. The three ¢—1(x) sets where x is a vertex of A are singleton sets
whose members are the singleton sequences defined in (1). The ¢~1(x) sets
where x is an irrational point in (the interior of) one of the edges of A2
are singleton sets whose members are the singleton sequences defined in (2).
And the ¢~ !(x) sets where x is a rational point in one of the edges of A®
are tripleton sets whose members are the tripleton sequences defined in (3).
It follows that F' = ¢~ 1(0A?) and that G = ¢~1(A? — A?). Since ¢ is
continuous, ¢|r and ¢|g are continuous. In addition, since JA? is closed
in A% and (A2 — 9A?) is open in A2, it follows that both ¢|z and ¢|g are
quotient maps (see Dugundji [1966, page 122, Theorem 2.1]).

879 Comments

As for the problem of creating a 3-simplex system that extends the 3-web
system, the approach used in this chapter was not obviously extendable to the
3-simplex case. The 3-simplex case, however, was solved by Lipscomb [2007]
who used another approach which is the topic of the following chapter. While
the solution for the 3-simplex case is intuitive, the number of cardinalities of
inverse sets of the address map is significant. The approach that led to the
solution for the 3-simplex case does seem to be general enough to at least
suggest an approach to the 4-simplex case. The problem appears to be the
number of technicalities that one would encounter. That is, if the increase in
technicalities that occurred in going from the 2-simplex case to the 3-simplex
case is an indication, then it would take a significant effort to track all of the
kinds of sequences that one encounters in the 4-simplex case.

Nevertheless, from the very beginning it was the 4-simplex case that was
the goal of this author. In particular, it was the 3-sphere S in an “adjacent-
endpoint identification” TFS context that served as motivation — the one-
dimensional edges of the 4-simplex is a level-1 4-web, i.e., a picture of a level-1
Js. Moreover, topological studies of S® are both extensive and historically
significant. For an introduction to such studies and models of S® see, for
example, Bing [1988] and Wilder [1938].



CHAPTER 14

From 3-Web IFS to 3-Simplex IFS
3-Space and the 2-Sphere

The n-web fractal w™ — the attractor of the IFS of n+ 1 contractions by 1/2
toward the vertices of an n-simplex — emerges from a manifold (n-simplex).
The classical example is Sierpinski’s gasket (2-web) which emerges from a 2-
simplex. It is therefore natural (inverse of moving from manifolds to fractals)
to seek, for each n > 2, an extension of the n-web system to an n-simplex
system. A solution for n = 2 is presented in Chapter 13 where an application
yielded a representation of 2-space and the 1-sphere. In this chapter, we
provide a solution for n = 3, which yields a representation of 3-space and the
2-sphere. The presentation follows Lipscomb [2007].

880 Overview

The problem of extending the n-web w™ IFS to an n-simplex A™ IFS was
introduced in the previous chapter and then solved for the n = 2 case. In
this chapter we present a solution for n = 3.

We continue to use the standard simplex A? as our model 3-simplex. That
is, we use the four unit basis vectors

uo = (1,0,0,0)  wuy = (0,1,0,0) us=(0,0,1,0) uz=(0,0,0,1)

in 4-space R* as the vertices of A3. For this A3, the barycentric and Cartesian
coordinates of any z € A3 are equal.

We also have F3 = {wq,wi,ws, w3} as the w3 IFS where for each k,
wy(r) = 1/2(z+uyg) is a contraction by 1/2 toward ug. The attractor w® of Fs
is called the 3-web and the code space of Fs is the Baire space N ({0, 1,2,3}).

Our goal here runs parallel to the goal of Chapter 13, namely to emulate
and extend the adjacent-endpoint approach: Extend the F3 IFS to an IFS
Fi whose address map yields A3, and then recognize the basic forms of the
sequences in N({0,1,2,3}) that when identified (via the address mapping)
yield A3,

The approach in the 2-web case required one additional affine transfor-
mation that served to iteratively fill the “holes” in w?. The approach in the
3-web case requires four additional transformations that combine to itera-

tively form octahedra that fill the “holes” in w?.

S.L. Lipscomb, Fractals and Universal Spaces in Dimension Theory,
DOI 10.1007/978-0-387-85494-6 14, © Springer Science+Business Media, LLC 2009 157
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881 Decomposing the 3-Simplex

Recall the scheme (complex) of triangles displayed in Figure 70.1 that mo-
tivated the 2-simplex extension F3 of F». Unlike the 2-simplex, where the
“hole” A%\ U7_,wy(A?) is an (open) 2-simplex, the “hole” A3\ U3_ wi(A?)
in the 3-simplex is not an (open) 3-simplex. Rather, it is an octahedron minus
its 1-skeleton. Since nonsingular affine transformations map (nondegenerate)
tetrahedra to (nondegenerate) tetrahedra, we decompose this octahedron into
a union of four tetrahedra.

As indicated in Figure 81.1, ug, u1, uo, and us denote the wvertices of
A3, and m;; denotes the midpoint of the edge (1-simplex) [u;, u;]. The line
segment PQ, where P = 1/2(ug + u1) = mo1 and Q = 1/2(us + ug) = mas,
is central to the construction — PQ@ is pictured as the dashed line interior to
the “octahedral hole.” With PQ, the hole decomposes into a union of four
(closed) 3-simplexes Ty, Ty/, Tor, and Ty, exposing A® as the union of eight
(closed) simplexes T, where ¢ € A = {0,1,2,3,0',1,2/,3'}:

To = T = Ty = T3 =
[uo, P, moz, mo3]  [u1, P,miz2,miz] [uz, @, moz, m12] [uz, Q, mosz, m13]
Tol = Ty = Ty = T3/ =
[P, Q,miz,mu3] [P, Q,moz,mo3] [T = [P,Q,mo3,m13] [P, Q,moz2, mi2].

u1

Fig. 81.1 A 3-simplex, octahedral-shaped hole, and segment PQ.

Because of our choice of PQ, the set S = {{0,1},{2,3}} plays a special
role. For example, a primed subscript, say i’, where {i,j} € S, indicates that
Ty has faces “opposite” the vertices u; and w;. To illustrate, the subscript 0/
indicates that the “hole [, m12,m13] opposite up” and “the face [P, mi2,m13]

of T opposite u,” are faces of Ty, In passing, note that PQ is an edge of
each T;.
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882 A 3-Simplex IF'S

We extend F3 to a 3-simplex system F3 according to the decomposition of
A? provided in the previous section. Since we shall express the additional
affine transformations as matrices, we shall write our uy vectors as column
vectors, i.e., we let ug = [1,0,0,0]T, u; = [0,1,0,0]%, uy = [0,0,1,0]%,
and u3z = [0,0,0,1]7 denote the vertices of A3. In addition, we consider
the barycenters of the 2-faces of A3, namely ug = (1/3)[0,1,1,1]F, uy =
(1/3)[1,0,1,1]T, ug = (1/3)[1,1,0,1]7, and ug = (1/3)[1,1,1,0]7. That is,
uy is the barycenter of the face opposite vertex ui. We also define

1 0 0 0 —1/3  2/3  2/3  2/3
2/3  —1/3 2/3  2/3 0 1 0 0
LO = Ll =
—1/3  2/3  —1/3 2/3 2/3  —1/3 —1/3 2/3
-1/3  2/3  2/3 —1/3 2/3  —1/3 2/3 —1/3
and
—1/3  2/3  —1/3 2/3 —1/3  2/3  2/3 —1/3
2/3  —1/3 —1/3 2/3 2/3  —1/3 2/3 -1/3
Loy = Ly =
0 0 1 0 2/3  2/3  —1/3 23
2/3  2/3  2/3 —1/3 0 0 0 1

Correspondingly, we also define
wir () = (1/2) Lz + (1/2)u (k=0,1,2,3),

and then let Ff = F3 U {wo, wys, we,ws }. Each wy € Fi is nonsingular
since each Ly has determinant “1”, and except for notation, the subsystem
{wo, w1, we, ws } C F5 restricted to the face [ug, u1,us] is the 2-simplex sys-
tem F5. To be sure that F3 has an attractor, however, we show that its
contractivity factor is less than “17.

82.1 Theorem The contractivity factor of Fi is < \/(4a+v7)/12 =~ .T44 < 1.

PROOF. Let I denote the 4 x 4 identity matrix, and let £k = 0,1,2,3. Then
each wy, has contractivity factor 1/2: For z = 2 — y in Euclidean 4-space and
B = (1/2)1, we have

i (z) —wi(y)* =(1/2)1(2)]* = [B2|* = 2" BT Bz = %i(1/4)2] = (1/4) [
Turning to the wy, we first consider wq: In this case, let B = (1/2)Lo. Then
[wor () — wor (y)|* = [1/2Lo(2)|* = |Bz|* = 2" BT Bz

where M = BT B is a real symmetric matrix. The characteristic equation
det(M — XI) =0of M is
(1/4 = X)2(A\* = (2/3)A + (1/16)) =
(1/4 = N)2(N— (4 +V7)/12)(A — (4 — V/7)/12) = 0.
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Since M is real symmetric, there exist matrices

1/2

o 0 (3 )/ — (" W)/ 10 0 0
1/2 1/2
P— 0 \}3 7( 7;1/7) (7+\/7) 'P_lMpf 0 411 0 0
B A A i+ 40 N G SO R o 0 =y o
,\}2 \}3 (778)1/7)1/2 (7+\/7)1/2 0 0 0 1y

where the columns of P form an orthonormal basis for 4-space (P! = PT),
making P~1M P similar to M. It follows that

o (2) — wor )2 = T(BTB)z = (P~'2)T(P~MP)(P~12)
< ((4+vn)/12) |22

For the remaining wy, let p denote an order-2 permutation of {1,2, 3,4}, and
let @, denote the 4 x 4 permutation matrix obtained from I by interchanging
row ¢ with row p(7). Then, using cycle notation, it is easily checked that

Qu2LoQuz2) = L1, Quaye4)LoQsy2a) = L2,  Quay(23)LoQ(14)(23) = L.

Moreover, for each p, we have Q;l =Q, = Qg and det @, = +1. Thus, for
each k € {1,2,3},

det ([(1/2)Lx]"[(1/2)Lx] — AI)
= det ([(1/2)QpLon]T[(1/2)QpLOQP] - )\I)
= det (Q,(M — A\I)Q,) = det(M — \I).

So each wy is contractive with the same contraction factor as wq .

Since the contractivity factor of F3 is less than 1, we know that it has
an attractor. And since the attractor is characterized as the unique compact
set K that satisfies K = Ugecawy(K), it follows from Figure 81.1 that the
attractor of Fj is A3,

883 IF'S-Induced Simplicial Complex K,

Let vg,...,v, denote n + 1 linearly independent points in some Euclidean
space. The closed simplex o = [vo, ..., v,] with vertices vy, ..., v, is the set
of points x = X ,x,;v; with each z; non-negative and ¥;2; = 1. The open
simplex (v, ..., v,) consists of those z € [vg,...,v,] with each x; positive.
It follows that for n = 0, (vo) = [vo] = {vo} is both an open and closed
simplex, and for n > 1, that (vo,...,vy) is the interior of [vo,...,v,]. By
convention, the empty set is also both an open and closed simplex. For
n > —1, the dimension of a simplex with n + 1 vertices is n. A face (or
k-face for —1 < k < n) of [vg,...,v,] is a simplex (of dimension k) whose
vertices form a subset (of size k + 1) of {vg,...,v,}.
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A (simplicial) complex K is a finite collection of closed simplexes such
that (1) K contains every face of every o € K; and (2) if 01,02 € K, then
01Nos is a common face of o1 and o5. The standard example is the collection
of all faces of a given simplex. The geometrical representation (polyhedron)
|K| of K is the point set (with the Euclidean induced topology) that is the
union of the members of K. A complex K* is a subdivision of a complex
K if |[K*| = |K| and each simplex in K* is a subset of some member of K.
A subcollection L of K is a subcompler of K whenever L is also a complex.
The m-skeleton of a complex K is the subcomplex K™ of all simplexes in K
whose dimension is < m.

83.1 Lemma Let T = {T,} be a collection of simplexes with the prop-
erty that each T, NTg is a face common to T, and Tz. Then K = {o :
o is a face of some T € T} is a simplicial complex.

PROOF. Let f,, f3 be faces of T, T)3 respectively. We show f,Nfg =0 € K.
Clearly ¢ C F = T, N T1p, a face common to T, and 7. Since F' and
fa are faces of the simplex T, their intersection F' N f, is a face of T,
and a face of F. Likewise, F' N f3 is a face of F'. Since F' is a simplex,
(FNfa)N(FNf3)=faN fz=o0is aface of F', and consequently a face of
Ty, ie., o€ K.

Let 7o = {A3}, and given 7,1, let 7, be the collection {w(T)|T €
Tn—1 and w € F5}. Members of 7,, may be represented as Ty, ...q, = W, ©
0w, (A3).

83.2 Lemma Let each T,, be defined as above. Then (a) A% = UgeaT, and
Toyan1 = YgeaTay o an_1q; and (b) T, T € T, implies T, N Ty is a face
common to T, and Tg.

PROOF. We prove (a) first. Let w, denote wy, o -+ 0w, ,. Since A% =
Ugeawg(A%),

Tal---an_1 = wa(AB) = Wq (quAwq(Ag))
= Ugea (wa ° wq(A3)) = UgeaToian_1a;

which finishes the proof of (a). For the proof of (b), consider that (b) is clearly
true for n < 1. So we assume n > 2 and continue by induction. For each

g € A, we to relate T, q in 7, to its supertetra T’ in7,_1:

1 Yn—1 1 Yn—1

Wyy © 0t O Wy, _,

A3 Ty ooy
Wryy © 00 O Wy, _,
Ty Ty vprq

Fig. 83.3 Relating members of 7,, to those in 7,,_1.
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Indeed, viewing the vertical arrows in Figure 83.3 as inclusion mappings,
we see that the eight tetra 7',,..,, .4, ¢ € A, “combinatorially reside” in
Ty, ..yn_, exactly (homeomorphically via the barycentric mapping w,, o---o
w,, ) as the eight tetra T}, “reside” in A3.

So if the ordered (n — 1)-tuples (a1,...,a,—1) and (B1,...,0,—1) are
equal, then T, meets Tz in a common face since T,, meets Tj3, in a common
face. In the other case, Ty, ...a,_, and Tg,...3, _, are distinct, but meet (by the
inductive assumption) in a common face F', which is a superset of T, N 7.
We suppose T, N Tz is non-empty, and then consider the possible dimensions
of F: If Fis a 0-simplex, then T, meets T in a common vertex. If F'is a
1-simplex, then using Figure 83.3 with (v1,...,7-1) = (@1,...,Qn—1), We
may first identify F with its inverse-image F~!, an edge of A3. Since each
T, meets F~! in a simplex contained in the barycentric subdivision of F~1,
it follows that F' meets T, in some simplex in the barycentric subdivision
of F. Similarly, using Figure 83.3 for (y1,...,vn-1) = (B1,...,0n=1), We
find that T3 meets F' in some simplex in the barycentric subdivision of F'.
Since this subdivision of F' is itself a complex, T, meets T3 in a common
face when F is a l-simplex. Finally, if F' is a 2-simplex, then again we
use Figure 83.3 with (y1,...,v,-1) = (@1,...,,_1). In this case, F~! is
a 2-face of A3. The subdivision of F~! induced via each T} is the one of
“connecting midpoints” of its 1-faces. Thus, F' meets T, in some simplex in
the “connecting midpoints” subdivision of F'. Similarly, F' meets T3 in some
simplex in the (same) “connecting midpoints” subdivision of F. Since this
subdivision is a complex, T, meets Tj3 in a common face.

Define, for each n > 0, K,, = {o : ¢ is a closed face of some T in 7, }.

83.4 Lemma Let each K, be defined as above. Then K, is a simplicial
compler, |K,| = Urer,T = A3, and K,, is a subdivision of K,_1.

PROOF. Since K, is the collection of all faces of all members of 7,,, Lem-
mas 83.1 and 83.2(b) show that K, is a complex. That |K,| = Urer, T = A3
follows by induction: For n = 0 the result is obvious. And if these equalities
hold for n —1 > 0, then Ty,...a,,_, = UgeaTay--an_1q (Lemma 83.2(a)) shows
that these equalities hold for n. To see that K, is a subdivision of K, _1,
note that |K,,| = |K,-1|, and o € K,, implies 0 C Ta, ..o, C Tery-rcxp,_1-

83.5 Lemma (induction for A*) For each n > 2 and each m € {0, 1,2}, let
K" denote the m-skeleton of K, i.e., all k-simplexes, k < m, in K,. Then
K" ={wa, 0 0wy, ,(0): c € K"}

PROOF. Consider 7 € K" where n > 2. Then 7 is a k-face (k < m) of some
Toyc,, = Way © -+ 0 We, (A3) € T, C K,,. Tt follows that a k-face 7* of A3
exists such that 7 = wy, 00wy, (T%) = Wq, 0+ - 0Waq,,_, (Wa,, (7)) . Thus,
0 = W, (7%) is a k-simplex in K", yielding K" C {wq, 00wy, ,(0)|o €
Kj™}. The reverse inclusion is similarly straightforward.
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884 The Subcomplex F),

By restricting K, to a 2-face of A%, we obtain the subcomplex F,: Let
4,5}, {k, 0}} = {{0,1},{2,3}}, and let Afjk be the 2-face of A® that is
opposite u,. Define, for eachn >0, F, ={c € K,, : 0 C Afjk}.

84.1 Lemma Let A} = [ug, uj, ug] and Afy = [uy, us, ug] be faces of A

of dimension 2, and let ¢ € A. Then wy(A3,,)N A?jk contains a 2-simplex if

rst

and only if {r,s,t} ={i,j,k} and q € {i,j,k, '}

PrROOF. The “if” part is clear. Conversely, let w,(A2,,) N A?jk contain
a 2-simplex. Then, since the 3-simplex wy(A%) meets A%, in a simplex
of dimension < 2 whenever ¢ ¢ {i,j,k, '}, we must have ¢ € {i,j,k, ¢'}.
Keep this ¢ fixed and observe that A?jk = U{wm(A%kﬂm € 1,7, k, '} where
each distinct pair of the four w,, (A} ) meet in a simplex of dimension < 2.
Thus, wy(A},,) meeting A7, in a 2-simplex is equivalent to w, (A7) meeting
wq(A?jk) in a 2-simplex, which yields {r, s,t} = {4, j, k}.

84.2 Lemma (representations of F, and its members) For each n > 0,

(a) the collection F, is a subcomplex of K,
(b) [Ful = AL,

(¢) |Fn| =U{o € F,| o is a 2-simplex}, and

(d) F,, = {7 : 7 is a face of some 2-simplex o € F,}.

And when n > 1,

(e) a 2-simplex o, € F, < 0,y = Wg, 0+ 0 wan(Afjk) for some
Q1,...,0n € {iajvkl7él}'

Moreover, the representation given in (e) is unique. That is, if o, = wg, 0
---owg, (00) € Fy, for some 2-simplex 09 € Ko and some list B1,...,0, € A,
then og = Afjk and each B, = ay,.

ProoFr. First, we prove (e) for each n > 1. The n = 1 case is clear
(Figure 70.1) because a 2-simplex o1 € F} if and only if there is a unique
a1 € {i,j,k, '} such that o1 = wa, (A};). So suppose n > 2 and that
each 2-simplex in F,,_; has the indicated unique representation. Consider
any 2-simplex o, € F,. Then o0, € K, implies o, is a 2-face of some
Way O +++ 0 Wy, (A%) € K,, ie., for some 2-simplex oq € Ky, we have
Op = Wgq, O+ 0Wq, (00). SO 0, = Wa, (0y,—1) for some 2-simplex 0,1 =
Wy © -+ 0 Wq, (0g) € K,—1. We show that 0,1 C Afjk: Since the 2-
simplex o,_1 € K,_1 and K, is a subdivision of Ky, o,_1 is either a
subset of some 2-face A3, of A3 or meets the interior of A3. The lat-
ter case is impossible because wg, (int(A%)) C int(A3) but we know that
Way (On—1) = o C A?jk. So 0,1 C A2, Tt follows that w,, (A3,,) N A?jk
contains a 2-simplex. By Lemma 84.1, {r, s,t} = {i,j,k} and oy € {3, j, k, ¢'}.
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Thus, 6,1 = Wa, 0" - 0Wa,, (00) € Fr,—1, and the inductive hypothesis shows
that oo = AJ, and that each as, ..., a, € {i,, k, '} is unique. This finishes
the “representation half” of the proof of (e). For the converse, i.e., each such
“form” yields a 2-simplex ¢, € F,, we note that w,(A%;,) C A}, if and
only if ¢ € {i,7,k,¢'}. And so the proof of (e) is complete. Statement (a)
is straightforward. To prove (b) and (c¢), first let “¢” range over the mem-
bers of B = {i,j,k,¢'} and let “a” range over the members (aq, ..., ap—1) of
the product set B"~!, making “U, = Ugep” and “U, = Uyepn-1.” And
for each such «, let w, denote wy, o --- 0wy, ,. Second, observe that
Ay = Ugwg(AJ,). Third, since |Fo| = A, and [Fp| is the union of the
2-simplexes that it contains, assume, for n > 1, that |F,,_1| = A?jk and that
|Fr—1] is the union of the 2-simplexes that it contains (|Fy,—1] = Uawa (AF;)).
Then

A3

ijk = |Fn71| = ana(A?jk)

= UaWa (Uqwq(A?jk)) = Ua (Uq (wa ° wQ(A?jk))) C |Fa] € Ay,

where the next-to-last inclusion follows from (e). This finishes the proof for
(b) and (c¢). Finally, to prove (d) let 7 € F,, have dimension < 1. From (¢),
there is a 2-simplex ¢ that meets the interior of 7, and since F;, is a complex,
T =7 Mo must be a face of o.

84.3 Lemma (induction for AY;,) For each n > 2 and each m € {0,1}, let
E™ denote the m-skeleton of . Then FI* = {wa, 0+ 0wy, _, ()| 0 € F"

and aq,...,an-1 € {i,5,k,0'}}.

PrOOF. Consider 7 € F™. Then from Lemma 84.2 7 is a k-face (k < m)
of some 2-simplex 7,, € Fj,that has a unique representation 7, = wq, 0--- 0
Wa,, (A?jk). This representation provides o = w,,, (Afjk) € F" that satisfies
the required condition. The reverse inclusion is obvious.

885 Calculating Addresses

Unlike the 2-simplex case, where addresses are readily exposed via Fig-
ure 70.1, the analogous Figure 85.1 for the 3-simplex case is visually compli-
cated. In Figure 85.1, the “dark edges” represent PQ and its eight images
wq(PQ). Indeed, if P is pictured as the midpoint on the left-side edge of
A3 and @ the midpoint on the bottom-right edge, then PQ may be pic-
tured as the “long dark segment” connecting those midpoints, and, then the
eight “shorter dark segments” represent the eight w,(PQ) images of PQ.
From that observation, we then see that “four short dark segments” meet
PQ at its midpoint mpg, which, in turn, reveals that each wj/-image of the
octahedron-shaped hole meets the 1-simplex [P, Q] at its midpoint mpg.
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A& A
Jk{". ‘\"; .‘-
‘

' ’)‘w N

“Wﬂh\‘.

LAASAD
W& N \"‘1\“\
PR [\

1\‘?" "'"\"
: V* -\v__r

Fig. 85.1 The K5 subdivision of Kj.

In Figure 85.2 we see the “level-1 decomposition” {wy o wy(A3) : w, €
Fi} of wer (A3), which is part of the subdivision K of K;. Also note that
the wy/-image of the octahedron-shaped hole meets the 1-simplex [P, Q] at
its midpoint mpg.

Fig. 85.2 “Level-1 decomposition” of T} .
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85.3 Lemma (vertices) Let wy € F3, let ¢ denote the address map, and let

a € N(A). Then (a) we(¢(a)) = d(garaz--+); and (b) wy(¢(a)) = ¢(a) =
uq if and only if a = q.

PROOF. We begin with (a): By definition, ¢(a) is the lone element in N3, W;
where W; = wq, 0 -+ 0 wq, (A%). So ¢(a) € W; for each j, showing that
wq(p(a)) € we(W;) = wg 0w, 0+ 0wy, (A®) for each j. It follows that
wq(p(a)) is the lone element in M52, w, (W;), i.e., wy(p(a)) = ¢(garaz--+).
Turning to (b), since a contraction has only one fixed point and each w, is a
contraction such that wq(ug) = ug, we have wq(x) = x if and only if z = u,.
Now suppose o = q. Then wq(é(r)) = d(goias -+ ) = ¢(«), showing that
#() = uq. Conversely, suppose ¢(a) = u,. For ¢ fixed, the only index 7 such
that u, € w;(A3%) is i = ¢q. It follows that oy = ¢. If oy = -+ = a,—1 = ¢,
then wq, o+ 0 wa, ,(ug) = uy. It follows, since u, € wq, © -+ 0wy, (A3),
that u, € w,, (A3). That is, o, = ¢, and by induction o = q.

886 Steps for Determining Fibers

In sequence, we shall calculate fibers of points in the following sets: (i) vertices
and midpoints of edges (Table 87.3); (open) edges (Table 88.2); (open) edges
of the hole and (P, Q) (Tables 88.3 and 88.4); (open) 2-faces (Table 89.2);
and (open) 2-simplexes of K% (Tables 90.3 and 90.4). Then we shall finish
the task by applying Theorem 86.2, which tells us that the fibers of points
in A%\ |K?| are either singleton fibers or “shifts” of those of points in |K?|.
All results are summarized in Parts I and II of Table 93.1.

86.1 Theorem (singleton fibers I) A point x € A3 satisfies |~ (x)| =1 if
and only if for each n > 1, x is contained in only one member of T, .

86.2 Theorem (inductive step) Let A ={0,1,2,3,0',1',2",3'}. Let x be a
point in A>—|K3|, and let ¢ denote the F; address map. Then either (a) there
is an (m > 1)-length list €1,...,em € A such that © € we, o ---owe,, (|K?|),
in which case there is a y € int(A3) N |K?| and an r, 1 < r < m, such that
6 (x) = {1 2B | B €67 W)}, or (b) 7 & we, 0+ 0w, (IK3]) for every
(m > 1)-list e1,...,em € A, in which case |¢p~1(x)| = 1.

PROOF. It is obvious that the hypothesis of either (a) or (b) holds. In the (a)
case, let © = wg, o---ow,, (ym) where y,,, € |[K?|. If y,,, € OA3, then y,,—1 =
We,,, (ym) € |K12|7 and if y,, 1 € 6A37 then ¥, 2 = We,, _q (ymfl) € |K12|7 etc.
In short, since z ¢ |K?| there is an 7 > 1 such that y = y, € int(A%) N |K3|
and © = wg, o+ 0o we, (y). Moreover, if » > 1, then since ¢ € A implies
wy(int(A?)) = int(7,) C int(A3) — |K?|, each y; (1 < k < r) cannot be
a member of |K?|. From each such y, ¢ |K?|, we may deduce that every
¢-address v of x must have its first r values given by v1 = e1,...,7% = &,.
(Otherwise, the minimum k < r among these subscripts such that 5 # ei
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vields © € 03 = T¢,...cp N Ty,...n,, € K2, where k > 1 because x ¢ |K?|. So
k> 2. But then z € 03 = we, 0+ 0w, _,(0) where 1 < k—1 < r and
o€ K?. Thus = we, 0+ 0owe,_, (yp—1) where yp_1 € o C |K?|, which
contradicts yx—1 ¢ |K?|.) It follows by Lemma 85.3(a) that each ¢-address
[ of y determines a ¢-address of x via the following formula:

T =we, 00w, (P(B)) = dler---&f1fa- ).

Now suppose 7 is any ¢-address of x. Then, (from the argument above)
Y1 =E1,-.Yr = Epy and

r=¢myz--) =@ErerYrpiyriz ) = wey 00 we, (G(P)),

where 01 = Y41, B2 = Yr12, etc. And since wg, o -+ o w,, is one-to-one,
#(B) = y € int(A®) N |K?|, showing that when (a) holds, the addresses
of z are determined as claimed. Next, suppose (b): Let € be an address
of . Then, since 9A* C |K?|, we have x ¢ w., (0A3) = 91.,, showing
x € int(7T.,). And o & w., o w.,(0A3) = dT.,.,, showing = € int(T%,.,), etc.
Thus, Theorem 86.1 shows that |¢~!(z)| = 1, i.e.,  has only one address.

86.3 Theorem (addresses for a 2-face) Let x be a point in Ag’jk \|Ft|, and
let ¢ denote the Fi address map. Then either (a) there is an (m > 1)-length
list 81,...,0m € {4,4,k, '} such that x € ws, o---ows, (|Ft|), in which case
there is a y € int(A?jk) N |FL| and there is an n, 1 < n < m, such that
o Hx) = {01 0B | B € 67}, or (b) & & ws, 00 ws,, (|FL]) for
every (m > 1)-length list 61,...,6m, € {i,4,k,¢'}, in which case |¢p~ (z)| =1
and the lone address of x is a sequence in {i,j, k, '} with either a constant
subsequence £'0" - or three constant subsequences.

PROOF. It is obvious that the hypothesis of either (a) or (b) holds. The proof
in the (a) case runs parallel to its counterpart in the proof of Theorem 86.2.
So suppose the hypothesis of (b) holds: Since z € Afjk it has at least one
address with each of its values in {1, j, k, ¢'}. (Recall that {w;, w;, wg, we} C
F3 generates addresses for Afj ;. that correspond in an obvious manner to the
addresses of A% induced from F3.) So we may select a sequence 6 in {i, j, k, £'}
that is an address of z. Since x € A¥, C JA?, we have x € 9T5, NAY,,
i.e., z is in the 2-face [ws, (ui), w5, (u;), ws, (ux)]. In addition, however, since
z & ws, (|F]) the point z is in the open 2-face (ws, (u;), ws, (u;), ws, (ux))
of T5,. Thus, the only simplex T, that contains z is Ts,. Similarly, x ¢
ws, owaz (| FL]) implies that the only 3-simplex T, , that contains z is Tp, s,
And so on. It follows from Theorem 86.1 that |¢ ! (x)| = 1. The lone address
0 has the required properties because the identification of the subsystem
{w;, w;, wr, we } with that of 75 matches § with a singleton sequence in the
int(A?).

To illustrate the idea common to Theorems 86.2 and 86.3, consider the
Fs fibers of points in the int(A?) (§75 and Theorem 78.1). The nonsingleton
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fibers of points in int(A?2) are simply shifts of fibers of points in (mg1,moz2) U
(mo1, m12) U (mo2, m12). (In the display below, the addresses of points in
(mo1,mo2) U (Mmo1, m12) U (mg2, m12) are underlined.)
a=dy - dr_1CrQrq1 - - Q1010141
ﬂ =d--- dr—lcrar+l cr o A—10¢410¢
a=dj-- 'dr—lcrar+lar+2 te Y= dy-- 'dr—lcrar+l e 'at—13Ct+1
B=di- -dr_13bryibpgo--- b s = di-dp—13bpy1 b1
€=dy- - dr_13bry1- - bi1ai4104
(=d1-dr13bry1--bs13ce11.

In short, the “dy---d,_1-shift” is analogous to the “c” and “§” shifts in
Theorems 86.2 and 86.3.

§87 Fibers and the 0-Skeleton K

The 0-skeleton KV contains the empty set and ten 0-simplexes, namely the
four vertices [uo], [u1], [u2], [us] and the six midpoints [P] = [mo1], [moz],
[mos], [maz], [mas], [Q] = [mas] (Figure 81.1).

87.1 Theorem (addresses of vertices) Let x be a vertex of some Ty, ...q, €
T;. Then there is one and only one address of x whose first t terms are
a1,...,a¢. Moreover, the unique address is i ---oyr where r € {0,1,2,3}
is the index of the unique vertex u, that satisfies wq, 0 -+ 0 Wy, (ur) = .

PROOF. Since each w € F3 is nonsingular and affine, any finite composition
of members of F3 is nonsingular and affine. It follows, since such a compo-
sition maps vertices to vertices, that there is a unique vertex u, of A3 such
that wa, © -+ 0 Wy, (u,) = z. Lemma 85.3(b) followed by ¢ applications of
Lemma 85.3(a) yield the desired result.

Theorem 87.1 along with Figure 87.2 provide information about the fibers
of the vertices.

Uk

open (Mg, M) in
A3-interior of Ty U Ty

open (P, Q) = (mj, mxe) i

in interior of
Tor UTy UTy UTs

mj, in Ainterior of M/ TN u;
,I}UT]CUTZI UT,L/
p e m;j in A2-interior of

open (mi]-,mjk) in
TiUTj Uy U’I}-/ U T UTy

A3-interior of T; U Ty U Ty

Uj

Fig. 87.2 Open simplexes in the A3-interior of unions of 3-simplexes.
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In more detail, Theorem 87.1 tells us that since there are eight T, € 7;
sharing ten vertices (the points in |K7|), there are 32 = 8 - 4 addresses “qr”
(r =0,1,2,3) that partition into ten fibers (four of size 1, four of size 4, and
two of size 6). The distinct kinds of fibers may be derived from Figure 87.2
(“X in A3-interior of Y” means X C (Y NG) for some G in the topology of
A3.) The details are summarized in Table 87.3. For example, upon selecting
j,k € {0,1,2,3} such that {{i,;},{k,¢}} = {{0,1},{2,3}}, one may find the
fiber of mj;. Table 87.3 is complete (it contains all addresses of all points
in |[KY|) because any vertex x of any T, is A3-interior to the union of those
T € 7; that have x as a vertex.

NUMBER AND LOCATION F3 ADDRESSES |~ (x)] TvypPE
4 Vertices ur (r=0,1,2,3) r 1 1.1
4 Midpoints m gk, ki, i, 0 4 4.1
2 Midpoints m;; ij, ji, i'i, 5’4, k'€, O'k 6 6.1

Table 87.3 Fibers of vertices and midpoints of edges.

In passing, we note that the “TYPE” column will serve to classify the F3
fibers and also aid in cross-referencing tables.

§88 Fibers and Open Edges of K|

The 1-skeleton K{ contains 25 1-simplexes, which partition into two subsets,
one generating the edges of A% and the other the edges of the (octahedral)
hole and [P, @]. In both cases, we use the following theorem, whose (omitted)
proof is similar to the proof of Theorem 87.1.

88.1 Theorem (transfer of addresses) Lett—1 > 1, and let x be a point in
an open 1-face 7 of some Ty, ...q,_, € Tt—1. Then the number of F3 -addresses

of x whose firstt —1 terms are aq, ..., ou—1 s the number of F35-addresses of
the unique y satisfying T = Wq, © -+ 0 Wq,_, (y). Moreover, each Fi-address
of x whose first t—1 terms are aq, ..., ;1 has the form aq -+ - az_13, where

B is an Fi-address of y.

Fibers of points in open edges of A3. We summarize in Table 88.2 where
distinet r,s € {0,1,2,3}; “a,s” denotes any address of the midpoint m,.s;

and “a*=17” denotes o, ...,a;_1 € {r,s} or the empty string.
x € (ur,us)  CONSTRAINTS F3 ADDRESSES ¢~ '(z)] TYPE
x a€ N(r,s) —{r,s} et 1 1.2
Fs-irrational  with no tail index
x {r,s} € {{0,1},{2,3}} o' Va,, 4 4.1
Fs-rational {r,s} € {{0,1},{2,3}} o Va,, 6 6.1

Table 88.2 Fibers of points in open edges of A3.
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Consider the “z is irrational” row of Table 88.2. Then z is a A3-interior
point of T,,, € 71, a A®-interior point of T, 4, € 72, etc. So Theorem 86.1
shows that x satisfies |¢~!(z)| = 1.

For the “x is rational” row, suppose = mjj, is the midpoint of (u;, ux).
If o1, ..., 041 denotes the empty list, then the corresponding addresses a;x
in the third column match those of mj; in Table 87.3. Next, suppose z =
(3/4)u; + (1/4)ur € (uj,ug). Then z is the midpoint of the open 1-face
(uj,mj) of T; = T,,. (In this instance, t —1 = 1.) Also, y = mj is
the unique point that satisfies wq, (y) = w;(m;ir) = «. Since the four Fj-
addresses of mjj, are known (Table 87.3), an application of (the transfer
addresses) Theorem 88.1 yields the four (indicated) addresses of x.

x IRRATIONAL CONSTRAINTS F3 Size  TYPE

{{i,5},{k,€}}= a € N(r,s) —{r,s} ADDRESSES ~ OF

{{0,1},{2,3}}  no tail index FIBER

x € (mjg,mik)  {r,s} ={j,i} and ka, '3 2 2.1
(am, Bm) € {(4,1), (i,5)}

x € (maj, mj) {r,s} = {i,k}; (@m,Bm, Jjo, €83, iy 3 3.1
m) € {(i, k,9), (k,i,0)}

z € (P,Q) {r,s} ={0,1}; (am,Bm, 0«a, 1S, 4 4.2
Yoy Om) € {(0,1,3,2), 27,36
(1,0,2,3)}

Table 88.3 Fibers of Fs-irrational points in open edges of hole and (P, Q).

In Table 88.4 distinct 7, s € {0,1,2,3}; “a,s” denotes any address of the

midpoint m,.,; and “a*=Y” is a1,...,a;_1 € {r,s} or the empty string.
r F3-RATIONAL ~ CONSTRAINTS F3 Size  TYPE
{{i, 7}, {k, 0} }= ADDRESSES OF
{{0,1},{2,3}} FIBER
x € (myg,mar)  {r,s} ={4,i} and ko Yay,, 2-6 12.1
(@m-Bm)€{G) ()Y B Vay; =12
x € (maj, mjr) {r,s} = {i,k} and  ja'*"Vay, 3-4 12.2
(my By ym) € B4V, =12
{(i, k,3), (k,i,€)} i’y Vag,
z € (PQ) {r,s} ={0,1} and 0’2 Vag;, 4-6 24.1
(W By Yms Om) 184 Vayy, =24
€ {(0,1,3,2), 2tV gy,
(1,0,2,3)} 360 Vag,

Table 88.4 Fibers of Fs-rational points in open edges of hole and in (P, Q).

Fibers of points in open edges of hole and in (P,Q). These are summarized
in Tables 88.3 and 88.4. To begin, first note that a choice of an open edge
of the hole or the lone (P, Q) forces a choice of (at least one) doubleton set
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{i,5} € {{0,1},{2,3}}, and since (m;;, mre) = (P, Q) is the only open edge
in the interior of A3, the three forms (m;x, mi), (mij, mjx), (P, Q) cover all
possibilities. Second, z € (P, Q) implies # ¢ w?, bringing into question the
meaning of “z is a rational point in (P, Q):”

88.5 Definition (rational and irrational points in (PQ)) A point x in the
open l-simplex (P, Q) is a rational point if its unique barycentric represen-
tation x = xpP + z¢Q is such that zp € {m/2"1 < m < 2"} for some
n=1,2,.... Otherwise, x € (P, Q) is an irrational point.

Tables 88.3 and 88.4 show that this definition is consistent with identifi-
cation of adjacent endpoints.

Next, note that the edges of the hole and the 1-simplex [P, Q] first appear
in Ky, i.e., are not members of K. These “new” simplexes exist as a result
of identifications of faces of various distinct 1,7, € 7;. Along with each
such identification there corresponds an identification of addresses. In detail,
consider the following development for the “x € (mji, m;;)” of Table 88.3.

Fibers of points in (mjk, mix). Figure 87.2 shows (mj, mx) as a subset of
the A3-interior of T}, U Ty. Both barycentric mappings wy and wy map the
open simplex (uj,u;) onto (m;g, mx), the former preserving and the latter
reversing the indicated orientation, i.e.,

mir = wr(uj) = welu;)
ma = wi(u) = we(uy).

Let 6 be the orientation-reversing barycentric map (uj, u;) — (ui,u;), ie.,
O(aju; + aiui) = aju; + a;u; (a; +a; =1 and a;,a; > 0).

Let ©» = p X p x - -+ be the product map with p the transposition (ji), i.e
Ylonag---) = plar)plaz) -+ araz--- € N({j,i}) \ {j,i}.

And let ¢ denote the identification-of-adjacent-endpoints map, i.e., on N(i, j),
the mapping ¢ is the restriction of the address map (also denoted ¢) induced
by Fj. Then, since a; = ¥55_,67 /2™ where 67, =1 when o, = j and 0
otherwise, the diagram in Figure 88.6 is commutative:

(G
N{G, i)\ {4, i} ———— N({i,5}) \{i,j}

¢l L l(b

u]auz ul7u]

WS

m]k; m’Lk

Fig. 88.6 Pasting diagram for (mjx, my).



172 FROM 3-WEB IFS TO 3-SIMPLEX IFS CHAPTER 14

For instance, if « € N({j,i}) \ {Jj,7} is an F; address of the unique
a € (uj,u;) such that wg(a) = =z, then § = ¢(a) is an F35 address of the
unique b = 6(a) € (u;, u;) such that we (b) = z, i.e.,

wip(a) = wr(aju; + aiu;) = ajwe(uy) + awi(u;)
= ajwpy (uz) =+ a;wypr (uj) = Wy (ajui + CLZ'UJ‘) = Wy (b)
where b = 6(a), showing that w(a) = wy o 6(a). Moreover,
0op() =0((Zpe=10d, /2™ )u; + (E5e_10L,, /2™ )ui)
= (E0=102,,/2™)ui + (B7_10g,,, /2™ )u;
= (X0=10p,, /2w + (=105, /2™ )uj = ¢(B) = ¢ o ¥(a).

It follows that the pair @ and § = ¢ («) provide F5 addresses kajas -+ and
031535 - - - of x where each ordered pair (a,, 8,) is a member of {(j,1), (¢,7)}.
It remains, however, to compute the entire fiber ¢~1(x). So first suppose,
as in the “z € (mjg, my,) row” of Table 88.3, that = is irrational. Then
a and hence  have no tail index, and it follows from Table 88.2 that the
“z € (mjg, m) row” of Table 88.3 is correct. Second, suppose, as in the
“z € (mjr, mi;) row” of Table 88.4, that x is rational. Then « and hence
0 have a common tail index, and it follows from Table 88.2 that the “x €
(mjk, M) row” of Table 88.4 is correct.

To see that every address of € (m, mix) has one of the forms indicated
in either Table 88.3 or Table 88.4, let v be any address of . Then ¢(v) =z
is A-interior to T}, U Ty, which yields 71 € {k,¢'}. Suppose, for example,
that vq = k. Then z = ¢(y) = wi(¢d(y2y3 -+ )), showing that yoy3 - -+ is an
address of @ € (uj,u;). But then Table 88.2 shows that v is among the forms
listed in either the first row of Table 88.3 or the first row of Table 88.4. Since
the v = ¢’ case is similar, we conclude that the first rows of Tables 88.3 and
88.4 are complete. For the second rows of these tables, we have a similar
development:

Fibers of points in (m;;, m;;). Observe that (m;;,mjx) is included in the
A3-interior of T; U Ty U Ty; and that

mi; = wj(Uz) = we(ur) = wi(ug)
mik = wilup) = we(u) = wilug).

These equations yield the commutative diagram in Figure 88.7, where 0, =
Oprir 0 00 and Yy = ey 0 i have the obvious definitions. It follows that
if « € N({i,k})\ {4,k}, then 8 = i (a), and v = ;i (c) are such that
B € N{k,i})\ {k,i} and v € N({i,€}) \ {i,¢}, and, ¢(a) = a € (u;, ug),
#(B) = b € (ug,u;), and ¢(y) = ¢ € (u;, up) are such that w;(a) = we (b) =
wir(¢) = x. Thus, jajag---, £/B1B2---, and i'y17y2--- are addresses of x.
Moreover, because of the “i-mappings”’we know that each ordered triple
(an, Bny ) € {(i,k,7), (k,4,£)}. Finally, arguments similar to those following
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Figure 88.6 show that the second rows of Tables 88.3 and 88.4 are both
complete and correct.

Vi

N({i kD {i, k} — L N{L )\ {0}
p 7 lqs
{k i})\{k,i}

—  (ui,u)

(upsus) =
wj lwé/ wyr

(mij, mjk)

Fig. 88.7 Pasting diagram for (m;;, m;i).

Fibers of points in (P, Q). In this case, (mo1, me3) = (P, Q) C int(To UTy U
Ty U T3/), and

mo1 = wo(u) = wr(ur) = wr(uz) = wy(uz)
mo3 = wol(ul) = wl/(uo) = ng(u2) = U}3/(U3).

A “pasting diagram” similar to those above may be constructed where again,
with orientations in mind, appropriate - and ¥-maps may be defined. More-
over, if « € N({0,1})\{0, 1} and 3, -, and § are given via (m, B Ym, Om) €
{(0,1,3,2),(1,0,2,3)}, then 0’'cr, 1’3, 2’7, and 3§ are the addresses of x =
wor (¢(a)) as listed in Table 88.3. Turning to Table 88.4, the constraints on
(ny Bn), (@n, By vn), and (an, Bn, Yn, On) are the same as those in Table 88.3
because the same pasting diagrams apply. (Each diagram is independent of
the points being irrational or rational.) In the rational case, however, every
address is eventually an address of a midpoint, which has a tail index.

§89 Fibers and Open 2-Faces of A3

We begin with Table 89.1, (addresses for points in 2-faces via Theorem 86.3).

S Af’jk \ | P CONSTRAINTS ADDRESSES FIBER
OF z (F3) SIZE

for some m > 1 there is an n < m, 01+ Onay

z € wsy 0 ows,, (|F1]) = =ws o ows,(y) (ay isany  |o7'(y)|

where for some y € (mj, m;,)U  address

51,...,6m S {i,j,k,é’} (mij,mjk)u(mik,mj'k) of y)

x @ ws, 0---ows,, (|F1]) one address o €N (i,j,k,¢')

for every m > 1 where of x has either £/¢'--- or « 1
81y s 0m € {i,5,k, L'} 3 constant subsequences

Table 89.1 Fibers of points in A%, \ |F}|.
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An open 2-face of A% may be expressed as (A, \ [F1|) U (mjx, mq,) U
(maj, mjx) U(mgj, mix). We calculate the fibers of points in this set using
Tables 87.3, 88.2, 88.3, 88.4, and 89.1. First, fibers of points in A?jk \ | FL
are obtained by expanding the “a,” term in Table 89.1. Second, fibers of
points in the other sets follow directly from the other tables.

In Table 89.2 we continue to use the following Notation:

if n=0;
otherwise

{{i, . {k. 00} = {{0,1},{2,3}}, w™ = { identity

walo...owan

where 01, . .., 0, is a finite, possibly empty, list of members of {i, j, k, ¢'}. This
list is denoted “6(”. Similarly, “a(*~1” denotes a finite, possibly empty,
list aq,...,a¢—1 of members of the doubleton set {r,s} C {0,1,2,3}. And
for the doubleton set {r, s}, recall that ¢(a,s) = mys, i.e., “a,s” denotes any
address of the midpoint m,.s.

a € (ui,uj,ur) CONSTRAINTS F3; ADDRESSES  S1zE  TYPE
OF a OF
FIBER
agw™(|F)  «€ N(i,j,k¢) has ¢ a 1 1.3
for every or three constant
n>0 subsequences
a=w™(y): aeN{jiH\{j i} dMka, 2 2.1
y € (mjk, mix)  has no tail index; sy B
is irrational (am, Bm) € {(4, 1), (4,5)}
a=w™(y): {r,s} =1{J,i} §MkatYay;, 12 12.1
y € (mjr,min)  (am, Bm) € {(G,1), (4,5)}  6"¢B Vay
is rational
a=w™(y): a € N({i,k})\ {i, k} 6™ ja, 3 3.1
y € (mij,mj )  has no tail index; s,
is irrational (tmy By Ym) 8™~
€ {(i, k,9), (k,i,£)}
a=w"(y): {r,s} ={i, k}; 6™ jatVay,, 12 12.2
y € (mij,mjk)  (am, Bm, Ym) s BV ay,,

is rational

€ {(i, k,4), (k,i,€)}

5D gy,

Table 89.2 Fibers of points in the open 2-face (u;, uj,uy) C A%k.

In Table 89.2, where the possible forms of fibers are listed, compare the

“underlined strings” to the entries in Tables 88.3 and 88.4, and note that
nonsingleton fibers are simply “shifts” of fibers of points in (mjx, my) U
(mij, mjk) U (msj, mar), which is the pattern in the A? case (end of §86).

Fibers of points a = ws, o---ows, (y) for an irrational point y € (mji, Mik).
Table 88.3 provides o € N({j,4}) \ {4, ¢} with no tail index, each (v, Bm) €
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{(4,4), (i,5)}, and a, = ka or a, = /3. So ¢~ *(a) contains (“+” indicates a
AZ-address, i.e., an address in N ({i, 7, k, ¢'}))

% 51...5nka1a2...
* 51"'5n€/6162"'

Fibers of points a = ws, o ---ows, (y) for an irrational point y € (m4j, mjx).
Table 88.3 provides o € N ({4, k})\{%, k} with no tail index, each (@, B, Ym)
€ {(i,k,i), (k,i,0)}, and a, = ja, €'B, or i'y. So ¢~!(a) contains (“+” indi-
cates a AZ-address, i.e., an address in N({i, ], k,¢'}))

* 515nja1a2
* 51...571[/5152...
1Bl

Fibers of points a = ws, o ---ow;s, (y) for a rational point y € (mji, Mik).
Table 88.4 provides ai,...,a:—1 € {j,i} or the empty list; each (am, Bm) €
{(4,9), (4,5)}; and a, = kaVaj; or ¢3¢ Va;;. So ¢~1(a) contains (“#”
indicates a A%-address, i.e., an address in N({i,7,k,¢'}))

% 01 Opkaq -+ ap_11j * 010l By Broriy

* 51 '-'5nl€011 "'Oét_lji * 61"'5n€/61 "'6t—1ji
81+ Opkay - ay_qi' Oy 0l By PBraii
81+ Opkaq - ou_15'j 81 Ol By Bio1j'd
(51 s 5nka1 ce Oétflk‘lé 51 e 5112/51 o '6t71k/€

¥ 01 Opkay -k % 01Ol Py Br1l'k

Fibers of points a = ws, o- - -ows, (y) for a rational point y € (my;, mjx). Ta-
ble 88.4 provides aq, . ..,a;_1 € {i,k} or the empty list; each (v, B, Ym) €
{(i,k,4), (k,i,0)}; and ay, = jatVa, €8¢ Vay,, or i'v*Yay. So ¢~ (a)
contains (“x” indicates a A%-address, i.e., an address in N ({i,j,k,¢'}))

* 01--0pjo - - - a1k % 010l By -+ - Pr_1ik O 0pd'y1 -+ - Y1l

*61"'6njal"'at—lki *61"'5n€/61"'ﬁt—1ki 51"'5ni/71""}/t—1€i
51"'5nj051"'01t—1j/€ 51"'5n€/61"'ﬁt—1j/€ 51"'5ni/71"‘7t—1j/k

% 01--Opjo - a1 l'g % 010l B1 -+ Br_1l'j 01 0nt'y1 - -1 kg

§90 Fibers and Open 2-Simplexes of K?

The 2-skeleton K7 contains 24 2-simplexes, which partition into three groups:
The 4 - 4 = 16 in the boundary OA3, the four 2-faces Ty N T} that contain
[P,Q] as an edge, and the four 2-faces Ty N T}» where the tetrahedra T
(¢ =0,1,2,3) meet the octahedral hole (see Figure 90.1). Since the fibers of
points in JA? = UAfjk were determined above, here we consider the latter
two groups.
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wy (uj) = wyr (ug) Mk

Uy
W/ (UZ) wk’(“j)

w;/ (U ) 4 e
w:/(ui) wir (u;) = wir (ue)

e —
we(u;) = wir(ui) gy (ug)
u;

Fig. 90.1 Common face Ty NIy (left), and common face Ty N T} (right).

Fibers of points in the open 2-simplex (m;j, mre,mje). This 2-simplex, a
subset of the interior of T} U T}, appears as the shaded area on the left side
of Figure 90.1. Its vertices are given by

mi; = wi(u) = wpr(ug)
mype = wy(u;) = wp(ug) p which yields Figure 90.2.
mje = wy(ug) = wp(u

()

o Hug, ug,up) —— ¢~ (ug, up, u;)

9| ) |

(wi,wj, up) ——— (ug, Uk, u;)

’UJZ/\ /wk/

(mij7 Mg, m]f)

Fig. 90.2 Pasting diagram for (m;, mue, mje).

In Figure 90.2, ) = px p x - - - where p is the permutation (i£jk)(i'¢'j'k’);
and ¢ is the barycentric map that identifies A, with A%, via u; +— uy,
uj — ug, and up — u;. So

pot=000.
(Recall that Table 89.2, as presented, provides the members of ¢~ (u;, uj, uy)
with input a € (u;, uj, ug) C Afjk. The substitutions 1) and 6 appropriately
applied to the data in Table 89.2 yield the corresponding table of members
of ¢! (ug, ug, u;) with input 6(a) € (ug, ug, u;) C A3,

Moreover, if a € (u;, uj, ux), then we may calculate that

wy(a) = wy(aiu; + ajuj + apur) = awy (u;) + ajwy (uy) + apwy (uk)
a;wiy (ue) + ajwiy (ug) + apwi (U;) = Wi (aiwe + ajur + ap;)
= wygr 0 O(a) = wis ()

where 6(a) = b. It follows that if & € ¢~ (u;,uj,ui) is an address of the
unique a € (uj, uj,u) such that wy(a) = x, then () = § is an address
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of the unique b € (ug, ug,u;) such that wy (b) = x. So such an « provides
addresses i1 - - and k'8 32 - -+ of x. Details appear in Table 90.3.

Turning to Table 90.3, we again detail the meaning of the notation:
In the “Type” column we use “xx.y” notation — the “zx” denotes the
size of the fiber, while the “y” serves to index the fibers of size zz de-
scribed in the adjacent “F4 Addresses” column. Also recall the assump-
tion {{7,5}, {k,£}} = {{0,1},{2,3}} and the fact that “w(™” denotes either
ws, © -+ o ws, or the identity when n = 0. And in the “F3 Addresses”
column, “6(™” denotes either 61, ..., 0, € {4,5,k, £’} or the empty list when
n =0, and, “a(*~1” denotes either ay,...,a;_1 € {r,s} C {0,1,2,3} or the
empty list when ¢ = 1. And recall that “a,s” denotes any address of the
midpoint my..!

z =wy(a) CONSTRAINTS F3 ADDRESSES OF z; TYPE

WHERE Y =pXpX--- WHERE

a € (ui, u;, uk) p = (iljk)(i'l'j'k")

agw™(F) aeN{ijkt}) i'a 2.2

for every w'™  has ¢ or 3 constant K'(a)

(n>0) subsequences

a=w™(y) ae N{j, i)\ {j.i} i'6™ ka, 4.3

y € (mjr,mix) 7o tail index (am, Bm) i'sme g

irrational € {(4,1), (4,4)} E (6™ ka), Kp(6™eB)

a=w"(y): {r,s} ={j,i} ' katYay, 24.2

y € (mj, mir)  (Qm, Bm) i'§M '3 Ya,;

rational € {(4,1), (4,4)} E (6™ kaYay,)
k'w((g(n)gfﬁ(tfl)aij)

a=w"™(y): aeN{ik})\ {ik} '8 ja, 63, 6.2

y € (mij,mjx)  no tail index; (am, Bm, 0y, K'p(6™ja)

irrational Ym) € {(i,k,0), (k,5,0)} K p(6™B), K'p(5™i'y)

a=w"(y): {r,s} ={i, k} '8 jat Y g, 24.3

y € (mij,mjx)  (Qm, B, Ym) '8 By,

rational € {(i,k, 1), (k,i,0)} i'6M iyt Vg,,

k/w(a(n)ja(tfl)aik)
k/w(d(n)élﬂ(tfl)aki)
k/1/)(5(n)il’y(t_1)aiz)

Table 90.3 Fibers of points in (mj;, mge, mje).

Fibers of points in the open 2-simplex (myg;, mej, myey). This open 2-simplex,
which is interior to Ty U T}/, appears as the shaded area on the right-side of
Figure 90.1. Its vertices are given by

me = we(ui) = wp(uy)
me; = we(uy) = wp ()
mee = welur) = wp(up).

For more details on the notation, see the paragraph preceding Table 89.2.
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This case is similar to the previous “2-simplex (m;;, mye, mj¢)” case: In Fig-
ure 90.2, replace ¢~ (ug, ug,u;) with ¢~ (u;, i, uy), replace ¢ with ¢ =
p X p X --- where p is the permutation (i7)(k)(¢)(¢'5")(k")(¢'), make 6 com-
patible to (, i.e., make 6 the barycentric map that identifies A?j , with A?ik via
u; — uj, uj — u;, and u — ug. Then replace (ue, uk, u;) with (uj, u;, ug),
replace wy with wy, and finally replace (mj;, mre, mje) with (me;, mej, mer).
(It may help to notice the wy and w, labels on the right-side graphic in
Figure 90.1.)

The resulting diagram is commutative, implying that if & € ¢! (us, uj, ug)
is an address of a where wy(a) = x, then 8 = ((«) is an address of 6(a) = b
and we(a) = x = wi/(b). So each such « produces two addresses laqjas - - -
and k'35 - -+ of x. Parallel to the previous case, we know the members of
¢~ 1(a) from Table 89.2, and we calculate those of ¢~1(b) using ¢ instead of
1 and using our newly defined 6. The results are summarized in Table 90.4.

z = wy(a) CONSTRAINTS F3 ADDRESSES OF z; TvypPE
where (=pXpx--- where
a € (us, uj, uk) p = (ij)(@'5")
agdw™(F) aeN{ijkt}) Lo, 2.3
for every w(™  has £ or 3 constant k()
(n>0) subsequences
a=w"(y) ae N({j,i)\ {j,i} 6 ka, €503 4.4
y € (mjk,mix)  no tail index; (am, K (6™ ka), K'¢(6M™03)
irrational Bm) € {(4,1), (4,7)}
a=wm(y): {r,s} ={j,i} 6kt Vay; 24.4
y € (myk,max)  (am, Bm) 5B Vay,
rational € {(,1), G, 9)} K ¢(6™EkaVay,)

K (8™ 8 Vayj)
a=w"(y):  aeN{ik)\{ik} 6™ ja, 6B, 6.3
y € (mij,mjx)  no tail index; (@m, Bm, L6y, K'¢(6™ja),
irrational Ym) € {(i, k, i), (k,5,0)}  K'C(™B), K'¢(6™i')
a=w"(y): {r,s} = {i, k} 26 ja =V ay, 24.5
y € (mij,mje)  (Cm, B, Ym) 5B Vay,
rational € {(i, k,1), (k,4,0)} (6™ 4V ay)

k/g(é(n)ja(tfl)aik)
k/g(é(n)[/ﬁ(t—l)aki)
klc(é(n)i/’}/(t_l)ail)

Table 90.4 Fibers of points in (me;, mej, mex).

891 Singleton Fibers
Our first theorem characterizes singleton fibers of points in 9A3.

91.1 Theorem (singleton fibers and 9A®) Let ¢ be the F; address map,
and let |¢p~1(z)| = 1. Then ¢(a) = x € A3 if and only if « is either (i)
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constant, (ii)p in a doubleton K C {0,1,2,3} and has no tail indez, (iii)o
in a quadruple {i,7,k, €'} and has subsequence ¢, or, (iv)g in a quadruple
{i,4,k,¢'} and has subsequences i, j, and k.

PROOF. Since |¢~1(z)| = 1, Tables 87.3 and 88.2 show that ¢(«) = x is in an
edge [u,, us) of A if and only if « satisfies either (i)p with a € {0,1,2,3} or
(ii)p. Similarly, since |¢~1(x)| = 1, Table 89.2 shows that ¢(a) = z is in an
open 2-face (u;, u;,ux) of A if and only if «v satisfies either (i) with o = ¢/,
or (iii)g, or (iv)s.

For the results below, we shall use the following notation: For any o €
N(A) and any t > 0, we let af = ay 10412+ and refer to of as a tail of a.
Our next two lemmas combine to characterize those sequences « that occupy
singleton fibers of points = in the interior int(A?) of A3.

91.2 Lemma (singleton fibers, int(A?%), a necessary condition) Let ¢ be
the F3 address map, and let |¢~1(x)| = 1. Then ¢(a) = x € int(A3) implies
« has either (i)ins two (primed) subsequences a’ and b’ (a,b € {0,1,2,3}), or,
(19)int subsequences ¢ and ¥, or, (1ii)iny subsequences 0, 1, 2, 3.

PROOF. Since z € int(A?), either z € |K?| Nint(A3) or x € int(A3) \
|K?|. But the former case is not possible because |¢~!(z)| = 1 together
with Tables 88.3 and 88.4 show that x ¢ (P,Q), and |¢~!(x)| = 1 together
with Tables 90.3 and 90.4 show that =z is not in a 2-simplex of K?. So
x € int(A?%)\ |KZ|. Next, we note that

x & ws, o---ows, (|K?|) for each (n > 1)-list d1,...,d, € A.

(Otherwise, x = ws, o- - -ows, (y) for some y € |[K7|, and Theorem 86.2 tells us
that y has only one address, which implies by Tables 87.3 through 93.1 that
y € OA3. Thus, z is in the boundary of the 3-simplex ws, o- - -ows, (A?) € K,,.
So x, being in the interior of A% must have more than one address, which
contradicts |¢~1(z)| = 1.) It follows, since = ¢(a) = wq, 0+ - 0wy, (¢(at)),
that no tail ' = 10442+ (t > 1) of o is an address of any y € |K?|. And
since # ¢ |K?|, o = ajag - -- itself is not an address of any y € |K?|. More
concisely, for each t > 0, ¢(a') € |K?|, which implies (since dA® C |K?)
that for each t > 0, ¢(a?) ¢ dA3. So Theorem 91.1 tells us that each
cannot satisfy any of (i), (ii)s, (iii)s, or (iv)y. That is, each af is

(P1) not constant;
(P2) not in a doubleton K C {0, 1,2, 3}, or,
is in such a K and has a tail index;
(P3) notinan F = {4,5,k,¢'}, or,
is in such an F' and has no subsequence ¢; and
(P4) not in an F = {i,4,k,¢'}, or,
is in such an F' and has at most two subsequences i, j.

In particular, since each of satisfies (P1), a must have at least two constant
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subsequences. For the first case, suppose two subsequences are i’ and ¢:
Then « satisfies (i)int. For the second case, suppose two subsequences are £
and ¢: Then « satisfies (ii)in. For the third case, suppose « satisfies neither
(4)int 1OT (i7)ing, but has two subsequences i and ¢/. So there is a tail af with
each of its values in A\ {¢,7', ', k'} = {i,4,k,¢'}. Since o must satisfy (P3),
however, we have a contradiction. So our third case is impossible. Since the
first three cases exhaust the possibilities of having an ¢’ as a subsequence
of o, we consider the fourth case, where a has no ¢ subsequence, but has
two “unprimed” subsequences ¢ and j: In this case, there is an m > 0 such
that ™ is a sequence in {0,1,2,3}. Since each tail of o™ is a sequence in
{0,1,2,3} that satisfies (P2), however, o™ (and hence o and each tail ot of
«) must have yet another constant subsequence k in {0,1,2,3}. Then, since
each ! has three subsequences 4, j, k and also satisfies (P4), each o' cannot
be a sequence in any set of the form {4, j, k,¢'}. Thus, each o' must contain
the four subsequences 0, 1, 2, 3. We conclude that « satisfies (4i)int. Since
all possibilities of pairs of subsequences have been exhausted, we conclude
that « satisfies one of (2)int, (44)int, O (44%)int.

91.3 Lemma (singleton fibers, int(A?), a sufficiency condition) Let ¢ be
the F5 address map, and let o have either (i) two (primed) subsequences a’
and b’ (a,b € {0,1,2,3}), (ii)int subsequences £ and ', or (iii)int subsequences
0,1, 2, 3. Then ¢(a) =z € int(A®) and |¢p~1(z)| = 1.

PRrOOF. Tables 87.3, 88.2, 88.3, 88.4, and 89.2 show that each tail of any
address of a boundary point contains neither two constant “primed” subse-
quences, nor, a pair £ and ¢, nor, the four sequences 0, 1, 2, 3 as subse-
quences. It follows that ¢(a) = x € int(A?). Likewise, ¢(a) = = & (P,Q)
(and similarly, each ¢(a!) ¢ (P,Q)), and ¢(a) = x ¢ |K?| (and similarly,
each ¢(a') € |K?|). We also claim that

p(a) & ws, o ows, (|KT|)

for every (n > 1)-list 01,...,d0, € A. Suppose otherwise. Then there is a
minimum (n > 1)-list d1,. .., d, such that ¢(a) = ws, o---ows, (#(3)) where
#(B) € |K?|. Since each §,, = ay, (see the proof of Theorem 86.2) and since
6(0) = wWay -+ 0 wa, (B(a™)), we find that ¢(a™) = @(8) € |KZ. But
this containment contradicts ¢(a™) € |K7|. So the displayed equation holds
under the stated conditions, and, then an application of Theorem 86.2 shows
that [¢~1(x)| = 1.

From Lemmas 91.2 and 91.3 we have the following theorem, which char-
acterizes those sequences that occupy singleton fibers of points in int(A?).

91.4 Theorem Let ¢ be the F; address map, and let ¢(a) = x € int(A3).
Then |¢p~Y(x)| = 1 if and only if o has either (i)iny two (primed) subsequences
a and V' (a,b € {0,1,2,3}), or, (ii)in, subsequences ¢ and €', or, (iii)int
subsequences 0, 1, 2, 3.
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So Theorems 91.1 and 91.4 yield the following theorem.

91.5 Theorem (singleton fibers II) Let ¢ be the F3 address map, and let
¢(a) = x. Then |¢p~1(x)| = 1 if and only if « is either constant, or, in a
doubleton K C {0,1,2,3} with no tail index, or, in a quadruple {i,j,k,¢'}
with either ' or each of i,j,k as subsequences, or, is in A and, for some
representation {1, j, k,¢,7',j', k', 0'} of A, has either (i’ and {') or (¢ and {')
or each of 0, 1, 2, 3 as subsequences.

Each condition listed in Theorem 91.5 concerns constant subsequences:
Call a sequence a “(m, k)” whenever its range has size m and it has exactly
k constant subsequences. Then « is (1,1) if and only if it is constant. And
if o is in a doubleton K C {0, 1,2} with no tail index, then it is (2,2). It is
easy to show that in the A2-case, a sequence « is a member of a singleton
fiber {a} if and only if it contains the subsequence 3 = 333--- or is either
(1,1), (2,2), (3,3), or (4,3).

§92 Fibers of Points in A%\ |K?|

Knowing all singleton fibers of all points in A% as well as all fibers of all
points in |K?|, we turn to fibers of points in A%\ |K?|. The approach is that
of merging the (singleton fibers II) Theorem 91.5 and the (inductive step)
Theorem 86.2.

€ A%\ |K{| CONSTRAINTS F; ADDRESSES |67 ' (2)]
for some m > 1, z € thereisanr, 1 <r E1° - Erly
Wey 00 we,, (|KE]) <m, &=we, 0 where ay is any |67 (y)]
where €1,...,6m €A -+ owe, (y) for some address of y
y € int(A%) N |KF|
T E Wwe, 0 lone address a of x o 1
- owe,, (|K3|) for satisfies one of the

every (m > 1)-length  conditions in
string €1,...,em € A Theorem 91.5

Table 92.1 Fibers of points in A3\ |K?%|.

So Table 92.1 implies that nonsingleton fibers of points in A® \ |K?| are
“shifts” of those fibers of points in

int(A%) N |K7| = [ J{(mijs mae, mje) U (mai, meg, mer) U (mig, mae) }
U

where
U= {{Za]}a {kvé}} = {{Oa 1}7 {2a 3}}

In other words, the “a,” term in Table 92.1 may be calculated via Ta-

bles 90.3 and 90.4 for points in the open 2-faces, and via Tables 88.3 and 88.4
for points in (mj, mye).
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893 Summary Table, Octic Group, Choice of Letters

Cardinalities of fibers of the address map ¢ of F3 are 1, 2, 3, 4, 6, 12, and 24.
The details appear in the (summary) Table 93.1 (Parts I, II, and IIT), where
the data are encoded using the letters 4, j, k, ¢ such that {{i,j},{k,¢}} =
{{0,1},{2,3}}.

Using this encoding, we classified eight 2-simplexes in K (those that meet
the interior of A?) into two kinds, namely, [m;;, mxe, mje] and [me;, mej, meg]
(Figure 90.1). In more detail, let us calculate the four (A, B,C, D) of type
[mij, mge, mje] — using the constraint {{7,j},{k,¢}} = {{0,1},{2,3}} we
calculate the following;:

i=0,j=1 _ i=1,j=0 _
heot—3 — [mo1, mag, miz] = A hot—3 — [M10,ma3, mo3] = B
i=0,j=1 _ i=1,j=0 _
h—s1—y — [Mmo1,ms2, mi2] = C hs 1=y — [M10,ms2, mo2] = D
i=2,j=3 _ i=3,j=2 _
h—or—1 — [m2s,mo1, ms1] = A ho1—1 — [maz,mo1, ma1] =C
i=2,j=3 _ i=3,j=2 _
h—17—0 — [mas,mio, m30] = B h—17—0 — [ma2,mig, mao] = D.

In turn, these two representations yielded, via corresponding “pastings,”
two permutations p; = (ij)(k)(¢) and py = (iljk) which, respectively, fix
and transpose the members of {{4,j}, {k,(}}.

In general, these two permutations form the octic group

G = (pc; py) = {(1, (i), (kL), (ig) (kO), (iljk), (kjti), (ik)(5€), (i) (5F)},

a subgroup of symmetric group S, j ¢y generated by pe and py.
And for the set of letters

AV =i g k00 5K Y,

the group G may also be viewed as the subgroup of the symmetric group S 4
with generators

(i) (R)(O)(@'5")(K')(¢) and (iljk)(i'¢'5'K").

The role of G relative to Table 93.1 may be summarized as follows: Call a
bijection x : {i,7,k,¢} — {0,1,2,3} such that {{z(¢),z(j)},{z(k),z(£)}} =
{{0,1},{2,3}} a choice of i,j,k,L. (Or view x : AL — Al as the obvious
extension.) For each choice x, each k € N(A) has the representation (string
of letters)

K =a"tok=ak)r Hky)--- € N(AY.
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NOTATION: A = {0,1,2,3,0/,1', 2,3}, {{i, j}, {k, €}} = {{0, 1}, {2, 3}}, int
denotes 3-space interior, intas the interior rel A*, ¢/ Type 1.1 & Type 1.3,
6 =6y, 6, € {i,7,k, £’} or empty list, o'V =y, ;1 € {r,s} or
empty list, e™ =¢e1,--- , e, € A or empty list,F = {i,,k,¢'},K € {0,1,2,3}
denotes a doubleton subset, a,s an address of my.s, M5 = (1/2)(u, + us),

REF.

87.3
89.2
88.2
89.1
89.2

91.4

88.3/.6
89.2
87.2
90.3/.2
90.1
92.1
90.4
92.1
90.1
88.3/.7
89.2
87.2
87.3
88.2
88.3
92.1
87.2

90.3
92.1
90.2

90.4
92.1

Y =pxpx--- where p = (iljk)(i"'j'k"), ( =px p X -+ where p =
(2j)(@'j"), and (P, Q) = (mij,mpe).
TYPE ADDRESSES MNEMONIC IN FIBER OF
1.1 a a €{0,1,2,3}U vertex or
{0,1,2,3} 2-face barycenter
1.2 a € N(K) non-constant with irrational in
no tail index an open edge

1.3 a € N(F) ] (i&j&k) point in 2-face

subsequences A?jk

1.4 a € N(A) subsequences (i/&¢')/  point in int(A%)

(6&0") /(0&1&2&:3)

2.1 8™k o, € N(i,j) of shift of irrational

sy Type 1.2, each in (mjr, mik) C
{om, Bm} = {i, j} int a3 (T U Te)

2.2 eMi'a a Type 1.3, (m, Bm)  shift of point in

E(r)klﬂ S {(276)7(], k), (mij, mre, mje) C
(kvi)v (Z,mjl)} int(Ti’ UTk’)

2.3 eMga a Type 1.3, (@m,Bm)  shift of point in

eME'B € {(i,7), (4,1), (mes, Mg, mer) C
(k, k), (¢, 0"} int(Tp U Tyr)

31 §™ja a Type 1.2, shift of point in
s™es (am, Bmyym) € (mij, mji) C intas
Wiy {(i, k1), (k,i,0)} (T; UTy, U Ty)

4.1 " Vayy a;, € {jk,kj,i'0,0'i} rational in (u;, ug)

4.2 £M0 a Type 1.2, (am, Bm, shift of irrational in
M1 s bm) € {(0,1,3,2),  (P,Q) C int(TpU
My (1,0,2,3)} Ty U Ty UTy)
M3’y

43 M) N = Doy it = pg} e(M_shift of point in
eMi'y Type 2.1, (miz, mre, mje) C
ey v=19Aa), int (T3 U T )
ek'E € =1 (us)

4.4 eMon X=Xyt = pg} e("_shift of point in
5(T)€,u Type 2.1, (mes, mej, me) C
eMEy v =_(Aa), int (T, U Ty)
eMk'¢ €=C(pp)

Table 93.1 (Part I) Summary table for fibers of sizes 1, 2, 3, and 4.
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And for any choices  and y, we define the change of choice y lox =7 € G.

The upshot is that if % is not in Table 93.1, then for some m = y~! o x, the
representation k¥ = 7 o k” of k explicitly appears in Table 93.1.

NoTATION: A ={0,1,2,3,0",1',2" 3"}, {{4, 5}, {k, £}} = {{0,1},{2, 3}}, int
denotes 3-space interior, int,s the interior rel A3, ¢ Type 1.1 & Type 1.3,
6 =61, 6, € {i,j,k, €'} or empty list, o«*™V =y, -+ a1 € {r,s} or
empty list, e =e1,--- , e, € A or empty list,F = {4,5,k, ¢'},K € {0,1,2,3}
denotes a doubleton subset, a,; an address of my.s, M5 = (1/2)(u, + us),
Y =pxpx--- where p = (iljk)('V'jk"), ( =p x pXx -+ where p =
()(J'7"), and (P,Q) = (g, ).

TyPE ADDRESSES MNEMONIC IN FIBER OF REF.
6.1 a® Vb bnm = nm € {ij,ji, rational point in 87.3
i'1,7 5, k"6, 'k} edge (ui,uj) 88.2
eMi'\ (A= Ao, 1t = g, e(M_shift of point in  90.3
62 iy v =uv,} Type 3.1, (mij, mue, mje) C 92.1
eMi'y £ =1v(Aa), int(Ty U Tyr) 90.2
eME'E ™= P(us),
eMk'n o =1(vy)
eMi'o
e(Mex {A = Xa, 0 = g, (") _shift of point in
6.3 6(7')€,u v =y} Type 3.1, (mes, mej, me) C 90.4
My £=C(\a), int(Ty U Ty) 92.1
eMK'E ™= ((pa);
eME'n o =((vy)
ek o
121 5™k, Aas ftg Type 6.1, shift of rational in 88.2
8™l g {am, B} = {i,3}  (mgr,ma) C 89.2
intps (Tk U T[/) 88.6
122 §™jx, Aas f13, 5 Type 4.1, shift of rational in 88.2
8 g (m s BrmsYm) € (mij, mjr) C 89.1
d™i'y, {(i, k), (k,4,€)} intas(T; UTy UTy)  88.7

Table 93.1 (Part IT) Summary table for fibers of sizes 6 and 12.

To illustrate “change of choice” in the context of these tables, consider
a string of letters k* = g1 ---¢,.5 3102+ where 3132 --- is Type 1.3. Then
k*, except for the “j7 letter, matches the first entry of Type 2.2, i.e., k*
“almost” matches an entry in Table 93.1 (Part I), but in fact does not match
any entry in either part of Table 93.1. But using the choice y, i.e., the
solution to pc = (if)(k)(€)(i'")(K')(¢') = y~' oz, we have k¥ =y L or =
y~lo(zox™t) ok = pcor®, which does match the first entry of Type 2.2 in
Table 93.1 (Part I):

kY =¢1--gpiaiag - ajag - = pc(B1Ps2---) is of Type 1.3.
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To dovetail these observations with the assumption that {{i,;},{k,¢}} =
{{0,1},{2,3}}, consider the (obviously commutative) diagram in Figure 93.2
which shows the relation between two choices z and y of letters 4, 7, k, ¢'.

NOTATION: A =1{0,1,2,3,0",1",2", 3"}, {{3,5},{k, £}} = {{0,1}, {2, 3}}, int
denotes 3-space interior, intas the interior rel A, ¢ Type 1.1 & Type 1.3,
6™ =61, 80 € {i, 4, k, £’} or empty list, Y =ay,-- ,a,1 € {r,s} or
empty list, e =¢e1,--- &, € A or empty list,F = {i, j, k,¢'},K C {0,1,2,3}
denotes a doubleton subset, a,s an address of My, mys = (1/2)(ur + us),
Y =pXxpx-- where p = (iljk)('0'jk"), ( =p x pXx -+ where p =
(i7)(i'j'), and (P, Q) = (m;, mpe)

TypE ADDRESSES MNEMONIC IN FIBER OF REF.
24.1 e(T)O')\Q Ao Type 6.1, shift of rational in  88.4
E(T)]'luﬁ (Oém7 /G’WH Yms 6771) € (P7 Q) C int(TO’U 92.1
M2y, {(0,1,3,2),(1,0,2,3)} Ty UTy UTy) 87.2
(r)gr
e\"'3'¢s
242 eMi'y {N ="Na,0 =0p} shift of point in 90.3
eMi'e Type 12.1, (mij, mre,mje) C  92.1
eMK'e £ =v(n), int(Ty U Ty) 90.2
eME w w=1(0)
eMi'y fiber {n =na,0 = 0g, shift of point in 90.3
243 Mo T =74} Type 12.2, (mij, mre, mje) C 921
eMi'r v =1(n), int(Ty U Ty) 90.2

eMEy € =1(0),
eMk'e w = 1(r)

eMk'w
244 My fiber {n =na,0 =op} shift of point in 90.4
eMyo Type 12.1, (mei,mej,mep) C - 92.1
eMk'¢ &= ¢(n), int(T¢ U Tyr)
eME w w={((o)
eMin fiber {n =na,0 =0  shift of point in 90.4
245 "o 7 =17,} Type 12.2, (i, maj,mey) € 92.1
eMer v ={((n), int (T, U Tyr)
kY £ =¢(0),
eME'e w=¢(1)
eME w

Table 93.1 (Part III) Summary table for fibers of size 24.

The homeomorphism x71 : N(AY) — N(AY) (or 271 : N(A) — N(A) if
no “primes” are involved) matches N(A') with N(A'), i.e., equates “strings
of letters” k® € N(A!) with sequences k € N(A!) by identifying i € A’
with z(i) € A', j € Al with 2(j) € A, etc. Under these identifications,
the connection with Table 93.1 is clear since {{z(i),z(j)},{z(k),z(€)}} =
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{{0,1},{2,3}} is equivalent to {{i,j},{k,¢}} = {{0,1},{2,3}}. Moreover,
these identifications allow us to use s as k and ¢(k”) as ¢(k).

N(AY

¢pox

Fig. 93.2 Change of choices for Table 93.1.

894 Octic Group Action and Induced Barycentric Maps

Throughout this section we shall assume, without loss of generality, that
ug = [1,0,0,0]7,...,uz = [0,0,0,1]T are the standard basis vectors in 4-
space. So the barycentric coordinates of A% are Cartesian coordinates. We
shall also assume that the octic group is represented by

G = {1, (01), (23), (01)(23), (0312), (2130), (02)(13), (03)(12)}.

Then for each 7 € G, we let the barycentric mapping 6, : A% — A3 be
given by E%lzoxmum — E%lzoxmuﬂ(m). The homeomorphism 6, may be
viewed as a restriction of a linear transformation represented by the 4 x 4
permutation matrix Pr whose (m 4 1)st column is tz(m) = Prtty,. That is,
for Xzt € A3,

Or (Brmtm) = XmlUn(m) = LT (Prtm) = Pr(SZmtm).

With these givens we shall show, for each ¢ € A', that the diagram In Fig-
ure 94.1 is commutative:

N(Al) 77_). N(Al)
¢ ¢
O
AP —————— AP
Wq Wr(q)
O
Ty, ———— Tx

Fig. 94.1 Transformation of addresses induced by the octic group.
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94.2 Lemma (lower square of Figure 94.1) Let ¢ be the address map of
Fi ={wy|q € A}, let m € G, and let 0, denote the induced barycentric map.
Then for each q € Al, Wr(q) © Or = O 0 wy.

PRrOOF. For ¢ € {0,1,2,3}, we have

Wr(q) (Or (Bxmtm)) = Wr(g) (ETmUn(m)) = (1/2)EZmUr(m) + (1/2)Ur(q)
=0, ((1/2)Zzmum + (1/2)ug) = 0 (we(Exmum)).

And for ¢’ € {0',17,2/,3'},

W (g) (Or (BTrmtm)) = Wr(g)(BTmUn(m)) = Wy (BT Us(m))
= (1/2) LpXamtr(m) + (1/2)uy
= (1/2)PWLQP7T_1(EIEmuﬂ.(m)) + (1/2)uﬂ(q/)
=0 ((1/2)LyZxmum + (1/2)uy) = Oz (wy (Bzmum)).

So the lower square of the Figure 94.1 diagram is commutative.

94.3 Lemma (upper square of Figure 94.1) Let ¢ be the address map
of F5, let m € G, and let 0, denote the induced barycentric map. Then

pom=0r00.

PROOF. Let a € N(A'). Then ¢(a) = p is the lone member of Nj>1T4,...q,.
It also follows from Lemma 94.2 that p € T, implies that 0.(p) € Tr(a,)-
So, using induction, we suppose p € Tq,...a,, implies 0 (p) € Tr(ay)...x(a,) 19
true and let p € Ty, Then

1Ol

oﬂ(p) S oﬂ(TOtl"'Otn+1) =0ro0 Way (Ta2---an+1) = Wr(ay) © Hﬂ(Ta2"'an+1)
- wﬂ'(otl)(Tﬂ'(OtQ)”'Tl'(an+1)) = T?T(Ozl)---ﬂ'(otn+1)'

So 0 (¢(c)) is the lone member of Nj>1Tr(ay).n(a,), 1€ (T()) = Oz (d()).
So the upper square of the diagram in Figure 94.1 is commutative.

We note that 6, permutes not only the vertices, but also midpoints, e.g.,
pE (mij, Mie, mjg) implies oﬂ(p) S (mﬂ(i)ﬂ(j),mﬂ(k)ﬂ(g), m,r(j)ﬂ(g)). Our next
theorem concerns the action of G on the fibers of ¢ and its (omitted) proof
rests on the fact that the top square in the diagram in Figure 94.1 is com-
mutative.

94.4 Theorem Let ¢ be the address map of F3, let m be a member of the
octic group G, and let 0, be the induced barycentric map. Then the fiber

¢~ (0x(p) = (6™ (p))-
895 Completeness of Table 93.1

95.1 Theorem Let k € N(AY). Then for some choice x of i, j, k, ¢, the string
of letters k* = x Lok = a7 (k1)z " H(Kk2) - = KTKS - -+ is one of the types
listed in Table 93.1.
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PRrOOF. If x exists such that x” is Type 1.1, 1.2, 1.3, or 1.4, we are fin-
ished. So suppose otherwise. Then “not Type 1.4” implies x has at most one
“primed” constant subsequence.

First, suppose k has exactly one “primed” constant subsequence. Fix
x such that ¢ is the “primed” constant subsequence of k. Then k” not
Type 1.4 implies /¢ is not a subsequence of k*. And k* not Type 1.3 implies
a minimum 7 4+ 1 > 1 exists such that for some 7, € {i,j', k', (}

(1) k' =€l -efel a” a” € N(i,j,k,0') is Type 1.3.

If 7., = i/, then &% is Type 2.2. If €., = ¢, then & is Type 2.3. If
e, =K', then x* = cMk'a® = ek B where 3 = o® is Type 1.3, making
x* Type 2.3. And finally, if 7 | = j’, the change of choice { = y~ oz yields

W=y lok=Coxtor=C((k")=c"iC(a®), ((a®) e N(@,j k1)

where ((a”) is Type 1.3. So kY is Type 2.2.
Second, if k has no “primed” constant subsequence, then “not Type 1.4”
implies

(2) K =€l eref " o® € N(i,j, k)
for some choice 2 where either “(24),”the prefix 7 ---efel, | is empty, or
“(241),” the prefix is non-empty with 7, € {£,4', j', k', £'}.
Suppose 2(i) is true. Then k* = o® “not Type 1.3” implies
(3) KT =a® =66, 1« a € N(i,j)
where either the prefix 6§, is empty or 6,41 = k; or

(4) sz - Oér - 5(n)5n+1a (ORS N(jv k)

where either the prefix 5(”)5n+1 is empty or 0,41 = 4. If (3) holds with an
empty prefix, then x* “not 1.2” implies k% is Type 6.1. And if (3) holds
with a non-empty prefix, then £% is Type 12.1 when « is Type 6.1, and &*
Type 2.1 when « is Type 1.2. The subcase (4) runs parallel to the subcase
(3), as illustrated in Figure 95.2.

prefix :y\priﬁx 0 prefix Mﬁx £ 0
K" 6.1 /\ 41 /\

K* 12.1 kY 12.2 fiy?;l

(¢=y~tox) Yo )

Fig. 95.2 Subcases (3) and (4) of 2(i), empty prefix €7 - - -}, | case.
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Finally, suppose 2(ii) is true, i.e., 7, € {£,7,j', k', £'}: Using the comments
surrounding Figure 93.2, we have e, = ef,; € {£,7,j',F,{'} and ¢(a) =
() is in the 2-face [u;, uj, ug]. So

My, Myj, mei]  if e, =4,

[ ]

[Mij, Mo, mje]  if ey =7,
we, ., (P(a)) = o(eryr10) € S [mpe, mij, ma]  if er1 = 4,
(Mo, mpe, mig)  if ep1 = K,
(M, ik, mij)  if eppr = 2.
The two cases e,41 € {{,k'} yield ¢(ery100) € [mes, myj, mer]. If ¢(ef, 1 a”)
is in the interior of this 2-face it must match one of the entries in Table 90.4
(and consequently £* matches an entry in Table 93.1). Otherwise, ¢(e7, ;o)

is in an edge of [my;, me;, mex], ie., in

(M, meg) U (Mg, mar) U (Mg, mur) U {mgg, mgj, ma b

Consider (myg;, me;) and midpoint my;. Then the change of choice 7 = y lox

= (1)(5)(kO)(@)(5")(K'¢') provides a match of €, ,a¥ with an entry in Ta-
ble 87.3, 88.3, or 88.4. For (mg;, my;) and the other two midpoints, = =
(ik)(L5) ('K )(¢'j") € G yields a match in one of those same tables. For
(g, mur), © = (i) (kj)(i"€")(k'j") provides a match of e/ a¥ with an entry
in Table 88.3 or 88.4. Consequently, each corresponding k¥ matches an entry
in Table 93.1.

In the two cases e,41 € {i’, '}, we see that the “;/” case is “equivalent”
to the other via a change of choice (if)(k)(€)('5")(k")(¢'). So it suffices to
consider ¢(i'a”) € [m;j, mype, mje]. Then o must match either an entry in
Table 90.3, or an entry in Table 87.3, 88.2, 88.3, or 88.4 (and consequently
k® matches an entry in Table 93.1). For the final case, namely ¢,41 = ¢/, we
have ¢(ef ") in a 2-simplex of K that is a subset of the face [u;,u;, ug|.
Thus, €7, ;o must match an entry in Table 87.3 or 89.2. So again there is a
choice z such that k” matches an entry in Table 93.1.

896 Representations of 3-Space and the 2-Sphere

Recall that in the previous chapter we considered the boundary A? of AZ,
which is homeomorphic to the 1-sphere, and A%\ JA?, which is homeomorphic
to Euclidean 2-space. By grouping the fibers according to those that map to
points in the former and then according to those that map to points in the
latter, we obtained representations of the 1-sphere and 2-space, repectively.
In this section, we provide a similar representation of 3-space and the 2-
sphere.

The boundary A2 of A? is homeomorphic to the 2-sphere, while A%\ A3
is homeomorphic to Euclidean 3-space.

96.1 Theorem Let ¢ be the address map of Fi = {w, : q € A'} from
N(AY) onto the 3-simplex A3. Let F be the ¢-inverse subspace of N(A!) that
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contains all of the following fibers: (1) size 1, except those of Type 1.4; (2)
size 2 and Type 2.1; (3) size either 3 or 12; (4) size 4 and Type 4.1; and (5)
size 6 and Type 6.1. Let G = N(A)\ F. Then G is also a ¢p-inverse subspace
of N(A). Moreover,

bla: G — (AP\OA?) and |p: F — OA3

are quotient maps, the former onto a copy of 3-space and the latter onto a
copy of the 2-sphere.?

PROOF. From Table 93.1 it follows that F' = ¢ 1(0A?%) and that G =
¢ 1(A3\ OA3). Since ¢ is continuous, ¢|r and ¢|c are continuous. In
addition, since AA? is closed in A3 and (A3 \ A3) is open in A3 it follows
(see, e.g., Dugundji [1966, page 122, Theorem 2.1]) that both ¢|r and ¢|q
are quotient maps.

897 Comments

As Barnsley and Sloan [1988] indicate, an IFS may be used to compress a
picture that requires 130 megabytes of memory by a factor of 10,000, requiring
only a manageable 13,000 bytes. Here we used an IFS F3 of size eight to
compress an infinite number of pastings and an infinite number of cuttings
to “picture” a 3-simplex.

The pastings correspond to the affine transformations wq, wy/, wos, and
wss, while the cuttings correspond to the members wg, wi, we, and ws of
the IFS F3 whose attractor is the 3-web w? (the Sierpiniski cheese). In other
words, we used an IFS to view the (3-dimensional manifold) 3-simplex in the
context of the (1-dimensional fractal) 3-web w3.

In the context of dimension theory of separable metric spaces at least,
an IFS has some interesting, but yet to be explored features. For example,
consider Morita’s Theorem (Theorem 1.6): A metric-space X has dimension
< n if and only if there exists a subspace S of N(A) for suitable A and
a closed continuous mapping f of P onto X such that for each point q €
X, f7Y(q) consists of at most n + 1 points. Morita’s Theorem places a
nice upper bound “n + 1”7 on the sizes of the fibers at the cost of having
a rather nebulous domain (some subspace P of N(Q2)). In contrast, an IFS
({wq : a € A}) provides a well-defined domain N (A) (of the closed continuous
address map ¢ onto its attractor X) at the cost of having rather nebulous
sizes of fibers. An IFS also provides a “built-in” and “uniformly indexed”
sequence Ci (k = 1,2,...) of ever-finer closed coverings of X, namely C;, =
{wg, 0+ owg (X) : a1,...,a, € A} that is indexed on the k-fold finite-
product set A¥ = A x .- x A.

Moreover, in this chapter we needed some general formulas (formulas that
apply to any IFS and its address map), e.g., Lemma 85.3 part (a) that concern

2Recall (from §93) that Al = {44,k 0,4, k', 0’} where {{i,j},{k,€}} =
{{0,1}, {2, 3}}.



§97 COMMENTS 191

the interaction between the address map and the members of the IFS. Such
formulas allowed us to navigate between fractals and manifolds, and should
prove key to any solution of the extension problem for n > 4.

As to the open problem of extending the 4-web w* IFS to a 4-simplex
A* TFS, the approach developed in this chapter (for the w® IFS extension)
could serve as an outline or model for the 4-simplex case. The key problem,
however, is that of understanding the “4-hole” A*\ Ugwy(A*) induced by
the F4 IFS in A%

The fundamental requirement is that of obtaining a well defined descrip-
tion of the “4-hole.” That is, obtain a representation of the “hole” induced by
F4in A* C R® that is analogous to the 3-hole generated by F3 in A% C R%.
Recall that the closure of the 3-hole may be viewed as an octahedron, which in
turn was viewed as a realization of a 3-complex consisting of four tetrahedra.
It is also worth noting that the 2-skeleton of an octahedron is homeomorphic
to a 2-sphere.

To begin the search for the corresponding complex whose realization is
the closure of the “4-hole” in the 4-simplex, this author believes that the
3-space representation of a level-1 J5 should provide an intuitive background
for “picturing the hole.”

For example, the midpoints m;;, for distinct ¢, j € {0,1,2, 3,4}, of edges
[u;,u;] of A% are easily pictured at the level-1 approximation of J;. By
considering all possible edges [m;;, mxe] whose endpoints are these midpoints,
one may see, at least combinatorially, five tetrahedra, each just touching the
other four. In addition, one may also see five octahedra with interesting
combinatorial properties. It is easy to conjecture that this subcomplex whose
vertices are the midpoints m;; may serve as a model for decomposing the
closure of the 4-hole into 4-simplexes that could then serve to define the
desired Fj.

Another easy conjecture is that the boundary of the 4-hole is homeomor-
phic to a 3-sphere.



APPENDIX 1

Background Basics

We recall (with gateways to references) the most basic of relevant concepts
— notations, covers, and Cartesian poducts (§A1), topological spaces (§A2),
metric spaces (§A3), mappings (§A4), product, biquotient and perfect map-
pings (§A5), and topological dimension theory (§A6).

8A1 Notations, Covers, and Cartesian Products

A1.1 NoTATIONS. The set-theoretic notation used in this book is standard.
Nevertheless, we note that f : X — Y does not necessarily imply that f is
surjective; and, as is standard, we may call the inverse image “f~!(y)” of the
point y € Y either a point-inverse set or a fiber of f.

A1.2 CovERs. A family C of subsets of X # () covers X (or is a covering of
X) if each point in X is contained in at least one member of C. When each
C € C is open in (the topological space) X, then C is an open cover.

Any C’ C C that also covers X is a subcover of C. The cover C itself is
wrreducible when it has no proper subcover; it is point finite if each x € X is
contained in only finitely many members of C; and it is locally finite (discrete)
if for each # € X there is an open set G, such that G, NC # () is valid for
only finitely many (for at most one) members C' of C.!

A collection B is o-locally finite (o-discrete) if B = U;B; is a countable
union where each B; is locally finite (discrete).

Let U and V be coverings of X. Then U refines or is a refinement of V
if for each U € U there is some V € V such that U C V. In such a case we
may write i < V. U ={U,:a€ A}, V={V,:a € A}, and U, C V, for
each a € A, then U precisely refines (is a precise refinement of ) V.

For a covering C of X, the star S(z,C) of a point © € X is given by
S(x,C) =U{C : z € C € C}. Similarly, the star S(R,C) of R C X is given
by S(R,C) = U{C : CNR # 0; C € C}. The induced star-covering C* is
given by C* = {S(C,C) : C € C}.

A1.3 CaARrTESIAN PrRODUCTS. The times notation “x” is used for (Cartesian)
products, e.g., A x B, A x B x C, and x;A;. The last example is only used

LOne must be careful about the choice of indexing. For example, if we simply write
C ={Cq : a € A}, then it may be that for a fixed a’ € A we have a’ # a but Cp» = C, for
an infinite number of a € A. To avoid any confusion, when we say “{Cq : a € A} is locally
finite” it shall be understood that there exists an open set G such that G N Cy # 0 is
valid for only finitely many a € A.

193
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when the index set and each factor A; are known. For A # (), we write
N(A)=Ax Ax - =x;4; (ie N={1,2,...} and each A; = A),

which is the set of all sequences in A. The set of all mappings X — Y is
denoted by either “x,cxY,” (where each Y, = Y) or “YX” (which is the
exponential notation). For X = {1,2,...,2n+ 1} and Y = I, we may write

I2n+1 =L xIyx- X I2n+]_ = {(xl,...,xgnH) : each z; € I},

and when X = {1,2,...} we write I = x,;I; where each factor I; = I.

8A2 Topological Spaces

A topological space X = (X, T) consists of a non-empty set X and a family
(the topology) T of subsets of X such that (i) {G,|y € T'} C 7 implies
UyG, € T and (i) {G4|y € T} € 7 and T finite imply N,G, € 7. Each
G € 7T is an open set, and its complement F' = X \ G is a closed set.

In this monograph, a neighborhood N, of the point x is any subset NV, of
X such that x € G C N, for some open set G.

Let X be a topological space and let R C X. With the understanding that
x € G €T is expressed as “G,”, recall the most basic concepts: The interior
“int(R)” of R is the set of those x such that some G, satisfies G, C R; the
closure “R” of R consists of those x such that every G, satisfies G, N R # (J;
and the boundary “B(R)” of R consists of those = such that every G, satisfies
both G, "R # 0 and G, N (X \ R) # 0.

It follows that int(R) is open and that R = X — U{G, : G, N R = 0} is
closed. In turn, since B(R) = R\ int(R), we see that B(R) is also closed.
When R = G itself is open, then int(R) = R and B(R) = R\ R, which yields
B(G)NG =0 and G = GU B(G).

A2.1 SEPARATION AXIOMS. Again, “G,” and “G4” denote, respectively,
“reGeT” and “AC G €7T”. A topological space X is a Ti-space if and
only if each singleton set {x} is a closed set; it is T» or Hausdorff if x,y € X
and = # y, then there exist disjoint G, and Gy; it is T3 or regular if it is a
Ti-space and if for each x € X and closed FF C X with z & F there exist
disjoint G, and Gp; and it is Ty or normal if it is a Ti-space, and, F' and H
disjoint and closed implies disjoint Gr and Gg exist.

Theorem (covering characterization of normality) A topological space
X is normal if and only if for each point-finite open covering U = {U, : a €
A} of X there exists an open covering ¥V = {V, : a € A} of X such that
Va CU, for each a € A and V, # O when U, # (.2

In general, a closed precise refinement V ={V,:a € A} of {U,:a € A} =U
is called a shrinking of U.

2For a detailed proof see Dugundji [1966, §6, page 152].



§A3 METRIC SPACES 195

A2.2 COMPACT AND PARACOMPACT. A topological space X is compact if
each open covering C has a finite subcover C' C C; and X is paracompact if
each open covering C has a locally finite subcover C’ C C.

Theorem (sufficient condition for normality) Let X be a topological
space that is both Hausdorff and paracompact. Then X is normal.3

A2.3 Basis, WEIGHT, AND SUBBASIS. A basis B for a topological space
X = (X,T) is a subcollection of 7 such that each member of T is a union
of members of B. It follows, since X itself is a member of 7 that each basis
is an open cover of X. Clearly, 7 itself is a basis for X.

If X has a countable basis B, i.e., X(B) < Ny, then X is separable. Other-
wise, X is nonseparable. The weight of X is the cardinality of a minimum-size
basis for X.

A basis B that is o-locally finite (o-discrete) is called a o-locally finite
(o-discrete) basis.

Any non-empty collection S of subsets of a non-empty set X generates
or is a subbasis of a topology for X: Since S is a subcollection of the set 2%
of all subsets of X and since 2% is a topology for X, the topology 7(S) =
N{7 :SC T and 7 is a topology on X} has S as a subbasis. Since 7(S) =
{G : G is a union of finite intersections of members of S}, B(S) = {B :
B is a finite intersection of members of S} is a basis for 7 (S).

8A3 Metric Spaces

Let X be a non-empty set and let p : X x X — [0,00) be such that (i)
p(x,y) = 0 if and only if x =y, (ii) p(z,y) = p(y, z) for every z,y € X, and
(iii) p(z,z) < p(z,y) + p(y, z) for every x,y,z € X. Then X = (X,p) is a
metric space and p is a a metric or distance function.

For z € X and § > 0, the open 0-ball Bs(x) centered at x with radius ¢ is
given by Bs(z) = {y € X : p(z,y) < 0}, while the corresponding closed ball
is given by Bs(x) = {y € X : p(z,y) < d}.

On the one hand, the collection S = {Bs(z) : x € X and § > 0} of all
open balls is a subbasis for the topology 7, induced by the metric p. If metrics
p and p’ on X induce identical topologies 7, = 7, then they are equivalent
metrics. And when a metric space (X, p) is called a topological space, it is
understood that X = (X, 7,).

On the other hand, a topological space (X, T) is metrizable if there exists
a metric p on X such that 7, = 7.

Characterizations of those regular spaces that are metrizable were created
independently by Bing [1951], Nagata [1950], and Smirnov [1951].%

3For a detailed proof see Dugundji [1966, §2, page 162].

4For metrizable spaces and related topics see Nagata [1968, Chapter VI], and for imbed-
dings and metrization see Kelly [1955]. For characterizations of those Ty and 77 spaces
that are metrizable, namely the Morita, Stone, and Arhangel’skii theorems, see Dugundji
(1966, page 196, Theorem 9.5].
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Theorem (Bing’s Metrization Theorem) A reqular topological space X
is metrizable if and only if it has a o-discrete basis.

Theorem (Nagata-Smirnov Metrization Theorem) A regular space X
1s metrizable if and only if it has a o-locally finite basis.

The distance of a point © € X from a set R C X is given by p(z, R) =
inf{p(z,y) : y € R}. And the diameter of a set R is given by |R| =
sup{p(z,y) : ¢,y € R}. Some basic properties are listed below.

Theorem (properties of metric spaces) Let X = (X,p) be a metric
space. Then

(i) The space X is paracompact and Hausdorff.

(ii)  The space X satisfies the first axiom of countability.

(iii)  The closure of RC X is R={x € X : p(z, R) = 0}.

(iv) A sequence x, — x if and only if p(xg,z) — 0.

(v The metric p is continuous, i.e., if a sequence (Tn,yn) — (z,y)

relative to the product topology, then p(xn,yn) — p(z,y).

Finally, let X = (X, p) be a metric space. Then a p-Cauchy sequence
Z1,T2,...1n X is a sequence with the property that for each £ > 0 a positive
integer n exists such that k,m > n implies p(zk,zm) < €. The metric p
is complete metric for X if every p-Cauchy sequence in X converges to a
point in X. And X is topologically complete whenever X has a complete
metric. For a proof of the following theorem see Dugundji [1966, Chapter
X1V, Theorem 2.5].

Theorem (completeness of countable product spaces) A countable
product space x;X; is topologically complete if and only if each factor X; is
topologically complete.

8§A4 Mappings

A function f: Y — X from a topological space Y to a topological space X is
continuous if H open in X implies (the inverse image) f~(H) is open in Y.
A homeomorphism Y — X is a continuous bijection whose inverse X — Y
is also continuous. When a homeomorphism Y — X exists we may say that
Y and X are homeomorphic or that Y and X are topologically equivalent.
Topological equivalence is denoted Y =; X.

Let f:Y — X be a continuous surjection. Then f is a quotient mapping
or identification when f satisfies “the converse of continuity” — f~*(H) open
in Y implies H open in X.

The construction of quotient mappings is fundamental. The standard
method is to begin with a topological space Y, an arbitrary set X, and a
surjective function f : Y — X. Then use f to induce the largest topology on
X that makes f continuous. That is, the identification or quotient topology
T(f) is given by 7(f) ={G C X : f~1(G) is open in Y}.
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Typically, however, one obtains the set X via an equivalence relation ~
onY, ie., one defines X =Y/ ~. In this case the points of X are the parts of
the partition of Y induced by ~. The mapping f : Y — X is then specified
as the natural map — the point f(y) = [y] is the part [y] of the partition X
that contains y.

A4.1 Theorem LetY be a topological space, ~ an equivalence relation on
Y, and X =Y/ ~ the induced partition of Y with the quotient topology.
Then the natural mapping f:Y — X is a quotient mapping.

A surjection f : Y — X of topological spaces Y and X is a closed mapping
if F' closed in Y implies its image f(F) is closed in X. Similarly, f is an open
mapping if G open in Y implies its image f(G) is open in X.

A4.2 Theorem Let f:Y — X be a continuous open (or closed) mapping.
Then f is a quotient mapping.

A4.3 Theorem Let f :Y — X be surjective and quotient, g : ¥ — J
continuous, and gf ' : X — J single valued, i.e., g is constant on each fiber
f~Y(x). Then gf~! is continuous. Moreover, gf ' is closed if and only if
g(F) is closed whenever F is a closed f-inverse set (F = f=1f(F)).

Fig. A4.4 Diagram used in proof of J% ™' Tmbedding Theorem (see §41).

Proofs of A4.2 and A4.3 appear in Dugundji [1966, pages 121-123].

8A5 Product, Biquotient, and Perfect Mappings
The product x,X, provides, for each 1" € I, a projection map
Dyt Xy Xy = Xy

given by (z.,) + 2/, € X,;y. And the mappings f, : X, — Y, (for each v € I)
yield the product map

f= X0y %Xy = %Y,

given by the formula (z,) — (y,) where each y, = f,(z,).
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When each factor set X, is a topological space, x X inherits the product
topology — the “smallest topology” such that each projection p, is continu-
ous. The product topology 7 (S) is generated by the subbasis S of all sets of
the form

ST [ X if oy #7;
(G) =p37(G) = x,Uy  where Uy = { G open in X, ify=+"

It follows that the collection B(S) of sets
(G1,Ga,...,Gr) = (G1)N{G2) N---N{Gg) each G; open in X,

is a basis for the product topology. A Cartesian product x,X, with the
product topology is often referred to as a product space.

If x, X, and x, Y, are product spaces and each component f, of a product
map f = X f, is continuous, then f itself is continuous. Unlike continuous
mappings, a product of quotient mappings is not necessarily quotient.?

A5.1 Definition A continuous surjection f : X — Y is biquotient if for
each y € Y and each open covering U = {U, : a € A} of f~1(y), finitely
many f(U,) cover some neighborhood of y € Y.6

It is straightforward to show that each biquotient map is necessarily a
quotient map. The nice behavior of biquotient maps — as opposed to the
behavior of quotient maps in general — with respect to taking products is
stated in the following result which is due to Michael [1968].

A5.2 Theorem Any product of biquotient maps is a biquotient map.

quotient

|

hereditarily quotient

/N

biquotient closed
open perfect

Fig. A5.3 Mappings and how they relate (open implies biquotient, etc.)

5For an example of a nonquotient product map f x g where both f and g are quotient
see Brown [1968, Example 4, page 102].

6The concept of biquotient was introduced by Ernest Michael [1968] who states that
these mappings are equivalent to “limit lifting maps” as defined in Héjek [1966].
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A5.4 Definition A perfect of proper mapping p : X — Y is a continuous
closed surjection such that each fiber p~!(y) is compact.

A5.5 Definition A continuous surjection h : X — Y is hereditarily quotient
if for each non-empty S C Y, the restriction of h to h=1(S) is a quotient
mapping h=(S) — S.

A5.6 Theorem (Arhangel’skii [1963]) A continuous surjection h : X —
Y is hereditarily quotient if and only if h(U) is a neighborhood of y € Y
whenever U is a neighborhood of the fiber h=1(y) C X.

A5.7 Corollary  FEvery biquotient map is hereditarily quotient, and every
closed map is hereditarily quotient.

The equivalence in Theorem A5.6 also yields the fact that any hereditarily
quotient map f : X — Y with compact fibers f~*(y) is biquotient. It follows,
since perfect maps are closed maps, that perfect implies biquotient.

To summarize, within the class of continuous surjections, the inclusions
among the subclasses discussed above may be diagrammed as in Figure A5.3.7

For a proof of the following theorem see Bourbaki [1966, Proposition 4,
page 98] [1961, Chapters 1 and 2]; the former concerns finite products.

A5.8 Theorem Any product of perfect maps is a perfect map.

A5.9 Theorem (Morita and Hanai [1956] and Stone [1956]) Let the map
p: X —Y be a perfect map. Then X metrizable implies Y is metrizable.

8A6 Topological Dimension Theory

For the prehistory of (topological) dimension theory see Crilly [1999]; for
the separable-metric-space theory see Hurewicz and Wallman [1948]; for the
status of dimension theory circa 1955 see Alexandroff [1955]; for the general
(not necessarily separable) metric-space theory see Nagata [1965]; and for
combinations or parts of these two theories along with evolving theories in
general (not necessarily metric) spaces see Nagami (with an appendix by
Kodama) [1970], Pears [1975], and Engelking [1978].

And to this list we add a rather concise and appropriate quotation of
Kuratowski [1966, page 273] on its progress up to the 1950s:

"For details and closely related references see Lasnev [1966], and, Michael [1972][1974].
8The original statements appear in a footnote that contains additional references. Also,
the formatting of references has been adjusted to conform with those of this book.
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The idea of a definition of dimension was originally due to Henri
Poincaré [1912]. The definition was made precise by Brouwer
[1913]. The dimension theory based on a definition rather close
to that of Poincaré-Brouwer was created and developed indepen-
dently by K. Menger and P. Uryshon in a number of papers be-
ginning from 1922. See particularly Menger [1928] and Urysohn
[1925b] [1926]. For a more modern exposition of dimension theory
see Hurewicz and Wallman [1948]. For a dimension theory based
on the notion of homology, see Alexandroff [1932].

A6.1 DEFINITIONS. We recall the definitions of the covering, the strong
inductive, and the weak inductive dimension functions. In each case, X is
any topological space and n is any non-negative integer.

Definition (ord, and ord i) Let U a family of subsets of X, and let z € X.
Then “ord, U” denotes the order of U at x, i.e., the number of members of
U that contain z. If z € U € U for infinitely many U, then ord, U = oo.
Moreover, the order of U is given by ord U = sup {ord, U|r € X }.7

The concept of ord U yields the covering/Lebesgue dimension.

Definition (covering dimension) The space X has covering dimension
< n if for each finite open covering {Vi, ..., Vi } of X there is an open covering
U ={U,...,U;} such that each U; C V; and ord Y < n+ 1. When X has
covering dimension < n, we may write “dim X < n”, and when dim X <n
and it is not true that dim X < (n — 1), then X has covering dimension n
and we may write “dim X = n”. When no such n exists, then by definition
dim X = 4o00. By convention, we define dim () = —1.19

The definition of the strong inductive dimension “Ind” involves the bound-
ary “B(G)” of G.

Definition (strong inductive dimension) The definition is inductive, ini-
tiated with X = () whose strong inductive dimension is defined as —1. And
when the strong inductive dimension of X equals —1, we may write “Ind
X = —17. In general, X has strong inductive dimension < n if for each pair
of disjoint closed subsets K and F' of X there exists an open set G such that

FCcGCcX-K and Ind B(G) <n-—1.

When X has strong inductive dimension < n, then we may write “Ind X <
n”, and when Ind X < n and it is not true that Ind X < (n—1), then X has

9The definition of “order of a cover” varies from author to author: For example, the
definition here agrees with Nagata [1965, page 9] but differs from Engelking [1978, page
54] and Pears [1975, page 111].

10A proof that this definition is equivalent to the one used by Nagata [1965, page 9]
appears in Pears [1975, Proposition 1.2].
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strong inductive dimension n and we may write “Ind X = n”. If no such n
exists, then by definition Ind X = +oc.

Definition (weak inductive dimension) The definition is inductive, initi-
ated with X = () whose weak inductive dimension is defined as —1. And when
the weak inductive dimension of X equals —1, we may write “ind X = —17.
In general, let X be a topological space and let n be a non-negative integer.
Then X has ind inductive dimension < n if for each z € X and each open
set (G, containing x, there exists an open set U such that

zxeUcCG, and ind B(U) <n-—1.

When X has weak inductive dimension < n, then we may write “ind X < n”,
and when ind X < n and it is not true that ind X < (n — 1), then X has
weak inductive dimension n and we may write “ind X = n”. If no such n
exists, then by definition ind X = +oc.

When X is a separable metric space, then the covering, strong inductive,
and weak inductive dimensions are equivalent, i.e., dim X = Ind X = ind X.
And when X is a general (not necessarily separable) metric space dim X =
Ind X. (See Nagata [1965, Theorem I1.7, page 27]. The first proofs were due
to Katétov [1952] and, independently, Morita [1954].) However, Prabir Roy
[1962, 1968] provided an example of a (nonseparable) metric space P such
that ind P = 0 while Ind P = dim P = 1.

A6.2 Basic THEOREMS. Within the context of metric spaces, the most
basic theorems of dimension theory are the Equivalence, Subspace, Sum,
Decomposition, and Product theorems. Detailed proofs of these theorems
appear in either Nagata [1965, Chapter II] or Engelking [1978, Chapter 4,
Section 4.1]. Precise statements of these theorems are provided below, where
it is assumed that X is always a metric space, and the page number and
theorem number are from Engelking [1978].

Equivalence Theorem [page 254, Theorem 4.1.3] For each X, Ind X =
dim X.

Subspace Theorem [page 257, Theorem 4.1.7] Let S C X. Then Ind S <
Ind X.

Sum Theorem [page 257, Theorem 4.1.11] Let {F, } er be a locally count-
able closed covering of X such that Ind F, < n for each v. Then Ind X < n.

Decomposition Theorem [page 259, Theorem 4.1.17] Let n > 0. Then Ind
X< nifand only if X = U?:JrllXi where each X; C X satisfies Ind X; < 0.

Product Theorem [page 260, Theorem 4.1.21] If Y is either a metric space
or the empty set, then Ind X xY < Ind X + IndY.

For extensions or analogues of these theorems in the context of general (not
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necessarily metric) spaces one may begin by reviewing Pears [1975] and the
references listed therein.

The following theorem is applied in Chapter 7. And as presented below,
the proof follows that of Proposition C) in Nagata [1965, page 12].

Theorem (open sets in the context of a zero-dimensional set) Let
X be a metric space, let Xg C X where dim Xy = 0, and, let F and F’
be disjoint closed subsets of X. Then there exists an open set M such that
FcMcMcX\F and BIM)NXo=0.

PROOF. Since X is normal there are open sets V and V' such that
FcV, F'cV', and VNV =0

Since Ind Xy = 0, we can find an open and closed set U of the subspace Xg
such that

VﬂXQCUCXo\(V/ﬂXo).

Since C' = FUU and D = F'U(X,\U) are separated, i.e., (CND)U(CND) =
(0, there exist open sets M and N such that

FUUCM, F'UXo\U)CN, and MNN=0.

Now B(M) N Xy = 0 because N is open and U is both open and closed in
Xo. Furthermore, M C X \ N because M NN = () and N is open. So
X\NCX\F'yields McCX\F.Inshort, FCMCMCX\F'.

The following lemma and the next theorem are applied in Chapter 7. They
are essentially “locally finite” versions of their “finite counterparts” Remark
2 and Remark 3 in Ostrand [1971] — the constructions used to prove the
theorem parallel those of Ostrand in his proof of his Remark 3.

Lemma (covers at points in dim < n closed subspaces) Let X be
a normal Hausdorff space, and let F be a closed subspace of X with 0 <
dimF <n. LetUd = {U, : b € B} be a locally finite open family of subsets of
X that cover F'. Then there is an open precise refinement ) of U that covers

F and satisfies ord, V < n+ 1 for each x € F.

PrOOF. Consider the family {U, N F}pep. This family is a locally finite
open (in F') cover of F. Since dim F' < n, there is a locally finite open (in
F) precise refinement U’ of {U, N F}yep such that ord U’ < n+ 1. So for
each b € B there is an open in X subset V) such that V) N F' = U}. Then
(VyNnUy) NF =1Uj. So let V;, =V NU,. Then each V;, C U and each V; is
open in X. So V = {V, }pep is a precise refinement of Y. And if € F, then
ord, U’ < n+1 implies there are at most n + 1 distinct U’ € U’ that contain
2, which in turn implies there are at most n 4 1 distinct V' N F' that contain
x, i.e., ord; ¥V <n+1 for each x € F.
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Theorem (refining covers of dim < n closed subspaces) Let X be
a normal Hausdorff space, F C X be closed with 0 < dimF < n, and
U={Uy,:be B} be alocally finite open family that covers F. Then there is
an open precise refinement V) of U that covers F' and satisfies ord V < n+1.

PROOF. By the previous lemma, there exists a locally finite open family U/’
that shrinks & and covers F' and satisfies ord, ¢4’ < n 4+ 1 for each z € F.
Consider ' U{X \ F'}, which is a locally finite open cover of X. By normality,
we may shrink this cover to an open cover U” = {U}’ : b € B} U{G} where

each UZ C U] and G C X \ F. Then U" covers F. Now let

Ny = {C:{bl,...7bn+2} cB:U ...,Ué:l+2 are distinct}.

17

For C € Ny, let Yo =n{Uy : b€ C} and Y = Ugen,Ye. Then Y is closed
(the family {Yc}cen, is locally finite) and Y N F = (). So for each b € B, let
Vo = U/ \Y, and observe that V = {V}, }scp is the desired family.

A6.3 CLAssICAL IMBEDDING THEOREM. Unless stated otherwise, each space
in this book is a general (not necessarily separable) metric space. In this
section we consider only separable metric spaces and the Classical Imbedding
Theorem. Its statement is provided below, and an extensive discussion and
development may be found in Hurewicz and Wallman [1948].

Any study of the Classical Imbedding Theorem shows that the mathe-
matics used to develop the Classical Theorem is distinct from that used to in
the development of the General J4 Imbedding Theorem. Indeed, the math-
ematics behind the Classical Theorem is extensively documented in several
texts, while the mathematics for the J4 Theorem had, until the publication
of this monograph, appeared only in the research literature.

Classical Imbedding Theorem (separable metric spaces) Let n > 0,
let I denote the unit interval, let I*"+1 denote the Cartesian product space
of 2n+ 1 copies of I, and let

I*"(n) = {x € I’ . & has at most n rational coordinates}.

Then Ind I?"*1(n) = n, and, if X is a separable metric space withInd X < n,
then there exists an imbedding f : X — I?"T1(n).
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The Standard Simplex A4 in [?(A)

We provide background material (with gateways to references) for the stan-
dard simplex A4 = {(z,) € I2(A) : 0 < X2, < 1;0 < each x, < 1} and
show that A4 like its counterpart A" = {(z;) € R"" : Y2, = 1;0 <
each x; < 1}, is the closed convex hull of the standard orthonormal basis.

8AT7 Real Hilbert Spaces

We consider only real linear spaces. Let R denote the field of real numbers.
Then a real linear space or real vector space is a set V' together with wvector
addition +:V x V — V denoted (v,w) — v +w, and scalar multiplication
R x V — V denoted (A, v) — Av, such that (i) (V,+) is an Abelian group
with identity “0”; and (ii) A, x € Rand v,w € V implies A\(v+w) = Av+Aw,
and, (A + p)v = Av + pv, and, A(pv) = (Ap)v, and, 1v = v.

For any non-empty set A, the set V = R4 of tuples (2, )qca (each z, € R)
with operations (z,) + (Ya) = (Za + ¥a) and A(z,) = (Az,) is a linear space.
In particular, we have Hilbert’s 12(A) space given by!:2

{x = (z,) € R* : x, # 0 for only countably many a € A and ¥,[z,]? < oo }.

A7.1 LINEAR COMBINATIONS AND SUBSPACES. For vq,..., vy in the linear
space V and Aq1,..., A\ € R, the finite sum A\;vy + -+ + Apvy is called a
linear combination of vi,...,vE. Any non-empty subset S of a linear space
V' that contains all linear combinations of its members is a linear subspace
of V. Given n > 1 vectors vy, ..., Vv,, the intersection of all linear subspaces
S D {vi,...,vu} of V is the linear subspace spanned by v1,...,v, and may
be specified as
{ZPA\v;: each \; € R}.

A7.2 INDEPENDENCE, BASIS, AND DIMENSION. A non-empty finite set of
vectors vi,..., vy in V is linearly independent if ¥\, v; = 0 implies \; =
-+ =\, = 0; and a non-empty arbitrary set {v,} C V is linearly independent
if each of its finite non-empty subsets is linearly independent.

Tn 1906 David Hilbert introduced %(A) (for countably infinite A) in his research on
the theory of integral equations as the natural infinite-dimensional analogue of Euclidean
n-space (see Riesz and Sz-Nagy [1955, page 195] and Taylor [1965, page 155]). When A
is finite, “I2(A)” is often called BEuclidean space. When A is uncountable, “I?(A)” may be
called generalized Hilbert space with index set A (Nagata [1968, page 95]).

2The fact that = +y € [?(A) whenever x,y € 12(A) follows from Minkowski’s inequality
[Salza + yal?] 1/2 < [Salza)?] vz [Salyal?] 1/2 (see Rudin [1966, Theorems 3.5 and 3.9]
and use p = 2 and p as the counting measure on A).

205
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A maximal linearly independent subset {v,} of V is a basis for V. And
when {v,} is a basis for V, then for each v € V there is a unique finite subset
F = {v;} of {v,} and a unique subset {);} of R such that v = Xp\;v;.

Except for the trivial space (V = {0}), every vector space V has a basis;
and all bases of V' have the same cardinality “dim V” (the dimension of V).
If V is the trivial space, then by definition dim V' = 0. Otherwise, either
V' is finite-dimensional, i.e., dimV = n > 1 is an integer, or, V is infinite-
dimensional. The linear subspace spanned by vi,...,v, is n-dimensional if
and only if the set {vy,...,v,} is linearly independent.

A non-empty finite set of vectors vg,vi,...,v, is geometrically inde-
pendent if XGXN; = 0 and XA, v; = 0 imply that A\g = --- = X\, = 0.
One may show that {vy,...,v,} is geometrically independent if and only if
{vi —vVo,...,vy, — vg} is linearly independent.3

A flat (plane, hyperplane, or linear manifold) is a translation v + S =
{v+w:w € S} of a subspace S of V. If dim S = n, then v 4+ S may
be called an n-flat. (A 2-flat in R3 corresponds to a plane not necessarily
through the origin.) If {vg,...,v,} is a set of n + 1 points in V, then the

smallest flat that contains vy, ..., v, may be specified as*
(1) {ZOAM : > Ai=1; each A € R}
and is an n-flat if and only if {vg,...,v,} is geometrically independent.

A7.3 NORMED, METRIC, BANACH, AND LINEAR TOPOLOGICAL SPACES. A
normed linear space is a linear space V with a norm V' — R denoted v — ||v||
such that all v,w € V and all A\ € R satisfy ||v|]| > 0, and, (||v|]| =0« v =0),

and, [[v + wl| < [[v[| + [[wl], and, [|xv]| = [A[]|v]].
Any normed linear space V' is a metric (hence topological) space with
norm-induced metric d(x,y) = ||x —y||, and its linear subspaces S are closed

when dim V' < co. Otherwise, its linear subspaces may not be closed.”
Normed spaces that are complete metric spaces relative to the norm-
induced metric are called Banach spaces.
Each normed space V' is also a linear topological space, i.e., a linear space
with a Hausdorff topology such that vector addition and scalar multiplication
are continuous.”

3For a detailed proof, see Pontryagin [1952, page 3].

4Consider the subspace S = {E{‘ui (vi —vo): each u; € R}; and then consider vg +
S = {(1 — X7 pi)vo + XPuiv; ¢ each p; € R} = {Z0Xivi : XA = 1; each A\; € R}.

5Kolmogorov and Fomin [1957, Remark 1, page 73].

6For a proof that R™ is a Banach space see Simmons [1963, Theorem A, page 89]; for a
proof that [2(A) is complete (and hence a Banach space) see Rudin [1966, Theorem 3.11]
and use p = 2 and p as the counting measure on A.

"For a concise proof see Simmons [1963, Section 46, page 212]. Both R™ and i2(A) are
normed, metric, Banach, and linear topological spaces. For an extensive development of
normed spaces see Kolmogorov and Fomin [1957, Chapter I1I]. For sufficient conditions for
a linear topological space to be normable see Kelly and Namioka [1963, page 43].
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For v € V, the continuous and mutually inverse translations x — x + v
and x — x — v are homeomorphisms V' — V. Similarly, each scaling x — Ax
(A #0) is a homeomorphism. So G + v open < G open < AG open.

A7.4 ABSTRACT REAL HILBERT SPACES. Following Kolmogorov and Fomin®
we say that H is a real Hilbert space when the following axioms are satis-
fied: I. H is a linear space; II. an inner product H x H — R is defined on
H, ie., for x,y,z € H and A € R, the inner product (x,y) € R satisfies
(i) (x,y) = (v,%), (i1) (Ax,y) = Ax,y), (iid) (x + y,2) — (x.2) + (3,2),
and (iv) (x,x) > 0 if x # 0; III. H is complete in the norm-induced met-
ric d(x,y) = ||x — y|| where ||x|| = (x,x)2 is the norm of x; and IV. H is
infinite-dimensional.

Hilbert spaces are normed, metric, Banach, and linear topological spaces.
Moreover, the inner product function is also continuous, i.e., (X,,y,) —
(x,y) when ||x, —x|| — 0 and ||y, —y|| — 0. In particular, (x,,x,) — (x,x)
whenever [|x, — x| — 0, showing that the norm x — ||x| = (x,x)2 is also
continuous.

For any infinite set A, the space [2(A) is a Hilbert space whose operations
may be summarized as follows: For x = (z,) and y = (ya),

(7a) + (Ya) = (Ta + Ya), Awq) = (Azq),
(x,¥) = ZaTaYas [l = (x,%)!/% = (Za(24)?)/2,

d((ﬂia), (ya)) = (Za(xa - ya)2)é-

A7.5 ORTHONORMAL BAsgs. Let H be a Hilbert space. Then {u, : a €
A} C H is an orthonormal set if a,b € A implies (ug,u,) = 1 and (ug, up) =
0 whenever a # b. A mazimal orthonormal set {u,} in H is frequently called
a complete orthonormal set or an orthonormal basis.”

Each [2(A) has its standard orthonormal basis {u, : a € A} given by

u, = (uf) € 1*(A)  where uf = { (1) i)ftﬁem?i’se.

Every orthonormal set is also a linearly independent set, but a maximal
orthonormal set may not be a mazimal linearly independent set. (So an
orthonormal basis need not be a basis.)!?

In passing, recall that the standard orthonormal basis {u, : a € A}
of 1?(A) provides an “inner-product representation” of values “r,” of each
function x = (z,) € [*(A), namely, z, = (x,u,) for each a € A.

8Kolmogorov and Fomin [1961, Chapter IX]. For complex Hilbert spaces see Rudin
(1966, Chapter 4].

9For characterizations of an orthonormal basis see Rudin [1966, Theorem 4.18] and, for
a concise list of various aspects of Hilbert spaces, see problems H, I, J, K, and L in Kelly
and Namioka [1963, pages 65-67].

10For infinite A4, the orthonormal basis {us : a € A} of [2(A) is not a basis of 12(A): If
x = (z4) € I2(A) where infinitely many x, # 0, then for each finite ' C {u,} and all \q,
we have X # X pAgug.
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A7.6 HILBERT SPACE ISOMORPHISMS. For linear spaces V and W, a linear
isomorphism A : V. — W is a bijective linear transformation, i.e., a bijection
such that A(Ax + py) = AMAx + pAy for any x,y € V and any A, u € R.

For Hilbert spaces V' and W, a Hilbert-space isomorphism A :V — W is
a linear isomorphism such that (Ax, Ay) = (x,y) for every x,y € V.

Any Hilbert space H has an orthonormal basis {u, : a € A} for some set
A, and H is Hilbert-space isomorphic to [2(A4).*

It follows that |A| = |B| > Xy if and only if I2(A) is Hilbert-space isomor-
phic to [?(B). In general, the [?(A) spaces provide models for all abstract
Hilbert spaces.

Finally, each Hilbert space isomorphism A : V' — W is also a metric space
1sometry:

dw (Ax,Ay) = |[Ax — Ay| = (Ax,Ay)? = (x,¥)2 = [x — y| = dv(x,y).

A'7.7 Proposition Let A be an infinite set, let z € A, and let A" = A\ {z}.
Then 12(A) is Hilbert-space isomorphic (and thus homeomorphic) to [?(A’).

PROOF. Select a bijection a — ¢a of A — A’; and for each a € A, define
Upy = (uiﬁ) where uig =1 and uig = 0 when ¢a # ¢b. Then {uy, : a € A}
is the standard orthonormal basis of [?(A’). Define a mapping x +— ®x of
I12(A) — I?(A") by specifying that when x = (z4)4ea, then ®x = (T44)pacar
where x4, = z, for each a € A. That is, the “ath coordinate z, of x” equals

the “(¢a)th coordinate x4, of ®x”:
Ta = (X,Uq) = Tgq = (PX, Ugq)-
The map @ is the desired Hilbert-space isomorphism because

(Ox, Py) = XpacA Topaléa = DacATalYa = (X, ).

Thus @ is also a metric isometry, and hence a homeomorphism.

8A8 Convex Hulls and Closed Convex Hulls

For two points v and w in a vector space V, the set [v,w] = {y : y =
tv+ (1 —t)w;0 <t <1} is the line segment joining the endpoints v and w.
A non-empty set C' C V is convez if v,w € C implies [v,w] C C.

Every non-empty subset K C V is contained in the convex set V. So the
conver hull H(K) =N{C : K C C;C is convex} of K is the smallest convex
set containing K. Closed convex hulls are similarly defined.

The set H(K) may also be viewed as a union of sets: For the following
proposition, we consider each non-empty finite set F = {vy,...,v,} C K,
and define o(F) = {Zf\;v; + EPA\, =1;0 <each \; <1}.

11See Rudin [1966, Section 4.19].
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AB8.1 Proposition Let V be a linear space and let ) # K C V. Then the
conver hull H(K) = U{ o(F) : ) # F C K is finite }.12

AR.2 Proposition Let V be a linear topological space, and let ) # K C V.
Then the closed convex hull of K is the closure H(K) of H(K).

PrOOF. Since K C H(K) it is clear that K C H(K). To see that H(K)
is convex, consider distinct vectors x,y € H(K) and let sequences {x,,} and
{yn} in H(K) converge, respectively, to x and y. For each t, 0 < ¢ < 1,
it follows (since H(K) is convex and V is a linear topological space) that
tx,+ (1—t)y, € H(K) converges to tx+ (1—t)y. Thus tx+(1—t)y € H(K)
for each such t. To see that H(K) is the smallest closed convex set containing
K, suppose K C C where C is a closed convex set. Then H(K) C C by the
previous proposition, and therefore H(K) C C.

8A9 Standard Simplexes

A9.1 AFFINE TRANSFORMATIONS. An affine transformation T of R"™t!
is a composition of a translation and nonsingular linear transformations.
These mappings map each geometrically independent set of points onto a
geometrically independent set of points. For example, let us suppose that
T(x) = L(x + q) = L(x) + p, where L is nonsingular linear, and that {v;}
is a geometrically independent set of points. If ¥;\; = 0 and ¥;\,T(v;) = 0,
then ZZAlT(VZ) = 21)\1 (L(VZ) + p) = El/\lL(VZ) + (21/\1)1) = El/\lL(VZ) So

El/\lT(VZ) = L(El/\lvl) =0= X;\;v; =0= each \; =0.

For the standard basis {uj,...,u,+1} of R**! the translation x — (x —
U,+1) maps the n-dimensional plane P, = {E7A\w : X7\ = ;)\ € R}
onto the vector subspace spanned by {u; — up41,..., 4, — Upt1,0}. This

subspace has {u; — u,41}7 as a basis. Next, we follow this translation with
a nonsingular linear transformation of R"*! that maps, for 1 < i < n, each
(u; — u,11) — u;. We thereby obtain an affine transformation S of R"*!
such that S(u,+1) = 0 and S(u;) = u;. Globally, S sends the plane P, onto
the plane R™ x {0} € R™*! of the first n coordinates in R"+1.

A9.2 ExaMPLE. Consider R?, with u; = (1,0) and us = (0,1). Using
X — (x—ug2) to translate {u;, us} onto {u; —uz, us —uz} = {(1,-1),(0,0)},
we send the line containing (1,0) and (0,1) onto the line containing (1, —1)
and (0,0). Using

= ( 1/(;/2 1/0\/2 ) ( 1;52 _%ﬁ >(u1 —w),

12For a proof see Dugundji [1966, Appendix One, page 411].



210 THE STANDARD SIMPLEX a# IN i2(4) APPENDIX 2

we then rotate the line containing (1, —1) and (0, 0) counterclockwise by 45°
and scale by 1/v/2. In short, we have an affine map that takes the line ¢;
containing (1,0) and (0,1) in R? onto the line £, C R! x {0}. Moreover, the
point A;(1,0) + A2(0,1) € £1 maps to the point A1(1,0) 4+ A2(0,0) € £5.

A9.3 FINITE-DIMENSIONAL SIMPLEXES.'® Given any geometrically inde-
pendent set of vectors vo, ..., Vv, in R¥ where k > n, the set

[Vo,..., V] = { ZgNivi © TgA; =1; 0<each \; <1}

is an n-dimensional simplex with vertices vo,...,vy,. A point v = X{\;v;
in [vo,...,Vy] provides a unique set of coefficients A, ..., \, that are called
the barycentric coordinates of v.'4

When [vo,...,v,] C R* has the induced topology, each barycentric co-
ordinate function v +— A; = X\;(v) is continuous: Using the figure be-
low where S, is an affine mapping, we note that S, sends the n-simplex
[Vo,...,Vs] “barycentrically” onto the n-simplex [ug = 0,uy,...u,], ie.,

YgAivi — XfAu; is continuous; m; is the continuous Cartesian coordinate
projection from R™ onto its ith factor R; and A\; = A\;(v) = m; 0 S,(v) is the
barycentric coordinate projection. Since the diagram is commutative, it is
clear that v +— \;(v) is continuous.

)\1 = )\1 (V)
[Vo,. .., Va] R!
Sy T
[0,uy,...,u,]
Any two n-dimensional simplexes [vyg, ..., Vv,] and [wg, ..., W] are home-
omorphic under the barycentric coordinate mapping L{A;v; — X5Aiw;.
The standard n-dimensional simplex A™ C R*1 is [ui,...,upt1] where

{w;} is the standard orthonormal basis of R™"*1 i.e.,
w = (1,0,0,...,0),us = (0,1,0,0,...,0), ..., ups1 = (0,...,0,1).

As discussed in the paragraph preceding Example A9.2; the standard n-
simplex A™ = [uy,...,u,41] is (barycentrically) homeomorphic to A, =
[0,uy,...,u,] C R™ The subscript n is a mnemonic that the dimension of
the space containing A,, is “lower than” that of the space containing A™.

Finally, using Proposition 8.2 and the definition of o(F'), we may conclude
that H({u;}) = A™ and that H({u;}) is closed in R"*! i.e., A™ is the closed
convex hull of the standard orthonormal basis {u;} of R"1.15

133ee Munkres [1984, §1] and Kolmogorov and Fomin [1957, Theorem 3 page 76].

MIf v = Youivi = LTivy where Xipu; = 1 = X7, then X;(u; — 7) = 0 and also
Si(pi —m)vi =0yield g — 71 =0, ..., i — ™ = 0.

153ee Engelking and Siekulcki [1992, Section 2.1] and Alexandroff [1956].
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A9.4 THE INFINITE-DIMENSIONAL STANDARD SIMPLEX A4, Let A be an
infinite set, and let {u, : @ € A} be the standard orthonormal basis of 1%(A).
Then the standard simplez A is given by

A4 = {(zq) €1%(A) : 0 < Boxq <1; 0 < each z, <1},

A9.5 Proposition Let A be an infinite set. Then A? is the closed convex
hull H({u,}) of the standard orthonormal basis {u, : a € A} of [?(A).

PRrROOF. It suffices to prove inclusions (i) and (ii):

(1) H{u,}) € A4 First, let x € H({u,}). Then x = (z,) € o(F)
for some non-empty finite F C {u,}. So for the finite set Ap = {a €
A :u, € F}, we have X2, = Yaea,2q = 1 and 0 < each z, < 1, ie,
x € A% Second, let x € H({u,}) \ H({u,}). Then select a sequence
xn, € H({u,}) such that x,, — x, i.e., (2) — (z,). Now for each n, we
have 2" — x, because |z — x4| < ||x, — x||. And z? — x, coupled with
0 < each 2} < 1, yields 0 < each z, < 1. Moreover, since addition of real
numbers is continuous, for each non-empty finite set Ap C A, we see that
YacApxl — Yacapxq. It follows, since each Y,cax) = 1 that the value 1 is
an upper bound of ¥,z,. Thus again x € A4,

(i) A4 € H({uu}) = cl(H): First, observe that the zero vector ug = 0
of 12(A) is in both A4 and cl(H). The former claim is clear, while the latter
may be demonstrated by considering a countably infinite list aq,as,... of
members of A, defining the sequence x,, = (z7) in H = H({u,}) by

xglz...:xgn:]_/n and xfli:OfOl”izn—f'l

and noting that ||x,, — ug|| = 1/y/n. Since ug is a point in the closed and
convex hull cI(H) of {u, : @ € A}, we see that cl(H) is also the closed convex
hull of {us}a U {up}.

Now let = (2,) € A#, and then order the elements in {a € A : x, # 0}
as ai,as,.... We define

Xn = TgyUay + - + Ta, Uq, + (1 — BT g, )uo.

Then each x,, € H({u,}) because 0 < X1, < X,2, < 1and 0 < each z, <
1. Moreover, since ||x™ — x||* < X2° ;(2%)?, which goes to zero as n — oo,

it follows that x € cl(H).

A9.6 Proposition Let A be infinite, let z € A, and let A’ = A\ {z}. Also
let p : A — A’ be a bijection, and define ® : A4 — A4 by
X = (l'a)aeA = dx= ($¢>a)¢a€A’7

where Tyq = xq. Then the ath coordinate of x is the (¢a)th coordinate of ®x
and ® is a homeomorphism.



212 THE STANDARD SIMPLEX a# IN i2(4) APPENDIX 2

PRrROOF. The correspondence ® is a metric isometry, hence homeomorphism
I2(A) — [2(A"), as detailed in the proof of Proposition 7.7. The only ob-
servation that is required is that of showing ®(A4) = A4, This equality
follows since (x,) € A4 is equivalent to 0 < Y2, < 1 and 0 < each z, < 1,
which is equivalent to 0 < Y424, < 1 and 0 < each 24, < 1 because the
coordinates of (z,) are also the coordinates of (zg4q).



APPENDIX 3

Measures and Fractal Dimension

This appendix provides a convenient and concise basic development of Haus-
dorff measures that leads to a definition of fractal dimension — Hausdorff
measures and dimension (§A10), The Lebesgue and Hausdorff mP-measures
(§A11), Hausdorff p-measures (§A12), Hausdorff dimension (§A13), and frac-
tal dimension (§A14).

8§A10 Hausdorff Measures and Dimension

The mathematics known as measure theory evolved from constructions of
sets, functions, and integrals that were outside of the classical calculus. In-
deed, as stated in the Preface of Rogers [1970], “E. Borel in his 1894 thesis
essentially introduced the Lebesgue outer measure as a means of estimating
the size of certain sets, so that he could construct certain pathological func-
tions, while Lebesgue [1904] applied measure theory to obtain his integral.”

The seeds of Hausdorff measures were planted by Carathéodory [1914],
who introduced “general (Carathéodory) outer measures” and showed how to
construct “p-measures” for certain integer values of p. Subsequently, Haus-
dorff [1919] extended the range of values of p to all positive reals, and also
showed that “in a certain sense” Cantor’s set has “fractional dimension”
log2/log 3.

The following few sections contain definitions and propositions that lead
to Hausdorff measures and Hausdorff dimension. An in-depth and careful
development may be found in Rogers [1970].

To begin the spadework, recall that unlike each topological dimension
function D7 = ind, Ind, or dim, which was formulated as a topological in-
variant — X homeomorphic to Y implies Dp(X) = Dp(Y) — a measure
function typically requires a metric, i.e., the distance function d of a metric
space (X, d), and consequently is not necessarily a topological invariant.

For relevant examples, the unit interval I = [0, 1] as a subset of the real
line R has Lebesgue measure unity, but its homeomorphic image [0,1/2] in
R given by the imbedding x — x/2 has Lebesgue measure 1/2. Similarly,
the subspace of irrational numbers in the unit interval has Lebesgue measure
unity, but its homeomorphic image in Cantor’s space given by the imbed-
ding X§°a, /2" — £5°(2a,)/3™ has Lebesgue measure zero. In contrast, each
“counting measure” is topologically invariant because homeomorphisms pre-
serve cardinality.!

IRecall that a counting measure p : 2% — [0,00] on the family 2% of all subsets of a

213
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8A11 Lebesgue and Hausdorff m?-Measures

The Lebesgue and Hausdorff m2-measures may be unified when viewed as
separate applications of a general method of constructing outer measures
(Taylor [1965, Chapter 4]; Rogers [1970, “Method II”]. Roughly, each ap-
plication yields an outer measure p* : 2% — [0,00] for a given set X. In
turn, then, x* induces a o-algebra S C 2% such that p* restricted to S, i.e.,
= pu*s: S —[0,00], is a measure.

Digging deeper, we recall that a o-algebra (o-field) is a non-empty family
S of subsets of a non-empty set X that is closed under complementation and
countable unions. It follows since

EcS#0) = X=EUE~cS = (=X~¢cS,
that both X and () are members of S, and, since
ME,=U,E)" €S and E—F=ENF~ €S

that S is also closed under countable intersections and set difference. An
example of a g-algebra is the family 2% of all subsets of X.

For a o-algebra S, a measure p : S — [0,00] is a “countably additive”
set function that maps the empty set to zero. In other words, u(f) = 0, and,
for each countable list Ey, Ea,... € S of pairwise disjoint sets, u(U;E;) =
Y,u(E;). In particular, the list By = A, By = E— A, E5 =0, B, =0, ...
coupled with the countable additivity of i show that u is also monotone, i.e.,
A,E € S and A C E imply u(A) < u(E).

An outer measure p* : 2% — [0,00] is a monotone and “countably
subadditive” set function that maps the empty set to zero. In other words,
p (@) =0, p*(A) < p*(F) when A C E, and, any countable list E1, Fs, ... €
2% yields p*(U; Ej) < X;p* (E;).2

To construct the p*-induced S, we call E C X p*-measurable if p*(T) =
p (T NE)+ p (T — E) for all “test sets” T' C X — FE is p*-measurable
if p* is additive on sets that are separated by E. The collection S of all
w*-measurable sets is a o-algebra, and p* restricted to S (denoted p) is a
measure on S.

When X = (X, d) is a metric space, an outer measure p* on 2% is a metric
outer measure if p*(AU B) = p*(A) + p*(B) whenever the subsets A and B
of X are positively separated, i.e, d(4, B) = inf {d(z,y) : x € A,y € B} > 0.
It turns out that whenever p* is a metric outer measure, then the p*-induced
o-algebra S contains all open (and hence Borel) sets in X.

set X is given by

k if F is a finite set with k elements,
oo otherwise.

() = {

It turns out that the Hausdorff 0-measure m" is a counting measure.

2 The countably subadditive property does not imply the monotone property, e.g.,
consider X = {1,2} and let pu* : 2X — [0,00] be given by p*({2}) = 1 and p*(E) = 0
otherwise.

0
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With these concepts, we now describe a “general method” for constructing
outer measures. Let G denote a family of subsets of X such that () € G and,
for each E C X, there is a countable subcollection {G,,} of G whose union
UnGy, is a superset of E. In this case, call the collection {G,,} a G-covering
of E. Next, let A : G — [0,00] be any map such that A(#) = 0, and, for
E C X, define

p*(E) =inf X, \(Gy) {G,} C G varies over the G-coverings of E.

Then p* : 2% — [0,00] is an outer measure.

One application of this “general method” yields Lebesgue outer measures:
For example, let X = R!, let G contain the empty set and all non-empty
open intervals (a,b), and let A : G — [0,00] be the “length function,” i.e.,
Aa,b) = [(a,b)] = b —a and A(0) = 0. Then for E C X, the (Lebesgue)
outer measure p* : 2% — [0, 0] is given by

w(E) =inf 8, \(Gy) {G,} C G varies over all G-coverings of E.

Again, because p* is a metric outer measure each open subset (and therefore
each Borel subset) of R is Lebesgue measurable.

Another application of the “general method” yields the Hausdorff metric
outer measures m¥?.

A11.1 Definition (m? metric outer measures) Let X = R" be Euclidean
n-space with the usual metric d. Let p € [0,00), let € > 0, and let G = G,
denote the collection of subsets G of R™ whose diameter |G| = sup {d(z,y) :
z,y € G} < e. (The empty set ) € G because |} = 0 by definition.) Define
A:G. — [0,00] by AM(G) = |G|P. (When p = 0, define |G]P = |G]° = 0 if
G =0, and |G|° = 1 otherwise.) For each E C X = R", define

mE(E) = inf ¥, |G, [P {G,} C G. varies over all G.-coverings of E.

Thus, for each p € [0,00) and each € > 0, we have the metric outer measure
mP : 28" — [0, 00].

These metric outer measures m? are used in the following section to define
the Hausdorff p-measures m?.

8A12 Hausdorff p-Measures

For each fixed p € [0, 00), the Hausdorff p-measure (a metric outer measure)
is given by
mP(E) = sup.q mz(E).

A12.1 Proposition Letp € [0,00) be fized. Then mP(E) = sup,~, m?(E) =
lim._,o mE(E).
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PROOF. Since ¢’ < ¢ implies Go» C G., we have mZ(E) < m?,(E), showing
that m?(F) is nondecreasing as ¢ — 0. So lim._.om?(F) exists in [0, oo] and
equals sup,om?(E).

A12.2 Proposition (properties of m®) Let (X,d) be a metric space, and
let p € [0,00). Then

(i) the p-measure is monotone, i.e., F' C E implies mP(F) < mP(E);
(i) when E =0, m°(E) =0 and m9(E) =0 for each q > 0;
(i) when E={z1,...,zk} is a finite set with k > 0 elements,

m®(E) =k and m4(E) = 0 for each ¢ > 0; and
(iv)  when E is infinite, m°(E) = oco.

PRrOOF. (i) Each cover of F is also a cover of F. (ii) The family {0} covers E,
|0]° = 0 by definition, and 09 = 0 when ¢ > 0. (iii) For & = min {d(z;, x;) :
i # j}, a cover G, has at least k¥ members G,, such that |G,| < e. For
p = 0, each |G,|° = 1; and for ¢ > 0, each |G,|? < €7. (iv) Select a tower
Ey C Ey C --- of subsets of E where E}, has size k and apply (i).

In passing, notice that (ii), (iii), and (iv) show that m® is a “counting
measure.”

12.3 Proposition (p-measure bifurcation) Let (X,d) be a metric space and
let E C X. If there exists a real number p < inf {r : m"(E) = 0} such that
mP(E) is finite, then

(v) p=inf{g:mi(E)=0} and mi(E)=0ifqge (p,o0); and
(vi) if p> 0 is positive, then the p-measure induces a bifurcation

mE)=Z\ 0 e (poo)

p=inf {¢g: mI(E) =0} =sup {¢: m%(E) = co}.

and

PROOF. If p = 0, then (v) is valid because 0 < m(E) < oo and properties
(ii) and (iii) of m® apply. So let p > 0 and ¢ € [0, p) U (p,00). Then ¢—p # 0
and

En|Gn|q = EGn¢®(|Gn|p|Gn|q_p) + ZGn:€)|Gn|q = EGn¢®(|Gn|p|Gn|q_p)

because |0]? = 0 when ¢ = 0. For ¢ € (p,0) and each G,, € G., we have
qg—p>0and |G,|7P <e?P showing

EGn;«é@(|Gn|p|Gn|q7P) < eTPE,|GIP.
It follows that ¢ € (p,00) implies

mi(E) = lim._ inf £,|Gp|? < (lim.—o €7 P) m”(E) = 0
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because 0 < mP(E) < oco. Thus (v) is valid. On the other hand, for ¢ € [0,p)
we have ¢ — p < 0 and each |G, |77P > &97P = 1/eP~9, showing

mi(E) = lim._g inf £,|Gp|? > (lim._o 1/e"~9) mP(E) = 0o

when 0 < mP(E) < co. The lone remaining case is “g € [0,p) and mP(E) =
0.” We do, however, know:

(vil) if 0 <m*(E) < oo and s <inf {r: m"(F) = 0},
Vi then s = inf {r : m"(E) = 0}.

Now suppose “q € [0,p) and mP(E) = 0.” Then m?(E) > 0 — otherwise
p < inf {r : m"(FE) = 0} < ¢ while ¢ < p. Since m?(E) > 0, we only need
to show that m9(E) is not finite. But 0 < m?(E) < oo and ¢ < p = inf {r:
m"(E) = 0} provide a substitution of ¢ for s in (vii) — so p = ¢ and ¢ < p.
It follows that m%(E) = oo when ¢ € [0,p) and mP(E) = 0. Finally, the
bifurcation in (vi) yields the “inf” and “sup” equalities.

8§A13 Hausdorff Dimension

The following proposition shows that Hausdorff dimension (defined below) is
well defined.

13.1 Proposition Let (X,d) be a metric space and let E C X. Then there
is a unique p € [0,00] such that

oy _ J oo ifqel0,p)
m(E)—{ 0 ifqge (p,0).

Thus, for each subset E of X either m?(E) = oo for every g-measure,
or, m4(F) is finite for some ¢. In the latter case, there exists a unique
p =inf {¢: m?(E) = 0}. This correspondence E — D(E) given by

D(E) = { p=inf {g: mI(E) =0} if m9(E) is finite for some q
00 if mi(E) = oo for every ¢
is the Hausdorff dimension function D : 2% — [0, oc].

This bifurcation property applies to any infinite (and hence interesting)
subset £ C R™ for which there is a positive p such that mP(E) € (0,00).
Indeed, such a p must be unique, and the Hausdorff dimension D(FE) = p for
our set E.

(Even though such a p may not be a positive integer, the idea of saying E
is fundamentally “p-dimensional” is nevertheless analogous to the idea that
a square £ C R? is fundamentally “2-dimensional,” — when viewed in the
context of Lebesgue measures in RY, for those integer values ¢ where ¢ < 2
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and ¢ > 2 in particular, we may (in the former case) view E as a “space-
filling” 1-dimensional curve of infinite length, or (in the latter case) view E
as a subset in 3-space with zero volume.)

We close this section by recalling that the Hausdorff dimension of the
Cantor set C is In(2)/1n(3). (For a proof, see page 14 of Falconer [1985].)

8§A14 Fractal Dimension

From Mandelbrot [1983], a subset E of R™ such that D(E) # Dr(E) is a
fractal where the dimension function “D” is the Hausdor[f dimension function
(sometimes called the Hausdorff-Besicovitch dimension function) defined in
§A13, and Dr denotes the topological dimension, i.e., any of ind, Ind, or dim.

According to this definition of fractal, we find that the Cantor set C is a
fractal with dimension (for a proof, see page 14 of Falconer [1985])

D(C) =In(2)/In(3) = 0.639... # 0 = indC = D7 (C).

Over the years, the term “fractal” has taken on various meanings in var-
ious contexts (see for example, Peitgen, Jirgens, and Saupe [1992]).

In this text, we use fractal dimension to mean self-similarity dimension.
To illustrate the basic idea, let us, for the moment at least, follow the opening
of Chapter 2 in Crownover [1995]: Suppose a line segment is divided into N
equal pieces, each being thought of as a scaled copy of the whole segment. If
the scaling ratio is r, then the relation between N and r is Nr = 1.

Similarly, if a square has its sides scaled by the factor r into N equal
subsquares, then N2 = 1, and for a cube, N1 = 1.

With these examples, it is not difficult to notice that the dimension of the
object being scaled shows up as the exponent of the scaling factor r, i.e.,

Nrd = 1.

To consider non-integral values of the dimension d, suppose r = 1/3 and
consider the Cantor set C. Then since C may be partitioned into N = 2 sets
(CN0,1/3))u(Cni2/3,1]), we have

Nrt=(2)(1/3)=1 = Im2+d(In(1/3))=0 = d=1n2/In3.

The value In2/In3 = In N/In(1/r), where the scaling factor r = 1/3 and N
is the number 2 of copies of C, agrees with the Hausdorff dimension D(C)
of Cantor’s set. The formula In N/In(1/r) is fundamental in calculating the
self-similarity dimension.

An introductory discussion of the self-similarity dimension may be found
in Chapter 5 of Crownover [1995]. For our purposes, however, suppose there
are similitudes S, ..., Sy, each with scale factor r such that a compact set
E C R” satisfies

E=5/(FE)U---USN(E)
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and the Hausdorff d-measure, where d = In(N)/In(1/r), of the overlaps of
the S;(F) sets are zero. Then the self-similarity dimension of E is d =
In(N)/In(1/7).

In particular, for the n-web w™, we see that the “overlaps” consist of a
finite number of points, and that

W' =wo(w") U -+ Uwy(w")

where the scale factor of each w; is 1/2. So the fractal dimension, i.e., the
self-similarity dimension, of w™ is In(n + 1)/1n(2) (see §A10).
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